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ABSTRACT

In designing imaging optical systems, the primary task is to correct aberrations.
Aberrations are deviations from perfect imagery. They depend on both the field size and
pupil position. When the Constant Optical Path Length (OPL) condition is satisfied, an
optical system is free of all orders of spherical aberrations, which have zero field
dependence. When the Abbe Sine condition is satisfied, all the aberrations with linear
field dependence are corrected. The Abbe Sine condition does not involve any off-axis
ray properties, but it predicts the correction of off-axis aberrations.

We go one step beyond the Constant OPL condition and the Abbe Sine
condition. By using Hamilton’s characteristic functions, we developed a set of criteria
for correcting the aberrations with quadratic field dependence and all orders of pupil
dependence. These criteria involve only properties of the rays originating from the on-
axis object point as the Abbe Sine condition does. Using these criteria, we analyzed
some known designs and obtained new information about these designs. We also
developed an algorithm to implement the criteria in designing well-corrected novel
optical systems. Even when the criteria are not exactly satisfied, we now have a way to
predict the residual quadratic field-dependent aberrations without tracing rays from any
off-axis object point. We extended the Hamiltonian treatment to bilateral systems and
developed similar criteria for correcting the quadratic field-dependent aberrations for

this type of systems.
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INTRODUCTION

The imaging optical systems, except for some very simple ones such as flat
mirrors, have aberrations. The aberrations of an optical system are usually classified in
terms of the combined order of their dependence on field and pupil. So there are 3¢
order, 5* order, 7" order aberrations and so on. For most of the optical systems, 3™ order
aberrations are the primary aberrations that need to be corrected, and higher order
aberrations are negligible. So this classification is reasonable. But in some special cases,
such as the microscope objective, resolution is more important than the field size. These
systems have a small field of view and a large numerical aperture. Then the aberrations
with higher order field dependence and lower order pupil dependence are not so critical
to the system performance as those with lower order field dependence and higher order
pupil dependence. Therefore just correcting the general lower order aberrations can not
improve the system performance significantly. This suggests the necessity of a different
method to group aberrations.

For optical systems that has a small field of view and a large numerical aperture,
it is a better way to group aberrations in terms of their field dependence only. Then we
have:

1. Spherical aberrations with no field dependence.
2. Linear field-dependent aberrations.

3. Quadratic field-dependent aberrations.
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Criteria already exist for the correction of field-independent and linear field-dependent
aberrations. They are the Constant OPL condition and the Abbe Sine condition. This
dissertation carries out research on the correction of the quadratic field-dependent
aberrations. By using the Hamilton’s characteristic functions, we developed the criteria
for correcting the aberrations with quadratic field dependence and all orders of pupil
dependence. Since the criteria involve the astigmatism of the pupil aberration, we name
them the Pupil Astigmatism Conditions.

Similar to the Constant OPL condition and the Abbe Sine condition, the Pupil
Astigmatism conditions involve only the properties of the rays originating from the on-
axis object point, and they predict the correction of aberrations of all orders of pupil
dependence. Such conditions are completely new to people. As shown in this
dissertation, these conditions give new information of the optical systems that people are
already familiar with. They can also be used to design new systems with the quadratic
field-dependent aberrations fully or partially corrected. They are believed to be very
useful in designing high-resolution optical systems.

In chapter 1, a brief introduction to aberrations and Hamilton’s characteristic
functions is given. The Pupil Astigmatism conditions take two different forms. Both of
them are presented and derived in Chapter 2. By using the relations between the image
and pupil aberrations, the criteria are validated to 3" order in Chapter 3. In Chapter 4
some known designs are analyzed with the conditions and new information is extracted.
Chapter 5 gives a method to predict the quadratic field-dependent aberrations when the

criteria are not exactly satisfied, and some examples are given to verify the method. In
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Chapter 6, an algorithm is developed to apply the criteria in the numerical design of
optical systems, and some systems designed using the algorithm are shown. Similar
criteria for the plane symmetric system are derived in Chapter 7. In Appendix A, the
computer programs that apply the algorithm to design new optical systems are listed.
Since the algorithm generates an optical surface point by point, we have to use the user
defined surface feature in ZEMAX to simulate the performance of the generated system.
The computer files for implementing the surfaces made up of discrete points in ZEMAX

are listed in Appendix B.
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CHAPTER1

