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We extend recent results for estimating the parameters of a one-dimensional Gaussian profile to two-
dimensional profiles, deriving the exact covariance matrix of the estimated parameters. While the exact
form is easy to compute, we provide a set of close approximations that allow the covariance to take on a
simple analytic form. This not only provides new insight into the behavior of the estimation parameters,
but also lays a foundation for clarifying previously published work. We also show how to calculate the
parameter variances for the case of truncated sampling, where the profile lies near the edge of the array
detector. Finally, we calculate expressions for the bias in the classical formulation of the problem and
provide an approach for its removal. This allows us to show how the bias affects the problem of choosing
an optimal pixel size for minimizing parameter variances. © 2008 Optical Society of America

OCIS codes: 000.5490, 100.2960, 300.3700.

1. Introduction

In a previous paper [1], we outlined an approach for
using maximum-likelihood estimation (MLE) of one-
dimensional (1D) Gaussian profile parameters from
data corrupted by noise. Here we extend the method
to the two-dimensional (2D) case—estimating a 2D
Gaussian profile from an image—to incorporate
added parameters while retaining a fast algorithm.
This estimation procedure can be useful in fields
such as Gaussian beam characterization [2], astro-
metry [3], wavefront sensing [4], bioimaging [5,6],
and calibrations of computational sensors, such as
computed tomography instruments [7].
The initial approach we use here makes no as-

sumptions on the sampling—uniform or nonuni-
form—of the profile. Bad samples, such as from
inoperative pixels, are easily taken care of by simply
deleting them from the data set. The Gaussian func-
tion being measured need not even have most of its
volume in the sampled region (i.e., its peak may be
located off the edge of the detector array), though
the nonlinear optimization procedure may have dif-

ficulty in locating the global maximum. A good initial
guess is required in such a case.

The estimation procedure we use is the same as
that for the 1D problem, namely:

1. Assuming Gaussian- or Poisson-distributed
additive noise, we first form the log-likelihood func-
tion ℓ ¼ ln prðgjθÞ and then calculate its gradient (the
“score”) ∇ℓ and its Hessian matrix H.

2. These three functions are used in a nonlinear
optimization routine (such as Newton iteration) to
solve for the parameter set θ, which maximizes the
likelihood, via

θðkþ1Þ ¼ θðkÞ − ðHðkÞÞ−1∇ℓðkÞ;

where a superscript (k) indicates the iteration index
and HðkÞ is the Hessian matrix of ℓ evaluated at θðkÞ.

3. To determine the accuracy of the estimates, we
use the Cramér–Rao bound to calculate the covar-
iance matrix K of parameter estimators, obtained
from the exact Fisher information matrix F by
K ¼ F−1.

4. Alternatively, an analytic approximation to K
can be obtained by first approximating F and then
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performing an analytic inverse on the resulting
simplified matrix.
5. Since each model is actually biased due to the

conventional approximation of the pixel response
functions as δ functions, we also provide an analytic
expression for the bias under the rect-sampling mod-
el. Bias correction can then be performed by using
the ML estimate to calculate the bias, which is then
subtracted from the raw data for a second iteration of
the estimation algorithm.

For each of the 2D Gaussian models discussed in
this paper—the symmetric Gaussian (circular cross
section), the asymmetric separable Gaussian (ellipti-
cal cross section), and the general case (elliptical
cross section unaligned to coordinate axes)—we pro-
vide the expressions for the above steps.

2. Symmetric 2D Gaussian Profile Model

The simplest type of 2D Gaussian profile is a
rotationally symmetric object function, which we
model as

f ðrÞ ¼ Ae−ðr − �rÞ2=2w2
;

where A is the peak amplitude, �r ¼ ð�x; �yÞ is the posi-
tion of the peak (the “center”), and w is the Gaussian
width. The object is a continuous function, sampled
by the detection process to produce a discrete data
vector �g, where

�gm ¼ δxδyQm

Z
∞

−∞

Z
∞

−∞

f ðxÞδðx − xmÞδðy − ymÞdxdy

¼ δxδyQmAe−ðrm−�rÞ2=2w2 : ð1Þ

The 2D image data is thus mapped into a 1D vector,
where δð·Þ is the Dirac delta function, m is the pixel
index (1 ≤ m ≤ M ), rm gives the abscissa position vec-
tor for the center of pixel m, and δxδy gives the x and y
dimensions of the pixels. An example �g is illustrated

in Fig. 1. In Eq. (1), the quantity Qm is the gain for
pixel m, giving the number of digital counts per de-
tected photoelectron. (Note that detector gain is often
quoted as photoelectrons per digital count—the in-
verse of Qm here.) In general, Qm can vary signifi-
cantly with position on the detector array.

