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History (TG gas), experimental realization, FB mapping

Theoretical prediction, recent observation, explanation via FB
mapping

TWO sTG phases of spinor fermions

Bose sTG gas of fermion dimers vs. sTG-ideal Fermi gas hybrid
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TG gashistory

First treatment of 1D hard-sphere gas: L. Tonks, Phys. Rev.
50, 955 (1936). Classical, high temperature, inapplicable to
QM of ultracold atomic vapors

Exact QM ground state energy: A. Bijl, Physica 4, 329 (1937),
Note Il NO derivation

First published derivation:

T. Nagamiya, Proc. Phys. Math. Soc. Japan 22, 705 (1940)

Later independent derivations:
H. Stachowiak, Acta Univ. Wratislaviensis 12, 93 (1960)

M. Girardeau, J. Math. Phys. 1, 516 (1960) Fermi-Bose mapping:
Both ground and excited states, many generalizations



Strongly interacting 1D atomic gases

Bosons : the Tonks-Girardeau (TG) gas = 1D Bose
gas with repulsive interactions g,6(xz; — x5) with

Vip — 00

Remark: v2, = 2mg?, /h’n = the TG limit is reached
at low density or large effective mass



Strongly interacting 1D atomic gases

Bosons : the Tonks-Girardeau (TG) gas = 1D Bose
gas with repulsive interactions g,6(xz; — x5) with

Vip — o

Remark: v2, = 2mg?, /h’n = the TG limit is reached
at low density or large effective mass

EXperiments: T. Kinoshita et al., Science 305, 1125 (2004) (low density),

B. Paredes et al., Nature 429, 277 (2004) (large effective mass)
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TG gastheory: FB mapping

Atoms In tight waveguide hw| > hwy, kT, u
Interactions : Longitudinal atom-atom scattering in
transverse harmonic trap, m.olishanii, PRL 81, 938 (1998)
g1p renormalized by resonance between longitudinal
scattering and excited transverse bound state:

g1p = 2a.hw, (1 —1.460a,/a, )"

as = limy_,otands(k)/k = 3D s-wave scattering length, a | = \/2h/mw |
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TG gastheory: FB mapping

Atoms In tight waveguide hw| > hwy, kT, u
Interactions : Longitudinal atom-atom scattering in
transverse harmonic trap, m.olishanii, PRL 81, 938 (1998)
g1p renormalized by resonance between longitudinal
scattering and excited transverse bound state:

g1p = 2a.hw, (1 —1.460a,/a, )"

as = limy_.g tan ds(k)/k = 3D s-wave scattering length, a |, = /2h/mw |
Feshbach resonance tune: ¢, — +oo (TG gas) as as/a; — .6848

Folk theorem: Fermi ground state energy > Bose
ground state energy due to exclusion principle

FALSE If motion i1s 1D AND interactions have hard
core (TG)



TG gastheory: FB mapping

True theorem: For 1D hard-core particles complete
Bose and Fermi energy spectra are identical
(Fermi-Bose duality): wm. Girardeau, J. Math. Phys. 1, 516 (1960)



TG gastheory: FB mapping

True theorem: For 1D hard-core particles complete
Bose and Fermi energy spectra are identical
(Fermi-Bose duality): wm. Girardeau, J. Math. Phys. 1, 516 (1960)

True for arbitrary interactions v;,:(x; — ;) and arbitrary
external potentials v.,.(x;) so long as v;,; has hard
core forcing wave functions to vanish when cores
overlap: ¥(xy,--- ,zy) =01ifany |z; — x| < a



TG gastheory: FB mapping

True theorem: For 1D hard-core particles complete
Bose and Fermi energy spectra are identical
(Fermi-Bose duality): wm. Girardeau, J. Math. Phys. 1, 516 (1960)