ABERRATIONS AND HAMILTON’S CHARACTERISTIC
FUNCTIONS

1.1 INTRODUCTION

The work of this dissertation is on the correction of the quadratic field-dependent
aberrations of all orders. Criteria are developed to correct certain or all types of
aberrations with quadratic field dependence. The main tool used in developing these
criteria is the Hamilton’s characteristic functions. In Section 1.2, I give an introduction
to the aberrations of optical systems which includes the definition and classification of
aberrations, the definition of pupil aberrations and the principles to correct certain types
of aberrations. Then the Hamilton’s characteristic functions are introduced in Section
1.3, which includes the types of the characteristic functions and the use of them in

characterizing the general optical system.

1.2 INTRODUCTION TO ABERRATIONS

If an optical system can not image an object perfectly, then aberrations are present.
Perfect imagery is achieved in the case that any rays from an object point goes through
the same image point and the image as whole is a scaled replica of the object. From the

point of view of wave optics, aberrations are present if the spherical wave front from an
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object point can not be transformed into a perfect spherical wave front centered at the
ideal image point by the optical system, as a result all the rays originating from the
object point do not go through the ideal image point. Therefore aberrations can be
described in two ways. One is in terms of wave front deviation from the perfect
spherical reference; the other is in terms of the lateral ray deviation from a perfect
reference point. In the former case, the perfect spherical wave front is usually chosen to
be the sphere at the exit pupil of the optical system with the center at the ideal image
location. In the latter case, the reference point is chosen to be the ideal image point. See

Figure 1.1 for the illustration of wave and ray aberrations.

Real ray A berrati
Wave o y(ray aberration)
aberration . .
H(image height)
Optical Axis
Reference =7
Wavefront
Image Plane

Exit Pupil

Figure 1.1. Illustration of wave aberration and ray aberration.

The index of refraction of an optical media is a function of the wavelength of light.

The aberrations caused by this dependence on wave length are called chromatic
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aberrations. The work presented in this dissertation does not deal with chromatic
aberrations, so we restrict our discussions to monochromatic aberrations in this chapter
and the entire dissertation.

We also restrict our discussion about aberrations to axially symmetric systems
until Chapter 6. We will discuss the aberration corrections for bilateral systems in

Chapter 7.

1.2A RAY ABERRATION AND WAVE ABERRATION
Figure 1.1 illustrates the definition of the wave and ray aberration. The ray
aberration is the lateral deviation of the ray from its ideal position in the image plane.
The wave aberration is defined as the difference between the aberrated wave front and
the reference wave front, namely,
W =Wy-We (1.1)
The aberration of an optical system depends on both the field and aperture.

Assume the maximum field height is H,,, and the exit pupil radius is r,. Considering a
ray originating from a field point # and going through point 7 at the exit pupil, the
wave aberration of this ray is a function of both A and 7:

W =W(H,F). (1.2)
Often times it is convenient to use the normalized field and pupil coordinates 4 and /

instead, where

- H 7
h=—and p=—. 1.3
H. P r (1.3)
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W =W (h, p). 1.4
Since the wave aberration is a scalar and it does not depend on the rotation of the

axially symmetric systems about its optical axis, it can only be a function of three
quantities, namely, (il. -h),(p-p) and (h - p) . Then the aberration can be written in the
following form:

W, 5)= 3 Womst zuess (h)™ -(P7)" - (k- p)*. (1.5)

m.n.k

Depending on the value of 2(m+n+k), the aberration terms W, ,,... can be classified

into 3™ order aberration, 5" order aberration, etc. For example, when 2(m+n+k)=4, the
aberration is 3™ order. The 3™ order aberration includes:

Wouo (spherical aberration),
W31 (coma),

W32, (astigmatism),

W30 (field curvature),
Win (diStOl'tiOll).