We model the measurement result g as the sum of
a noiseless discrete data vector and a zero-mean
noise vector, g ¼ �g þ n, where the noise vector n is
a Gaussian-distributed random variable such that

prðgmÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffi

2πσ2
m

p e−ðgm−�gmÞ2=2σ2
m ; ð2Þ

where σ2
m is the variance of the noise at pixel m, given

in units of digital counts.
The likelihood of a given parameter set θ ¼

ðA; �x; �y; wÞ producing a measured image g is defined
as

LðθjgÞ ¼ prðgjθÞ:

Taking the logarithm, ℓ ¼ log L , it is easy to derive
(see Eq. 6 in [1]) that the gradient has the form

∂ℓ
∂θi

¼
X 1

σ2
m
ðgm − �gmÞ

∂�gm

∂θi
: ð3Þ

So far, we have assumed a Gaussian-distributed
noise model. If we rederive the likelihood from a Pois-
son-noise model, we find that we again obtain Eq. (3),
but with σ2

m replaced by �gm=Qm. Thus, although we
continue to work with a likelihood function derived
from a Gaussian-noise model below, it is left under-
stood that the same results can be achieved under
Poisson noise by setting σ2

m ¼ �gm=Qm.
For the symmetric Gaussian profile, the noise mod-

el gives

∂ℓ
∂A

¼
X

γm ;
∂ℓ
∂ �x

¼ A
w2

X
γmξm ;

∂ℓ
∂ �y

¼ A
w2

X
γmηm ;

∂ℓ
∂w

¼ A
w3

X
γmρ2

m ;

where we define

ξm ¼ ðxm − �xÞ; ηm ¼ ðym − �yÞ;

ρm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2

m þ η2
m

q
; γm ¼ δxδy

σ2
m

ðgm − �gmÞQmEm ;

Em ¼ e−ðξ2
mþη2

mÞ=2w2 :

All of the sums are taken over the pixel index,
1 ≤ m ≤ M . The Hessian matrix is

Fig. 1. Example noiseless symmetric 2D Gaussian profile,
sampled on a pixel grid.
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H ¼

∂2ℓ
∂A2

∂2ℓ
∂A∂�x

∂2ℓ
∂A∂�y

∂2ℓ
∂A∂w

∂2ℓ
∂ �x ∂A

∂2ℓ
∂�x2

∂2ℓ
∂ �x ∂�y

∂2ℓ
∂ �x ∂w

∂2ℓ
∂ �y ∂A

∂2ℓ
∂ �y ∂�x

∂2ℓ
∂�y2

∂2ℓ
∂ �y ∂w

∂2ℓ
∂w∂A

∂2ℓ
∂w∂�x

∂2ℓ
∂w∂�y

∂2ℓ
∂w2

0
BBBB@

1
CCCCA:

H is symmetric, so it is only necessary to calculate the
upper triangular portion. Performing the partial de-
rivative calculations gives, for the matrix elements,

H 11 ¼ −δ2
xδ2

y

X 1

σ2
m

Q2
mE2

m H 12 ¼ 1

w2

X
Γmξm

H 13 ¼ 1

w2

X
Γmηm H 14 ¼ 1

w3

X
Γmρ2

m

H 22 ¼ A
w4

X
Γmξ2

m − γmw2 H 23 ¼ A
w4

X
Γmξmηm

H 24 ¼ A
w5

X
Γmξmρ2

m − 2γmξmw2

H 33 ¼ A
w4

X
Γmη2

m − γmw2

H 34 ¼ A
w5

X
Γmηmρ2

m − 2γmηmw2

H 44 ¼ A
w6

X
Γmρ4

m − 3γmρ2
mw2;

where Γm ¼ δxδy
gm−2�gm

σ2
m

QmEm and γm is as de-
fined above.
The Fisher information matrix is obtained as the

negative of the elementwise expectation of the Hes-
sian matrix [8], with the expectation taken over the
data:

