Solutions to the Wave Equation
(Part B)

Diffraction and Interferometry
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Polarization

Consider the case of an EM plane wave traveling in the +z direction.
E oscillates perpendicular to z.

General solution:

E(z,1) = Eoej("z'w’) = gAxfc+ Ayeﬂ); E}ej(kz’w’)

Wewill now trace the tip of the electric vector E for several special cases.

Y
We will look at both:
fixed z = z, with ¢ = variable
z fixed t =1, withz =variable
-X
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Polarization — Linear

4.=4,=4
f=0

E(z,0) = Ege/ &™) = 4[5+ 3]e/)

Re{ £(z.0)} 4[5+ 3] cos{ke - wi) |— Thisisthe physical wave,

Consider z = z, , where Re{E( zo,t)} = Ao x+ ] cos(kz, - wt)

Ly
& E

Trace the tip of the electric vector

inthe (x,y) planein time: max extension = * «EAO
[ [
T ™ X

o -4 4
Thisistruefor all z,.
- Ast
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Polarization — Left Circular

A,=4,= 4 e O T
] sz agermpes

Consider z =0, where

Re{ £(0,1)} = 4, [ cos(w )i + cos(p/ 2- wr)5]

Consider t =0, where

Re{ £(z,0)} =4[ cos(kz)5 + cos(p / 2+ kz) 7]

= 4, [cos(wi) £ +sin(wr) 7] = Ay[ cos(kz)% - sin(kz)5]
wi = 3p/4 we=pl2 | rotates CW with z |
t = pld
Wi=p V=P

0 . ° z 1 x
| rotates CCW with time z
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Polarization — Right Circular

AX:A:AO I — AC - JpI25 L)) bz we
f=-pi2 E(z,1) = Ay g +e Py gert ™
Consider z =0, where Consider t =0, where
Re{ £(0,0)} = 4, costwr) + cos(- p/ 2- wr)3] Re{ £(z,0)} = 4, [ cos(kz) +cos(- p/ 2+ kz) 7]
= A,[ cos(we & - sin(we)7] = 4y [cos(kz)z +sin(kz) 7]
time/, V| rotates CW with time | | T iz |
0
Wi p wt=0
X
~ 4o o
wt = 3p/4 - Nwe= p/4
\Nt =p/2
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Polarization — Elliptical
A A E(z,1) = 45+ A" g’ \where
f, E, = 4, cos(kz- wi) &)
E, = A, cos(kz- wr+f) 2
Combination of (1) and (2) gives:
0 pa 0 cosf sin?f
8Ax T 84 gg |
which is an equation of an ellipse.
In other words,
The tip of the electric vector specified by £, and £, trace
an ellipsein any planez that is determined by 4,, 4, and
f.
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Polarization — Elliptical

szAyzl szAyzl
f=pl4 f=5p/4
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Polarization — Elliptical

(Arrows show tracein z direction)

5 :: )]
2 n2<d<n

N A
B e

f=n <= In2 &= Imi2 In2<p<2n

Thisslidefrom Jm Wyant, 2000.
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Polarization — Ellipticity

Look into wave and observe the trace at z, as a function of time

tana =2 (0£a£p/2)
4,

tane:té (-platef-pl4)
a

> tan2q=(tan2a)cosf (0£q£p)
sin2e=(sin2a)sinf
| eisoften called the ellipricity |
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Polarization — Jones* Calculus

Look into wave and observe the trace at z, as afunction of time
The values of constants 4,, 4, and f determine the state of

polarization of the plane wave. Various statesinclude linear,

circular and elliptical.

We can write the wave conveniently with these constants in a
column vector:

a0 ed 0o

E(ri)= S

R

Asthe wave propagates, the state of polarization does not change
unless the wave encounters and optical element. The Jones vector
isthe state of polarization written as as column vector.

&0 x4 0§
Jonesvector =J =¢ ~ +=

: e
g‘]yﬂ gAyej 2

*R. Clark Jones, JOSA A4, 31, 488-493 (1941), provided on web site. Actually, there areaseriesof eight papers.
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Polarization — Jones V ector Examples

| Common constants may be divided out of each Jones vector component. |

3?20 L ado
Example: J=¢ ejp,2+= 32 .
€9 g 2

Various states of polarization:

linear x 20 linear 9
%05 v
linear +45 zg linear -45 ?19
7 -1y
14 .
ric 20 pe B
&g o
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Polarization — Jones Matrices for Optical Elements

Optical elements can affect the state of polarization as a plane wave
passes through them.

optical element

state J; state J,

»

If we assume that the element acts linearly, the change of state
through an element can be represented by a 2-by-2 matrix M.

J.=MJ _any m12(_)J _aany, mmﬁfhé_?nﬂ‘ll\'-'—mlz‘]ly@
2~ 1= =1~ = == =
gmzt My g ngl My g&ly g Mt tMpdy, o
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Polarization — Jones Matrices for Optical Elements

Consider optical elements with polarization-dependent refractive index.

Retardation plate: 7 * n, k » ky »0

Polarizer plate: n, »n,, Kk * k,
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Polarization — Jones Matrix Examples

Uniaxia Crystals

S 3
1
S

<

(OA)

1
S

y e

N
I
S

-

Uniaxid crystals have two primary refractive indices, depending on how the
light beam is polarized. n,, (for ordinary) and n, (for extraordinary). A
common configuration is shown above. n, defines the optical axis OA. A
positive crystal, like quartz, hasn, > n,. A negative crysta, like calcite, has
n,>n,.
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Polarization — Jones Matrix Examples

Quarter-Wave Plate
n,=n, =1.544

n,=n,=1.553
k.= k »0
atl =500 nm

The thickness d is fabricated so that the phase difference between x and
v polarization components through the plate is p/2.