True for arbitrary interactions v;,:(x; — ;) and arbitrary
external potentials v.,.(x;) so long as v;,; has hard
core forcing wave functions to vanish when cores
overlap: ¥(xy,--- ,zy) =01ifany |z; — x| < a
Generalizes to time-dependent problems: Theorem: If
Vert 1S time-dependent and/or initial wave function not
an energy eigenstate, single-particle densities n(x,t)
generated by time-dependent Schrodinger equation for
Bose and Fermi wave functions g and ¢ are equal:

M.D. Girardeau and E.M. Wright, Phys. Rev. Lett. 84, 5239 and 5691 (2000)
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Review of FB mapping method to 2005

V.. Yukalov and M.D. Girardeau, Laser Phys. 2, 375 (2005)



Bosonic sTG gas

Theoretical prediction: G.E. Astrakharchik, D. Blume, S. Giorgini, and
B.E. Granger, Phys. Rev. Lett. 92, 030402 (2004), M.T. Batchelor, M. Bortz, X.-W.
Guan, and N. Oelkers, J. Stat. Mech. L10001 (2005), G.E. Astrakharchik, J.

Boronat, J. Casulleras, and S. Giorgini, Phys. Rev. Lett. 95, 190407 (2005)
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Explanation of metastability via FB mapping:

Exact ground state of trapped TG gas is known for
arbitrary number of particles N, via FB mapping to the
trapped ideal Fermi gas (next slide):

M.D. Girardeau, E.M. Wright, and J.M. Triscari, Phys. Rev. A 63, 033601 (2001)



Bosonic sTG gas

TG gas: Repulsive interactions g0 (z; — 2 ) with

g2, — +o0, hence 752, — +oc.

Conveniently treated as a constraint on allowed wave
functions: vp =0 If z; =2, 1<j<k<N.

Spin aligned ideal Fermi gas eigenstates antisymmetric =
constraint automatically satisfied.

Then v = A(xy, - ,zn)Yr Where g is a Slater
determinant of 1D harmonic oscillator states

on(x) = const.e—Q2/2Hn(Q), Q =2/Tose y Tose = W,
H,, are Hermite polynomials, and

A= 1]i<;cn<n SIN(z; — x1) Is FB mapping function.
Ground state Slater determinant = van der Monde form =

N
wBO — |¢FO| — const. H1§j<k§N ’mjkq 6_27?:1 w?mw/h.



Bosonic sTG gas

sTG gas: Suddenly change interaction from strongly
repulsive to strongly attractive as in Innsbruck experiment:
vB, > 1 — 42 < —1. In TG limit this means
Yp = +00 — yip = —00 =

B = const. [H1§j<k§N @] | e 21 =ime/n s still an exact
energy eigenstate, now highly excited because the ground
state Is now the totally collapsed McGuire ground state,
whose energy — —oo Iin TG limit:
J.B. McGuire, J. Math. Phys. 5, 622 (1964)

It iIs completely stable against collapse in spite of infinitely
strong attraction, and is the TG limit of the sTG state.



Bosonic sTG gas

Why is TG state still a solution for 75, = —oo0?:
Theorem: TG state realized in limit |y{,| — oo for both
i, > 0 and v, < 0, and even in dissipative case where
Vi IS complex: s. biir etal., Phys. Rev. A 79, 023614 (2009), Eq. (25) ff
Proof: Lieb-Liniger interaction g7,0(z; — xx) =

2[00 /0% i) =0+ = (Mgt /h*)1(0) with cusp (derivative
sigh change) at origin: E.H. Lieb and W. Liniger, Phys. Rev. 130, 1605 (1963)
Then Taylor series = ¢ = (2h°/mg2,) + |vu| + -+ if ¥
normalized so [0v) /0 ks, —0+ = 1. Then |gip| — co =
(0) — 0 = FB mapping to ideal Fermi gas valid = TG.
Proof fails for (bound) ground state with g7, — —co =
Y'(0) = oo, but TG and sTG states are excited and
expandable about z,; = 0.