Fij ¼ −EfH ij g ¼ −

Z
ℓðθÞ

�
∂2ℓ

∂θi∂θj

�
dM g; ð4Þ

producing

F11 ¼ P
Rm F23 ¼ A2

w4

P
Rmξmηm

F12 ¼ A
w2

P
Rmξm F24 ¼ A2

w5

P
Rmρ2

mξm

F13 ¼ A
w2

P
Rmηm F33 ¼ A2

w4

P
Rmη2

m

F14 ¼ A
w3

P
Rmρ2

m F34 ¼ A2

w5

P
Rmρ2

mηm

F22 ¼ A2

w4

P
Rmξ2

m F44 ¼ A2

w6

P
Rmρ4

m

9>>>>>=
>>>>>;

ð5Þ

for Rm ¼ δ2
xδ2

yQ2
mE2

m=σ2
m. Note that the notation dM g

expresses the differential for an M -dimensional inte-
gral over all data elements gm.
When the Cramér–Rao bound is met (asymptoti-

cally for a large number of measurements M ), the
covariance matrix K is given by the inverse of the
above matrix, which can be obtained either analyti-
cally by Cramer’s rule or numerically. The analytic
expressions for K are quite involved and so provide
limited insight into the algorithm. To gain a better
understanding of the relationship between the esti-
mator variances and the object parameters, we intro-

duce approximations that simplify the elements of F
prior to taking its inverse. These approximations are:

1. Flat noise: σm ¼ σ, i.e., all pixels share the
same noise variance [9].

2. Uniform gain: Qm ¼ Q.
3. Uniform sampling: The spacing ðδx; δyÞ be-

tween sample locations ðxm ; ymÞ is constant.
4. Complete sampling: The data region

xmin ≤ x ≤ xmax, ymin ≤ y ≤ ymax is sufficient such that
the Gaussian f ðrÞ is approximately zero outside of
the sampled region.

5. The profile is well sampled: Since each of
the Fij are sums of sampled Gaussian functions, we
can approximate the sums with integrals and then
replace the integrals with known analytic results.

With these approximations, and noting that
δx ¼ δξ; δy ¼ δη , we can write

X
E2

m ¼ 1
δxδy

X
e−ðξ2

mþη2
mÞ=w2δξδη

≈
1

δxδy

Z
∞

−∞

e−ξ
2=w2dξ

Z
∞

−∞

e−η
2=w2dη ¼ πw2

δxδy

and, similarly,

P
E2

mξm ≈ 0P
E2

mξmηm ≈ 0P
E2

mξ2
m ≈ πw4

2δxδyP
E2

mρ2
m ≈ πw4

δxδyP
E2

mρ4
m ≈ 2πw6

δxδy

9>>>>>>=
>>>>>>;

: ð6Þ

Constructing an approximate form of F from these
expressions, we can analytically calculate its inverse
to give the parameter covariance matrix K:

KFlat ≈
σ2

πδxδyQ2

0
BBB@

2
w2 0 0 −1

Aw
0 2

A2 0 0
0 0 2

A2 0
−1
Aw 0 0 1

A2

1
CCCA: ð7Þ

Alternatively, if we assume that the noise variance is
not the same at all pixels (i.e., not flat) but rather is
determined from the Poisson distribution of the
mean signal �gm at each pixel, then we can substitute
σ2

m ¼ �gmQm ¼ δxδyAQ2Em and, recalculating F, ob-
tain a modified covariance matrix [10]:

KPoisson ≈
1
2π

0
BBB@

2A
w2 0 0 −1

2w

0 1
A 0 0

0 0 1
A 0

−1
2w 0 0 1

4A

1
CCCA: ð8Þ

The parameter variances can thus be written out ex-
plicitly as
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varðÂÞ ≈
�

2β=w2 ðFlatÞ
A=ð2πw2Þ ðPoissonÞ ;

varð�̂xÞ ¼ varð�̂yÞ ≈
�

2β=A2 ðFlatÞ
1=ð2πAÞ ðPoissonÞ ;

varðŵÞ ≈
� β=A2 ðFlatÞ

1=ð8πAÞ ðPoissonÞ ; ð9Þ

where β ¼ σ2

πδxδyQ2.
To calculate the volume U under the Gaussian

spot, we first form its estimator. Since

U ¼ A
Z

dξ
Z

dη e−ðξ2þη2Þ=2w2 ¼ 2πAw2;

the estimator is Û ¼ 2πÂŵ2. Using the elements of
the covariance matrix to estimate the variance of
Û under the flat-noise and Poisson-noise approxima-
tions ([8], p. 45–46)

varðÛ Þ ¼ ∂U
∂θT K θ

∂U
∂θ

≈

�
8π2βw2 ðFlatÞ
2πAw2 ðPoissonÞ :

Note, again, that these simple expressions for the
parameter variances hold only when the assump-
tions of completely, uniformly, and well-sampled data
exists.

