
Error Analysis

Error analysis is an extremely important part of any measurement.  All the uncertainties in a measurement conspire to give the incorrect result.  It is important that you understand the limitations of your measurements and that you always report uncertainties with your data.  The goal of this paper is to help you estimate the magnitude of your measurement errors.

The accuracy of a measurement is limited by the combination of all errors present in your equipment and your method.  When you give the results of a measurement, you should report it as 

(estimate of correct value) ± (estimate of error).

The best you can do with real data is to use your measurements to estimate the true value.  Then you use a combination of your data and knowledge about your equipment to estimate the likely error in your estimated value.

Resolution

The measurement device will always have a resolution, defined as the smallest increment that can be read out.  If there are no other sources of error, you can report that your measurement is accurate to within plus and minus half of this resolution. In the figure below, you might record the measured value as:  11.1 ( 0.05 inches.  You may argue that your resolution is better than this because you can see that the measurement is much closer to 11.1 than 11.0 or 11.2.  So you make a judgement call to determine your true resolution, which, in this case is better than the resolution of ruler.
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Random Errors

Random errors are defined as those that do not repeat from one measurement to the next.  You can always assess these by looking at the repeatability of your measurements.  The effect of random errors can be reduced by averaging. 

For example, if you measured a length 10 times and got the following data:

	
	measurement

	
	

	
	10.93

	
	10.92

	
	11.16

	
	11.16

	
	10.86

	
	10.80

	
	11.05

	
	11.28

	
	11.03

	
	11.10


Then, the best estimate of the true value is given by the average or mean value:
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and the random errors is given by the standard deviation 
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where xi is the result from the ith measurement and N is the number of data points

The above example is calculated as 
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 = 0.152 inches

So the best estimate for the length is 11.03 inches, and the variations from one measurement to the next can be described using the standard deviation.  With only 10 measurements, you cannot tell much about the statistical distribution, and your estimate of  is not very good.

You can use the standard deviation in a simple way if you assume normal statistics. (Normal statistics give a distribution that follows a Gaussian function.  This is a good place to start if you don’t know better.)  You can estimate a confidence level, which is the likelihood of any measurement as being within a specific range from the average.

	Range
	± 
	±2 
	±3 

	Confidence level 
	68%
	95%
	99.7%


So, you can be 95% sure that the next measurement you make will be greater than 
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 – 2 and less than 
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 + 2   For the example above, you can be 95% confident that the next measurement of length will be within 11.03 ± 0.30 inches.  You can be also 68% confident that the next measurement will be within. 11.03 ± 0.15 inches.
This is different from the accuracy in your estimate of x that comes from the average.  When you average many measurements together, you reduce the random effects.  The residual error in the average due to the random variations falls off with 
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 where N is the number of measurements (for large N).  

Assuming the normal distribution, you can then say with 95% confidence that the true value of x is between 
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For the example above where N = 10, you could report the length as 11.03 ± 0.09inches with 95% confidence.  

Systematic errors

Systematic errors are errors that are “built-in” to the measurement process.  A simple example of this would be measuring a length with a ruler whose first inch is really only 0.98” long.  Systematic errors lead to values that are inaccurate – no matter how carefully you measured the length with that ruler, the value would be incorrect.  Systematic errors can be estimated by using two or more different techniques to measure the quantity in question.  In the example of the ruler, the systematic error could be eliminated by also measuring the length with a dial caliper.    

If you carefully eliminate random errors, but a systematic error is present, your numbers are precise but inaccurate – the error bars are small, but not centered about the true value.  If systematic errors have been eliminated, but random errors are present, your results will be accurate but imprecise – the error bars are centered on the true data point, but are very large.  In the ruler example, a way to deal with both systematic and random errors would be to measure the same length many times, changing both measurement tools and the person doing the measuring to eliminate the systematic errors.
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Systematic errors can be difficult to determine.  You can estimate errors that come from known sources.  For example, as you handle the measurement tool, you change its temperature, which changes its length.  If you cause a temperature change of 5° C, the length will change by 
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 where alpha is the coefficient of thermal expansion, around 12 E-6 /°C.  For the case above where l = 11 inches, this temperature uncertainty causes a measurement uncertainty of 0.00067 inches.  This is negligible for this example, but could be very important if more accuracy was required.

You can always estimate the magnitude of systematic errors that you identify.  As long as you understand the largest sources of error, you can obtain a good estimate of the accuracy.  There is always a danger that you have overlooked an error source, which degrades your accuracy, but has not been analyzed in your assessment of the measurement accuracy.  If absolute accuracy is extremely important, you should make the measurement two different ways.  As long as they agree within the expected errors, you can be pretty sure that you understand the errors.

You can prove that your measurement does not have systematic errors by comparing your measurement with an accepted standard.  For mechanical measurements, we frequently use gauge blocks as the standard.

Propagation of Errors

Any measurement will have multiple sources of error.  You can estimate the overall effect of multiple errors from different sources by combining them using the root sum square (rss) method.
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where


total is the total error in the measurement and


1, 2, … are individual sources of error (random error, effect from temperature, …)

If you use a measurement to calculate another quantity, the measurement error will affect the calculation.  As an example, suppose the length that was measured above is used to calculate a velocity.  The time that it took for a model car to travel the length was 1.31 ( 0.01 seconds.  What is the uncertainty on the velocity, v = l/t?

To propagate the errors, you need to use the following relation:
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 EMBED Equation.3  [image: image14.wmf]
In the case of v = l / t, we have 

l = 11.105, t = 1.31

dv/dl = 1/t  = 0.76 sec-1
(l = 0.014 inches

dv/dt = -l/t2 = 6.47 in/sec2
(t = 0.01 seconds

This leads to the uncertainty on the velocity:  
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or v = 0.066 inches/sec

If we report 95% confidence (2 sigma), we would calculate v = 8.477 ± 0.132, and report only significant digits:


v = 8.5 ± 0.1 in/sec 

Every measurement you record in your lab notebook should have an error estimate recorded with it.  Every result you calculate from a measurement should have an error associated with it.  
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