Solutions to the Wave Equation
(Part A — Scalar, One-Dimensional Analysis)

Diffraction and Interferometry
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Simple Transverse Waves

One-dimensional wave equation:
2 2

0°E, 10°E, 0
x: ¢t oat?

Solution for the real wave traveling in +x direction:

E, (x,t) Y= A, cos(kx — ot +¢) ¥

ifk=2
C

The complete solution involves
consideration of the magnetic
field. If we take a snapshot in
time of the EM wave it may
look like:
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Simple Transverse Waves

y wave crest position
At T X(t) = vt +x,
X
v =kx — ot
'Ao -+
A
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Complex Notation
* To simplify calculations, complex notation is often used.
* To find the value of the real electric field, simply take the
real part of the result.
E, (x,t) § = A cos(kx— ot +¢) ¥
= Re{AU exp[j(kx—mt+¢)]} ¥
= Re[A)e”’ej(kX"“‘)] ¥
=Re[U, (x,t) |§
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Waves Having Same Frequency, but
Different Amplitude and Phase

U(x,t) = Aeltel® ol = pgltgle 1 A gltzgltecet By |inear addition.)
A)EJ%ZAIEM-FAZEN’Z A\],Ai.AZERe{ }
= Acosd, +A,cosd, + j(Asing, +A,sing,)

tan¢, =25 % _ ASING + Asing,
® " Acosd, Acosd +A, cosd,

2

This is an important
A2+ A2 +2AA, COs{, — r/ result that is the
2 1

o 2:‘ gl 4 A plt J
0 A =|A A basis for much of

If A=A, the class.

looc A =2A {1+cos(, — ¢, )} = 4A’ cos’ {%(4)2 —¢1)}
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Combination of Several Waves Having Same
Frequency, but Different Amplitude and Phase

U (x,t) = Agltogitred — iA]ei%ej(kx—mt)
n=1

b _ N\ A it
A =" Ae
n=1
N

D> Asing,

tan ¢, = &=

interference term
A cosd in
nz:;‘ ' /

=,

K= A > 2AA,co5(6, -,

n: n=1 m=1,m<n

I

Term proportional to sum of energy from individual components
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Combination of Several Waves Having Same
Frequency, but Different Amplitude and Phase

For ¢,'s random over the observation time,

(A) = <Z A€>I +<ii2/w cos(d, —¢m)>

n=1 n=1 m=1
<n

+3 > 2A A, (cos(, —dy,)),

:iAf:NAZ (fA =A)

A2 =NA%if A = A This is generally referred to as incoherent addition.

i
MZ
>3

E]
I
EEN

If ¢, = ¢ = constant over the observation time,

N 2
A§ = (Z AJ , which is called coherent addition.
n=1

Ifall A = A, A?=N?A? for coherent addition.

@ OPTI 505 © 2009 Tom D. Milster Slide 3A-7
SC

Beats

Consider two waves with the same amplitude, but different frequency.
Re[U, (x,t)] = Acos(k,x— ot +¢,)

Re[U, (x,t)] = Acos(k,x — ot +d,)

Adding the two waves produces

Re[U (x,t)] = A{cos(k,x —@,t +¢,) +cos(k,x— ot + )} .

Use of the identity cos X +cosY = 2005( X ;Y jcos( X 2_Y j yields

Re[U (x,t)]:ZA{cos{(ka ;kbjx_((”a ‘;(”ij[d)a ;d)b j}
822} (58]
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Let

Beats

high temporal frequency,
short wavelength

oy =0, +0, Kk =k, +k;

a

lower temporal frequency,

W, =0, — 0, kA:ka_ b

longer wavelength (modulation)

s =+, G =00,

Re[U(x,t)]=E(x,t) = ZACOSB(kzx—mzt+¢z)}cosB(kAx—wAt +¢A)}

Re[U]=a+b
/
X
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Beats
~ cos F(kAx—mAt +¢A)} Aoy WO
2 P"a _7\‘13‘ : kA

NN

Tt

- cos| 2x-,t+4,)|
~LAAMA

VTV

Il

, mshift | U’ v, =2

W=
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Beats — Electric Field Squared

’~ [1+cos(k,x—,t +¢A)”

R TN 71\ TN
modulation

envelope

A A
A= a’™b
F “ |7‘a_7‘b|

“U () = A?[L+cos(kX — @yt + g ) [1+COS(K, X — @,t +0,,)]
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Beats — Nondispersive Medium

TN I T

\

In a nondispersive medium, like air, Da D _y ¢ . Group v, and

k. K n phase v,
velocities are
equal for waves
traveling in the
same direction.

k, =k, +k, k, =k, —k,

co=u)+u)=£k+k u):m—co:gk—k
z a bna b A a bna b
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Beats — Dispersive Medium

TN T /TN
. . . . ® c ® c
In a dispersive medium, like glass, k—"‘ =V, = o and k—" =V, = e Group v, and
a a b b phase V2
ky =k, +Kk, k, =k, —k, velocities are not
equal for waves
ka kb ka I(b | 1 h
0, =0,+0, =C| 2+=| 0,=0,-0,=C| 2-—— trave ing In_t e
My n, n same direction.
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Standing Waves

(Waves traveling in opposite directions)

E.(x,t) = Acos(kx—ot+¢,)
E, (X,t) = Acos(kx + ot +¢,)
k, =k, =k

0, =—0, =0

a

E(x,t)= 2AcosB(kzx—mzt+¢Z)}cosE(kAx—mAt+¢A)}

= 2Acos(kx +¢?chos(—mt +¢?Aj

E?(x,t) = A*[1+cos(2kx + ¢, ) |[1+ cos(—2wt + ¢, )]
1(x) = cney (E? (x,t)) = cne, A’ [1+Cos(2kx + ¢, )|
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Standing Waves

‘ [1+ cos(2kx+¢z ’~ [1+cos(-2mt +¢,)]

NI
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