3. Separable 2D Gaussian Profile Model

For a separable Gaussianmodel function with noneq-
ual widths wx and wy (Fig. 2), we have, using the
same nomenclature as Section 3 above,

f ðrÞ ¼ Ae−ðx−�xÞ2=2w2
x e−ðy−�yÞ2=2w2

y ;

where �gm ¼ δxδyQmf ðxm ; ymÞ; gm ¼ �gm þ nðxm ; ymÞ
and the vector of parameters is now θ ¼ ðA;
�x; �y; wx; wyÞ.

Forming the log-likelihood function ℓ, its gradient
∇ℓ, and the Hessian matrix H for this model under
additive Gaussian noise, we obtain

½∇ℓ�1 ¼ ∂ℓ
∂A

¼ Σγm ½∇ℓ�2 ¼ ∂ℓ
∂ �x

¼ A
w2

x
Σγmξm

½∇ℓ�3 ¼ ∂ℓ
∂ �y

¼ A
w2

y
Σγmηm ½∇ℓ�4 ¼ ∂ℓ

∂wx
¼ A

w3
x
Σγmξ2

m

½∇ℓ�5 ¼ ∂ℓ
∂wy

¼ A
w3

y
Σγmη2

m ;

where Em ¼ e�ξ2
m=2w2

x e−η
2
m=2w2

y , ξm ¼ ðxm − �xÞ, ηm ¼
ðym − �yÞ, and γm ¼ δxδy

σ2
m
ðgm − �gmÞQmEm .

H 11 ¼ −δ2
xδ2

y

X Q2
mE2

m

σ2
m

H 12 ¼ 1

w2
x

X
Γmξm

H 13 ¼ 1

w2
y

X
Γmηm

H 14 ¼ 1

w3
x

X
Γmξ2

m

H 15 ¼ 1

w3
y

X
Γmη2

m

H 22 ¼ A
w4

x

X
Γmξ2

m − γmw2
x

H 23 ¼ A
w2

xw2
y

X
Γmξmηm

H 24 ¼ A
w5

x

X
Γmξ3

m − 2γmξmw2
x

H 25 ¼ A
w2

xw3
y

X
Γmξmη2

m

H 33 ¼ A
w4

y

X
Γmη2

m − γmw2
y

H 34 ¼ A
w3

xw2
y

X
Γmξ2

mηm

H 35 ¼ A
w5

y

X
Γmη3

m − 2γmηmw2
y

H 44 ¼ A
w6

x

X
Γmξ4

m − 3γmξ2
mw2

x

H 45 ¼ A
w3

xw3
y

X
Γmξ2

mη2
m

H 55 ¼ A
w6

y

X
Γmη4

m − 3γmη2
mw2

y ;

where Γm ¼ δxδy

σ2
m
ðgm − 2�gmÞQmEm. Since εfΓmg ¼

−
δ2

xδ2
yQ2

m

σ2
m

AE2
m and Efγmg ¼ 0, the Fisher information

matrix F here is
Fig. 2. Example noiseless asymmetric 2D Gaussian profile,
sampled on a pixel grid.
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F11 ¼ P
Rm

F12 ¼ A
w2

x

P
Rmξm F25 ¼ A2

w2
xw3

y

P
Rmξmη2

m

F13 ¼ A
w2

y

P
Rmηm F33 ¼ A2

w4
y

P
Rmη2

m

F14 ¼ A
w3

x

P
Rmξ2

m F34 ¼ A2

w3
xw2

y

P
Rmξ2ηm

F15 ¼ A
w3

y

P
Rmη2

m F35 ¼ A2

w5
y

P
Rmη3

m

F22 ¼ A2

w4
x

P
Rmξ2

m F44 ¼ A2

w6
x

P
Rmξ4

m

F23 ¼ A2

w2
xw2

y

P
Rmξmηm F45 ¼ A2

w3
xw3

y

P
Rmξ2

mη2
m

F24 ¼ A2

w5
x

P
Rmξ3

m F55 ¼ A2

w6
y

P
Rmη4

m

;

with Rm ¼ δ2
xδ2

yQ2
mE2

m=σ2
m . This is the exact form of F.