Bosonic sTG gas

V5| large but finite:
M.D. Girardeau and G.E. Astrakharchik, Phys. Rev. A 81, 061601(R) (2010).
Exact sTG wave function unknown, but ansatz exact in
both limits v, — +oco (trapped TG gas) and 7, — 0
(trapped ideal Bose gas) is

2

¢BV($1, > M ,CUN) . [H1§j<£§N fu(‘%f’)} H;V:1 &6l (_2;65 )

0SsC

where f,(|g;¢|) = Dv(|Qj€|)eq?£/4 and ;o = (z; — ¢)/Tosc,
D,, = parabolic cylinder function = exact N = 2 solution.
v determined by a transcendental equation and — 1 as
VlBD — —OX. S. Franke-Arnold et al., Eur. Phys. J. D. 22, 373 (2003).

g, Mmetastable for v, < —1, highly excited relative to
collapsed ground state.




Bosonic sTG gas

Ground state is analog, for trapped system, of McGuire’s
collapsed cluster state for untrapped system. Also
expressible in terms of a D,,, but with energy — —oc as

g — —00 (a1p — 0+): see Fig. 5 of s. Franke-Arnold et al., Eur. Phys.
J. D. 22, 373 (2003).

For v, — —oo (a1p — 0+) N = 2 ground state well
approximated by 5y ~ exp(—|z1 — x»|/aip)eFitEa)mw/h
Satisfies x1, — 0 contact condition exactly and becomes
exact for all (z1, x5) in both limits a;p — 0+ (total collapse)
and a;p — +oo (iIdeal Bose gas). Generalizationto N > 2:

2
|z —1]
Ypo & H =1 &XP ( é ) [Li<jcocn exp (_#Dl)



Bosonic sTG gas

Connection with trapped hard sphere Bose gas:

N = 2 sTG wave function for finite negative v{, as function
of x = 1 — x5 has a single node at

| = Znode = asp[l — (§ + )(52)% + - - -], which is very
close to |z| = aip when %, < —1 (0 < a1p/Tosc < 1).
Theorem: When |x| > Znoge, this STG wave function
iIdentical up to normalization with ground state of hard
spheres of diameter znoge.

Proof. Both wave functions satisfy same Schrodinger
equation in this region and vanish at = xp0q4e @and oc.
Then Sturm-Liouville theory = solution for |z| > xnoge
unique up to normalization, = hard sphere ground state,

and energies are equal. Should generalize to N > 2.



Two sTG states of spinor fermions

Model: Fermionic atoms in 1D trap in two different
hyperfine states labelled as 1 and |, kinetic energy
plus spin-independent harmonic trap potential plus
spin-independent Lieb-Liniger (LL) delta interaction:

T N R 02 mw? .2
He = Zj:l (_%W T xj) + gF Zl§j<€§N 5(%‘ i 336)
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Two sTG states of spinor fermions

Model: Fermionic atoms in 1D trap in two different
hyperfine states labelled as 1 and |, kinetic energy
plus spin-independent harmonic trap potential plus
spin-independent Lieb-Liniger (LL) delta interaction:
F]F : Zj\[ﬂ (_%aa_;? + mTWQZC?) + gF Zl§j<£§N 0(z; — o)
T atoms distinguishable from | atoms = both 3D
s-wave and p-wave scattering allowed. To generate
STG states one needs strong s-wave scattering due to

a 3D s-wave Feshbach resonance = 1D even-wave
resonance and LL delta interaction with large ¢¢.