When 2(m+n+k)=6, the aberration is 5th order (Shack, Shannon 1997). There are totally
10 types of Sth order aberrations:

Woso (spherical aberration),

Wisi (5th order coma),

W40 (Oblique spherical aberration),

W24, (tangential oblique spherical aberrations),
W33 (elliptical coma),

W33, (elliptical coma),

Wai2o (5"' order field curvature),

Wa22 (5" order astigmatism),

Wsii (5™ order distortion),

Weoo (piston).
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1.2B RELATIONS BETWEEN WAVE AND RAY ABERRATIONS

Wave and ray aberrations are closely correlated. If one is known, the other can
be calculated (Shack). Assume the ray aberration is £ , and the distance from the image
plane to the exit pupil is R, then ray and wave aberrations are related via the following

equation:

F=-2v w5 (1.6)

T

1.2C THE PUPIL ABERRATIONS

Every optical system has an aperture that determines the diameter of the cone of
light that the system will accept from an axial point on the object. This aperture is the
stop of the system. The image of the stop in object space is the entrance pupil and the
image of the stop in image space is the exir pupil (see Figure 1.2). The ray that starts
from the on-axis object point and goes through the edge of entrance pupil is named as
marginal ray, and the ray that starts from the edge of the object and goes through the
center of entrance pupil is named as chief ray.

The aberration definitions in previous sections give relationships that model
departure from ideal mapping from object points to image points. This modeling is used
to give aberrations corresponding to image blur or wavefront error. Itis also useful to
investigate non-ideal mapping of the pupils, or pupil aberrations. Similar to the image

aberrations, 3™ order pupil aberrations include spherical aberration, coma, astigmatism,
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field curvature and distortion. The pupil aberrations can be used for understanding the
source of image aberrations, and as we show later in this dissertation, they can be used

for deriving some general imaging relationships.

]
Plane E
[}

Entrance
Pupil

Stop

Figure 1.2. Illustration of the pupils. The Entrance Pupil is the image of stop in
object space, and the Exit Pupil is the image of stop in image space.

1.2D ANOTHER WAY TO GROUP WAVE ABERRATIONS

A typical optical design procedure starts from first order layout of a system, then
steps are taken to correct or balance 3™ order aberrations. In many cases, correction or
balance of 3™ order aberrations is sufficient. But in some special cases, such as grazing
incidence optics, 3™ order treatment fails. In other cases, such as the high NA
microscope objectives where resolution is more concerned than the size of field of view,
3™ order treatment is not enough. These cases suggest the necessity of a different way to

group aberrations. In the microscope case, aberrations of higher order pupil dependence
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are more vital to the performance than aberrations of higher order field dependence. So
we may classify aberrations in terms of their field dependence, then take a different
approach to correct them. Then we have:

1. field-independent aberrations including W40, Woso, Woso, -----. ,

2. linear field-dependent aberrations including W3, Wisi, Wiy, -..... .

3. quadratic field-dependent aberrations including: W20, W240, Wago, --....

and Wiz, Wa4z, Waea, -.....

Table 1.1. Grouping aberrations according to their field-dependence.

Aberrations
Field Aberration Type Conditions to correct Example
Dependence all Systems
Independent  Spherical aberrations the Optical Path Length(OPL)  Cartesian oval,
of all orders from an on-axis ‘l’bj“‘ pointto  reflecting
;;sc?;gnfomt along any ray ellipsoid
Linear Coma of all orders The Abbe Sine Condition Aplanatic
Telescopes
Quadratic Astigmatism, field The Pupil Astigmatism Aplanatic
curvature, etc. Condition anastigmats

Usually it does not make any sense to know the exact values of Wogo, Wi71, Wae0,
W2, €tc, but they still need to be corrected. If an on-axis object point is imaged
perfectly by an axial symmetric system, all field-independent aberrations are absent; this
is what I call the Constant Optical Path Length (OPL) Condition for correcting all orders
of spherical aberration. Similarly, the Abbe Sine Condition provides a tool for

eliminating all the aberrations with linear field dependence. Here we derive a condition I
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call Pupil Astigmatism Condition that is used to correct all the quadratic field-dependent
aberrations. Tablel.1 summarizes the new grouping methods. My dissertation work is
shown in the bold and italic fonts. The tool I used to develop the condition is Hamilton’s

characteristic functions, which will be introduced in Chapter 1.3.