A quartz quarter-wave plate is a uniaxia crystal with

d 08 & 2
) e
Jz:CSO e/P’ZEJl:j\/[QWPleQ 1

0
2P =
0 e' 4
where c isaconstant. So,

& 2,4 o] -
! 0 = /Qn,,da 0 0

- O

ad 0 6_ce | -
C = .=e 2p .
Jpl27 2p B Jj=—(n,-n,)d =
80 ey é 0 e/'_mdg 80 P P
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Polarization — Jones Matrix Examples

Quarter-Wave Plate

Comparison of termsyields

p_2p
5 T (ne n, )d, or
J= 1 500 nm 14" 10° -1
T T n, | ALS53154) nm = am
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Polarization — Rotated Elements

In order to describe the effect of arotated optical element, wecan project the
(x,») electric fields onto the element with the rotation matrix, M.

Ex"<Ex ¢os 8 + Ey sin 8

Ey"=Ex sm 8 + Ey cos 6

(Ex'\ [ cos@ sing | Ex
[.’-.'_1" | -sin® cos# Ey
_aecos(q sinq(j
®7& sing cosqp

Part of this dide from Jm Wyant, 2000.
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Polarization — Jones Matrix Examples
Rotated Quarter-Wave Plate

Consider rotating a quarter-wave plate by 45°. Follow these stepsto find
the effect on transmitted light:
1.) Decompose the incident light into components. Application of the
rotation matrix produces a description of the light field in the coordinate
frame of the rotated plate.
J=M  J,

2.) Apply the quarter-wave plate matrix.

J2¢=MQWP']1¢=MQWPMRJ1
3.) Rotate back into the (x,y) coordinate system.

JZ = M;J?: MI;FMQWP‘]?: M;MQWPMRJ]. = MgWPJI

Notice that
MR

owe = MMy, M, (T =transpose)
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Polarization — Jones Matrix Examples

Rotated Quarter-Wave Plate (cont’ d)

MSWP = M;MQWPMR
_a0s45 -sind5 G Obeecosd5’  sind5 0
gsi n45  cosd5 0 153 sind5  cosd5’
N7 JFo w0

iaé 0og 2 2 -
%0 ik 2 27
> :

18 -lo@d Osad 16

) + . - A quarter-wave plate
2 1580 igg-1 1
gl ﬂg gg 2 rotated at 45° has a very

123 -168¢ 16 smple equivalent matrix.

2% 1% i
_1lad+i 1-i0_[i+iad -i0
T281-i 1vig |2 &i 1y
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Polarization — Jones Matrix Examples
Rotated Quarter-Wave Plate (cont’ d)

Look at the effect of arotated QWP on x-polarized light.

Jy =Myl
_Lriwl -igas
2 &i 1,804
Lo
2 &ig
The effect of a QWP (rotated at 45°) on x-polarized light is to change
the state of polarization to RHC.
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Polarization — Jones Matrix Examples

Reflection Off aMirror

unfolded
physical mirror representation
o
sate./; ’ saeJ; saeJ,

o 4 |
observer

Remember, we look into the wave to determine the state of polarization. A
p phaseisintroduced between x and y axes from the physical mirror dueto
the right-handed coordinate system used in the wave description.
Therefore, the representation of a perfect mirror in the unfolded systemis:

06
M, =2 00
0 -1y
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Polarization — Jones Matrix Systems
Cascaded Components
component 1  component 2  component 3
SateJ; sate
> >
Ml M2 M3
JZ = M3M2MIJ1 :M SYS‘II
Cascaded elements can be represented by algebraically
multiplying component matrices into a system matrix Mgy.
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Polarization — Jones Matrix Examples

Combination of a Quarter-Wave Plate and a Mirror

(i 7o

QWP at 45° mirror QWPat 45° mirror QWP at -45°
sateJ; - state J; state J,
sate J,
Mgwp My MSWP My Méﬁ"“
. . y =& 00 l+ied -id
o =M pypM (M 0Ty M_go -1, QWP_Tg_l- 1;
. 1+iad io
MQI;/P:_ . -
2 & 1y
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Polarization — Jones Matrix Examples
Combination of a Quarter-Wave Plate and a Mirror (cont’d)
1+;88 ioed 001+;8€l -i0
Jy=—/¢, .+ ——c . 1
2 & 1580 -1y 2 &i 1g
iad iod 00:l -i6
=2C. 4T +C . +J; . .
231 1@80 -198-1 lg Notice the effect on x-polarized
idA oA -ip light:
==Cc. .=C. =J;
28 16 -1 L
_iad -2i6 1 g0y
282 05" &0 16806
J, = SC AT
_&0 1o, &1 Gpf0p
&1 o5t 5
8 2 = ?)13 The state of polarization
"0 isnow y polarized.
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Polarization — Jones Matrix Examples

. . a 06
Linear polarizer x -
& 0y
. . a® 06
Linear polarizer y -
€0 15
06
HWP & 06
€0 -1

_ 05

General retarder e”’zaé ,fg

€ 5
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