Space-spin antisymmetry = strong 7| interaction
(space-even), no 11 or | | interaction (space-odd).
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Exact solution for N = 2:

e = 2mgr/h°n — +oo: Relative wave function

d(z) = (|z|/Tosc) e~ 171/70)°/2 = TG state.
v — —oo: Still an exact energy eigenstate =

completely stable against collapse to McGuire’s state.
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Two sTG states of spinor fermions

Exact solution for N = 2:

e = 2mgr/h°n — +oo: Relative wave function

d(z) = (|z|/Tosc) e~ 171/70)°/2 = TG state.
v — —oo: Still an exact energy eigenstate =

completely stable against collapse to McGuire’s state.
—00 < e < —1: One solution same as for Bose sTG

gas, ¢(x) = const. D, (|z|/oesc), NOAE || = Znoge > 0,

metastable against collapse (sTG).
Another solution: bound fermion dimer: s.chenetal,

arXiv:1005.0461v2 and Phys. Rev. A 81, 031608(R) (2010) (untrapped, on a ring).
v = —oo: TG still exact eigenstate = Transition
probability to dimer under v = +00 — —oo exactly
zero, still < T under v > 1 — % <« —1.



Two sTG states of spinor fermions

Generalization to N > 2: m.D. Girardeau, arxiv:1004.2925:

If v = +00 exact ground state must vanish with cusp
at z; = x, when o, =1, o, =] or vice versa, and If

o; = oy It vanishes there by antisymmetry. Explicit
form: Yp = M(21,01; - ; TN, ON)Videat WHETE Vigeal =
spinless ideal Fermi ground state,

M = ]li<jcon 0(@5, 055 e, 00), (x5, 0552, 00) =
(05,1001 = 00;100,1)SAN(ZL; — Ze) + 05;100,1 +00;100, -
Space-spin symmetric, +1, gives singlet TG cusps.
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Two sTG states of spinor fermions

Generalization to N > 2: m.D. Girardeau, arxiv:1004.2925:

If v = +00 exact ground state must vanish with cusp
at z; = x, when o, =1, o, =] or vice versa, and If

o; = oy It vanishes there by antisymmetry. Explicit
form: Yp = M(21,01; - ; TN, ON)Videat WHETE Vigeal =
spinless ideal Fermi ground state,

M = ]li<jcon 0(@5, 055 e, 00), (x5, 0552, 00) =
(05,1001 = 00;100,1)SAN(ZL; — Ze) + 05;100,1 +00;100, -
Space-spin symmetric, +1, gives singlet TG cusps.

Then TG-ideal Fermi gas hybrid ground state

¢Eo = Cp [Hfil e/ H1§j<€§N a(z;, ok 0@)(%‘ — Ty)
Still an exact energy eigenstate (now highly excited)

after switch v = +00 — —oo = absolutely stable.



Two sTG states of spinor fermions

Fermionic sTG gas:

Change ~¢ from > 1 to < —1 as In Innsbruck
experiment for bosons. Exact ground state not known
for finite 4& In trapped case, but following sTG-ideall
Fermi hybrid should be a good approximation:

2

c N €T
Vst R | Li<jcoan B(@s; 05520, 00) [ [, exp (_2x§sc)
where [ = (5,100, + 00;100,1)Zje + (00,100, —
332 332
00;100,1) Do (|T5e/ Tosc| ) T
This ¢, satisfies contact conditions exactly.




Two sTG states of spinor fermions

Fermionic sTG gas:

Change ~¢ from > 1 to < —1 as In Innsbruck
experiment for bosons. Exact ground state not known
for finite 4& In trapped case, but following sTG-ideall
Fermi hybrid should be a good approximation:

N 22
Ysre = || [1<jcoan B(2, 055 T, 00)| | ;2 exp (_2x§sc)
Where /6 == (50-]-T50'£T —|_ 5O‘Jl60'gl)ajj£ —|_ (5O-jT5O-£l B
332 332
8;1001) Do (|50 Tosc | €77t/ 4705

This ¢, satisfies contact conditions exactly.
Reduces to TG-ideal Fermi ground state at g = 40,

still exact eigenstate at v = —oo = Probabillity of
transition to sTG gas of bound dimers under switch
v > 1—-<k —1Is < 1, contrary to Chen et al.
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