1.3 INTRODUCTION TO HAMILTON’S CHARACTERISTIC FUNCTIONS
Characteristic functions were first introduced by Sir W. R. Hamilton (1828), later
expanded by Bruns as eikonal (1895). Hamilton’s characteristic functions are a set of
functions that represent the optical path length along a ray. Even though it is impossible
to get the analytical form of the Hamilton’s characteristic functions for optical systems
except very simple ones, they are nevertheless very powerful tools to study the general
properties of an optical system. The Hamilton’s characteristic functions have been very
useful in optical design. Luneburg (1970) used them to derive the Abbe Sine condition
and design the Luneburg lens. Buchdahl (1970) developed the formulas for calculating
aberration coefficients. They were used to show generally what imaging properties can
or cannot be realized (Walther 1989). Their application in the design of non-axially
symmetric systems was explored extensively by Stone and Forbes (1992-1994). They
were used to specify lens modules for modular lens design (Chang 1999). As personal
computer becomes more and more powerful, application of Hamilton’s characteristics in

real lens design becomes more practical.
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1.3A DEFINITION OF CHARACTERISTIC FUNCTIONS
For my dissertation work, I used Hamilton’s characteristic functions to derive the
criteria for correcting all the quadratic field-dependence aberrations. In this section, the

definition and use of the Hamilton’s characteristic functions are described.

(PLq1.My)

Figure 1.3. Interpretation of Hamilton’s characteristic functions when the initial and
final media are homogeneous.

In Figure 1.3, a ray originates from a point Py(Xo, Yo, Zo) in object space, and
passes through P;(x1, y1, 21) in image space. Oy and O; are origins of local coordinate
systems. (po, go, mo) and (p;, q;, m;) are ray vectors in object space and image space
respectively. A ray vector is the vector along the ray with length equal to the index of
refraction of the local medium. By definition,

P +qy +my’ =n,’, (1.7a)
and

Plz +q|2 +m12 = nlz s (1.7b)
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where ng and n; are the refractive indices in object space and image space respectively.
Qv and Q; are the intersections of perpendiculars drawn from Op and O; to the ray in
object space and image space respectively.
If we make the following definition:
[AB] = optical path length along the ray from Point 4 to Point B, (1.8)

then the Hamilton’s characteristic functions are defined as follows:

Point characteristic: V(X0,¥0.20; X1,Y1,Zi) = [PoP1],
Mixed characteristic: W(x0,¥0.20; P1,q1) = [PoQ1],
Angle characteristic: T(po.qo; P1,91) = [QoQ1].

Hamilton's characteristic functions are very powerful tools for investigation of
the general properties of optical systems. If one of the Hamilton characteristics is

known, we can obtain all the information about any ray. For example,

If V is known, then
ov oV
== , == 1.9a
Po= ", 7 Ty, (1:%)
and
oV ov
==, = 1.9b
% 17y, (1:56)
If W is known, then
ow ow
=—, =, 1.10a
Po= ", P T T, (1-102)

and
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x, =W y__W (1.10b)

op, oq,
Here (X, Y)) is the coordinate of the ray intersection with the plane that passes point O,

and is perpendicular to the optical axis.

If T is known, then
oT oT
X,=—, ¥, =—o, (1.11a)
° op, ° oq,
and
x, ==L y-_°T (1.11b)
ap, oq,

Here (Xo, Yo) is the coordinate of the ray intersection with the plane that passes point O

and is perpendicular to the optical axis, and (X, Y1) is the coordinate of the ray

intersection with the plane that passes point O, and is perpendicular to the optical axis.
Since the Hamilton’s mixed and angle characteristic functions can be used to

calculate the ray intercept at a plane, we can then use them to calculate ray aberrations.