Introducing the same approximations as used in Sec-
tion 3, we obtain the following approximations of the
above sums:

P
E2

m ≈
πwxwy

δxδyP
E2

mξ2
m ≈

πw3
xwy

2δxδyP
E2

mη2
m ≈

πwxw3
y

2δxδyP
E2

mξ2
mη2

m ≈
πw3

xw3
y

4δxδyP
E2

mξ4
m ≈

3πw5
xwy

4δxδyP
E2

mη4
m ≈

3πwxw5
y

4δxδy

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

: ð10Þ

(All sums containing odd powers of ξm or ηm are zero.)
From these we readily obtain the approximate form
of the covariance matrix K for both flat and for Pois-
son noise:

KFlat ≈
σ2

πδxδyQ2

0
BBBBBBBB@

2
wxwy

0 0 −1
Awy

−1
Awx

0 2wx
A2wy

0 0 0

0 0 2wy

A2wx
0 0

−1
Awy

0 0 2wx
A2wy

0

−1
Awx

0 0 0 2wy

A2wx

1
CCCCCCCCA

;

KPoisson ≈
1
2π

0
BBBBBBBB@

3A
wxwy

0 0 −1
wy

−1
wx

0 wx
Awy

0 0 0

0 0 wy

Awx
0 0

−1
wy

0 0 2wx
3Awy

1
3A

−1
wx

0 0 1
3A

2wy

3Awx

1
CCCCCCCCA

:

The parameter variances for θ̂ ¼ ðÂ; �̂x; �̂y; ŵx; ŵyÞ are
found on the diagonal of the covariance matrix K.
The estimator for the energy of the Gaussian is

Û ¼ 2πÂŵxŵy and its variance is

varðÛ Þ ≈
� 8πσ2wxwy

δxδyQ2 ðFlatÞ
2πAwxwy ðPoissonÞ

:

Note that the separable (i.e., five-parameter)
Gaussian model can also be used for a completely
general 2D Gaussian profile (Section 4) when the azi-
muth angle of the Gaussian’s elliptical cross section
is known a priori. The data g used by the estimation
algorithm is unmodified in this case, and the x and y
abscissa inputs need only be rotated by the appropri-
ate angle prior to estimation.

4. General 2D Gaussian Model

A general 2D Gaussian model function (Fig. 3) is

�gm ¼ AδxδyQm exp
�
−

1
2
ðrm − �rÞTC−1ðrm − �rÞ

�

≡ AδxδyEm ;

where

C−1 ¼
�

c1 c3

c3 c2

�
;

and θ ¼ ðA; �x; �y; c1; c2; c3Þ. The matrix elements c1 and
c2 are equivalent to the 1=w2

y ; 1=w2
x, from the separ-

able 2D profile, and c3 represents the “covariance
term.”The tilt angle α of the Gaussian profile relative
to the coordinate axes is then given by α ¼
1
2 arctan½−2c3

ffiffiffiffiffiffiffiffiffi
c1c2

p =ðc1 − c2Þ�.[11]
The score vector ∇ℓ, Hessian matrix H, and Fisher

information matrix F for this model are

Fig. 3. Example noiseless general 2D Gaussian profile, sampled
on a pixel grid. (Note that the axis of the Gaussian is not aligned to
the grid.)
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½∇ℓ�1 ¼ ∂ℓ
∂A

¼ Σγm

½∇ℓ�2 ¼ ∂ℓ
∂ �x

¼ AΣγmðc1ξm þ c3ηmÞ

½∇ℓ�3 ¼ ∂ℓ
∂ �y

¼ AΣγmðc2ηm þ c3ξmÞ

½∇ℓ�4 ¼ ∂ℓ
∂c1

¼ A
2
Σγmξ2

m

½∇ℓ�5 ¼ ∂ℓ
∂c2

¼ −
A
2
Σγmη2

m

½∇ℓ�6 ¼ ∂ℓ
∂c3

¼ −AΣγmξmηm ;

for γm ¼ δxδy

σ2
m
ðgm − �gmÞQmEm, and

H 11 ¼ −δ2
xδ2

y

X Q2
mE2

m

σ2
m

H 12 ¼
X

Γmðc1ξm þ c3ηmÞ

H 13 ¼
X

Γmðc2ηm þ c3ξmÞ H 14 ¼ −
1
2

X
Γmξ2

m

H 15 ¼ −
1
2

X
Γmη2

m H 16 ¼ −
X

Γmξmηm

H 22 ¼ A
X

Γmðc1ξm þ c3ηmÞ2 − c1γm

H 23 ¼ A
X

Γmðc1ξm þ c3ηmÞðc2ηm þ c3ξmÞ − c3γm

H 24 ¼ −
1
2

A
X

Γmðc1ξm þ c3ηmÞξ2
m − 2γmξm

H 25 ¼ −
1
2

A
X

Γmðc1ξm þ c3ηmÞη2
m

H 26 ¼ −A
X

Γmðc1ξm þ c3ηmÞξmηm − γmηm

H 33 ¼ A
X

Γmðc2ηm þ c3ξmÞ2 − c2γm

H 34 ¼ −
1
2

A
X

Γmðc2ηm þ c3ξmÞξ2
m

H 35 ¼ −
1
2

A
X

Γmðc2ηm þ c3ξmÞη2
m − 2γmηm

H 36 ¼ −A
X

Γmðc2ηm þ c3ξmÞξmηm − γmξm

H 44 ¼ A
4

X
Γmξ4

m H 45 ¼ A
4

X
Γmξ2

mη2
m

H 46 ¼ A
2

X
Γmξ3

mηm H 55 ¼ A
4

X
Γmη4

m

H 56 ¼ A
2

X
Γmξmη3

m H 66 ¼ A
X

Γmξ2
mη2

m ;

where Γm ¼ δxδy

σ2
m
ðgm − 2�gmÞQmEm.

Once again, EfΓmg ¼ −
δ2

xδ2
y

σ2
m

AQ2
mE2

m and εfγmg ¼ 0,
so that

F11 ¼
X

Rm

F12 ¼ A
X

Rmðc1ξm þ c3ηmÞ
F13 ¼ A

X
Rmðc2ηm þ c3ξmÞ

F14 ¼ −
A
2

X
Rmξ2

m F15 ¼ −
A
2

X
Rmη2

m

F16 ¼ −A
X

Rmξmηm

F22 ¼ A2
X

Rmðc1ξm þ c3ηmÞ2

F23 ¼ A2
X

Rmðc1ξm þ c3ηmÞðc2ηm þ c3ξmÞ

F24 ¼ −
A2

2

X
Rmðc1ξm þ c3ηmÞξ2

m

F25 ¼ −
A2

2

X
Rmðc1ξm þ c3ηmÞη2

m

F26 ¼ −A2
X

Rmðc1ξm þ c3ηmÞξmηm

F33 ¼ A2
X

Rmðc2ηm þ c3ξmÞ2

F34 ¼ −
A2

2

X
Rmðc2ηm þ c3ξmÞξ2

m

F35 ¼ −
A2

2

X
Rmðc2ηm þ c3ξmÞη2

m

F36 ¼ −A2
X

Rmðc2ηm þ c3ξmÞξmηm

F44 ¼ A2

4

X
Rmξ4

m F45 ¼ A2

4

X
Rmξ2

mη2
m

F46 ¼ A2

2

X
Rmξ3

mηm F55 ¼ A2

4

X
Rmη4

m

F56 ¼ A2

2

X
Rmξmη3

m F66 ¼ A2
X

Rmξ2
mη2

m ;

where, again, Rm ¼ δ2
xδ2

yQ2
mE2

m=σ2
m .

We can again use integral expressions to approxi-
mate F to give analytic expressions for K ¼ F−1 under
flat or Poisson noise:

KF ≈
2σ2

πδxδyQ2

0
BBBBBBBB@

□ 0 0 □
A

□
A

□
A

0 c2

A2μ
c3

A2μ 0 0 0

0 c3

A2μ
c1

A2μ 0 0 0
□
A 0 0 □

A2
□

A2
□

A2

□
A 0 0 □

A2
□

A2
□

A2

□
A 0 0 □

A2
□

A2
□

A2

1
CCCCCCCCA

;

KP ≈
μ

2π

0
BBBBBBBBB@

2A 0 0 c1 c2 c3

0 c2

Aμ2
c3

Aμ2 0 0 0

0 c3

Aμ2
c1

Aμ2 0 0 0

c1 0 0
2c2

1
A

2c2
3

A
2c1c3

A

c2 0 0
2c2

3
A

2c2
2

A
2c2c3

A

c3 0 0 2c1c3
A

2c2c3
A

c1c2þc2
3

A

1
CCCCCCCCCCA

;

where μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c1c2 − c2

3

q
. Each instance of the symbol

“□” in the equation above represents a term that
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has no compact analytic expression but that
depends solely on the matrix elements c1, c2, and
c3. Calculating the variance of Û (the estimate of vo-
lume under the Gaussian profile), using the same
procedure as in Sections 2 and 3, gives

varðÛ Þ ≈
�
□ σ2

δxδyQ2 ðFlatÞ
□A ðPoissonÞ :

Thus, we again find varðÛ Þ to be independent of the
input parameters �x and �y, and for the case of flat
noise, the variance is also independent of the profile
height A.

5. Truncated Sampling

Occasionally, it is necessary to estimate a Gaussian
profile that has been truncated by lying at the edge of
the sampled region (see Fig. 4) and we can expect
that the estimation accuracy will fall when the pro-
file has been asymmetrically sampled in this way.
The numerical evaluation of the exact Fisher infor-
mation matrix terms allows us to obtain the Cramér-
Rao bound for this specific situation, as well.
A simulation illustrating the behavior of the esti-

mation parameters as the Gaussian profile sampling
is increasingly truncated is shown in Fig. 5. The si-
mulation uses a symmetric 2D profile whose center
ð�x; �yÞ is at first well inside the sampling region (such
that the “truncation parameter” t ¼ 0), then ap-
proaches and goes beyond the vertical edge of the
sampling region (t ¼ 0:6, i.e., 60% of the volume un-
der the profile is unsampled). For the example
shown, the profile is sampled at a rate of 1=7 the
Gaussian width (that is, an 8 × 8 pixel region con-
tains ∼68% of the volume under the profile).
The results show that the variance of the profile

peak estimate is little affected until the truncation
becomes quite large. And, along the truncation direc-
tion, the profile center estimate suffers much more
than does the accuracy orthogonal to the truncation
direction.

6. Bias in the Standard Model

As mentioned in the previous paper [1], the model
used here is biased, in the sense that use of an overly
simple model for the measurement gm produces a
biased estimator of the true Gaussian:

f̂ unbiasedðx; yÞ ¼ f̂ biasedðx; yÞ þ bðx; yÞ:

If we model the pixel response with rectangle-
functions over which the signal is integrated, then

�gm ¼ Qm

Z
∞

−∞

Z
∞

−∞

f ðx; yÞ

× rect
�

x − xm

δx

�
rect

�
y − ym

δy

�
dxdy; ð11Þ

where ðδx; δyÞ is the physical dimension of the pixel
and the rectangle function is defined as

rectðx=LÞ ¼
�

1∶ jxj < L=2
0∶ jxj > L=2

:

The bias results from using a δ-sampling model,
i.e., �gm ¼ f ðxm ; ymÞ, whereas the detection process
is better approximated as an integral over the region
of the pixel’s response, i.e., Eq. (11). If we take a Tay-
lor expansion of f ðx; yÞ about the pixel’s center
ðxm ; ymÞ, we find that the two models coincide up
to the linear term of the Taylor series. Thus, we
can approximate the bias by integrating the sec-
ond-order term across the pixel’s response.

The Taylor expansion of a scalar-valued function of
two variables has the form

f ðx; yÞ ≈ f ðxm ; ymÞ þ ðx − xmÞ
�
∂f
∂x

�
x ¼ xm
y ¼ ym

þ ðy − ymÞ
�
∂f
∂y

�
x ¼ xm
y ¼ ym

þ 1
2

0
B@ðx − xmÞ2

�
∂2f
∂x2

�
x ¼ xm
y ¼ ym

þ 2ðx − xmÞðy − ymÞ
�
∂2f
∂x∂y

�
x ¼ xm
y ¼ ym

þ ðy − ymÞ2

�
∂2f
∂y2

�
x ¼ xm
y ¼ ym

1
A: ð12Þ

Therefore, the bias is given by

bðrmÞ ≈
Z

xmþ1
2δx

xm−1
2δx

Z
ymþ1

2δy

ym−1
2δy

½second-order term�dxdy:

ð13Þ
Fig. 4. Truncated sampling of a Gaussian profile, showing a case
in which 60% of the volume under the profile lies outside of the
region falling on the array detector.
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error is predominantly due to estimator variance.
This behavior would suggest that an optimal pixel
size should be δx ≤ 1:43w. Note that although the ex-
act location of the optimal tradeoff will vary with
each parameter set, the bias to the position estimator
�̂x is relatively insensitive to the parameters A and �y.

8. Discussion

Real-life detector array data has noise properties
that are neither purely Gaussian nor Poisson but
are well approximated by a combined function in
which the electronic noise is given by a Gaussian dis-
tribution and the photoelectron noise by a Poisson
distribution (see [13], Eq. 3.16). Under this combined
distribution, the Fisher information matrix is ap-
proximately (Eq. 3.17 of [13])

Fij ≈
XM

m¼1

1

σ2
G þ �gmQm

∂�gm

∂θi

∂�gm

∂θj
;

where σ2
G describes the variance of Gaussian-distrib-

uted readout noise (with all pixels sharing the same
variance) and �gmQm gives the variance of the Pois-
son-distributed shot noise. To make use of this Gaus-
sian–Poisson mixed model in our system, we need
only insert ðσ2

G þ �gmQmÞ for σ2
m in the exact expres-

sions for F (i.e., Eq. (5) and the corresponding equa-
tions for the five- and six-parameter models).
Unfortunately, there does not appear to be a way
of deriving the corresponding approximate analytic
expressions for this noise model.

One difficulty that can thwart accurate estimation
is the failure of the optimization routine to locate a
global maximum to the likelihood function. For well-
sampled Gaussian profile models, the likelihood
function is typically smooth and well behaved (an ex-
ample is shown in Fig. 7(a)]. For difficult models, in
which the width parameter w is less than a pixel
width, multiple local maxima develop in the likeli-
hood function [see Fig. 7(b)]. For such models, local
optimization techniques, such as Newton iteration,
become unreliable and global optimization methods,
though slow, become important.

Finally, Gaussian profile estimation is often used
in systems where other optical effects are present,
such as a slowly varying background signal (due,
for example, to stray light, scatter, or to background
signals). Ignoring these effects would skew the esti-
mation and, yet, they are not of interest to the obser-
ver and, thus, are termed nuisance parameters.
Ideally, the estimation algorithm should incorporate
the presence of these parameters by marginalizing
the likelihood over the conditional probability den-
sity of the set of nuisance parameters. If this condi-
tional density is unavailable, then an alternative
approach is to estimate the nuisance parameters
and subtract their effect from the data prior to use

Fig. 6. A comparison of varð�̂xÞ and bias2ð�̂xÞ, given in units of
ðpixelsÞ2, for an example symmetric Gaussian profile as a function
of the profile width w. Keeping a constant value for U, we increase
the profile width (and thus reduce the profile height A) whilemain-
taining the same sampling rate. The approximate variance is cal-
culated by Eq. (9) and the exact variance by taking the inverse of
Eq. (5). The two curves shown for the variance are for two different
values of U .

Fig. 7. Contour maps showing slices through the 4D likelihood function for (a) a well-behaved model and (b) a poorly behaved one. The
parameters are ðA; �x; �y; wÞ ¼ ð100; 0:25; 0; 3Þ and (10,0.25,0,0.5) respectively, where �x, �y, and w are given in units of pixel widths.
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in the Gaussian profile estimation algorithm. This
second approach would allow use of the algorithm
presented in this paper.
The authors have posted a set of programs, written

in the IDL [14] language, that perform the estima-
tion algorithm discussed in this paper. These are lo-
cated at the url http://www.ittvis.com/codebank/
index.asp. (The file is gauss_mle2.pro under the
heading “Statistics”.) Interested readers are encour-
aged to download, distribute, and use the code freely.
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