1.3B TAYLOR SERIES EXPANSION OF THE CHARACTERISTIC
FUNCTIONS

Similar to the wave aberration described in Chapter 1.2A, the characteristic
functions are scalars and they are rotationally invariant for an axially symmetric system.
For an axially symmetric system, the mixed characteristic function # only depends on

the following 3 quantities:
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2 2 2
h=x,"+y,,

P =p'+q’, (1.12)

h-p=x,p+ o
Expand W in the power series of the field, and neglect the 3™ and higher powers:
W (x5 Y03 P1591320:21) = Wo (P) + (xo P, + ¥oq, )W, (P)
+ (%P, + Y@, ) W (P) +(x," + Yo W (P) + .. (1.13)
For a field point in x-z plane, yp = 0. Then
W (xgs Vo5 Prs91320021) = Wo(p) + X0 p W, (P)
+x° (P Wy(P) + Wy () + wooeee (1.14)

In analogy, for an axially symmetric system, the angle characteristic function T

only depends on the following 3 quantities:

h? =1’o2 +4, ,
p’=p’+q’, (1.15)
h-p=p,p +4.4,-

Expand T in the power series of the field, and neglect the 3™ and higher powers, we
obtain
T(Po>905 Pis91320,2) =W (P) + (Do Py + 409, )W, (P)
+(PoPy + 40 Wo(P) +(Py” +45" W (P) + ... (1.16)
For a field point in x-z plane, go = 0. Then

T(Pos90sP1+9132052) = W,(p)+ p,p.W,(P)

+ 0o (P Wy (p) + W, (P)) + ... (1.17)
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In Chapter 2, Eq. (1.14) is used to derive the Pupil Astigmatism conditions for
correcting the quadratic field-dependent aberrations for optical systems with the object a
finite distance away, and Eq. (1.17) is used to derive the similar conditions for optical

systems with the object at infinity.

1.4 CONCLUSION

In this chapter, I go over the basics about the aberrations of an optical system,
which include the definition of aberration, the relation between the ray aberration and
wave aberration, the definition of pupil aberration, the types of monochromatic
aberrations and the different ways in grouping aberrations. The conditions for correcting
certain types of aberrations are listed in Table 1.1. Hamilton’s characteristic functions

are introduced in Section 1.3. Their definition, physical meaning and use are described.
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CHAPTER 2

THE PUPIL ASTIGMATISM CONDITIONS FOR
CORRECTING THE QUADRATIC FIELD-DEPENDENT
ABERRATIONS

2.1 INTRODUCTION

In this chapter, we use Hamilton’s characteristic functions to derive conditions
that predict and allow complete correction of all aberrations that have quadratic field
dependence. For this analysis, we consider an arbitrary optical imaging system that has
a small field of view. We then use Hamilton’s characteristic functions to define some
simple relationships between the pupil’s astigmatism and the image aberrations that have
quadratic field dependence.

For this analysis, we first define an exit pupil at infinity and look at the
aberrations in entrance pupil, which occurs at an image of the exit pupil. It is important
to understand that the pupils defined here are mathematical, and do not correspond to the
pupil in the real system which is defined as an image of a real aperture. The analysis
proves that a particular relationship must be held between the sagittal and tangential
pupil images in order to correct the quadratic field-dependent image aberrations. If
these pupil astigmatism relations are maintained for all points in the pupil, then the

quadratic field-dependent aberrations will be zero for all points in the field.
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The general derivation of the pupil astigmatism relations requires analysis of the
exit pupil — entrance pupil transformation, which requires the optical system to be
modeled by tracing rays backwards, starting in image space and propagating into object
space. We know that light always travels the same forwards as backwards, so
mathematically the two are equivalent. Nonetheless, it feels wrong to trace the system
backwards, even if it does provide a simple solution. We are justified in violating this
directional bias because the exit pupil — entrance pupil relation allows a derivation of the
pupil astigmatism relations that are simple and general. By making a second
assumption, that the first order field relations are also corrected, we can show a less
general, but more useful form of the pupil astigmatism relations that uses the entrance
pupil to exit pupil transformation. This lets us use our convenient computer and mental
models where light travels from left to right.

Just like the Abbe Sine condition, the pupil astigmatism criteria take different
forms for systems with object a finite distance away and systems with object at infinity,
so in the presentation and derivation of the criteria, we deal with the two types of
systems separately. The tools used in the derivation of the criteria are the Hamilton’s
characteristic functions. Specifically, the mixed characteristic function is used to derive
the criteria for the finite conjugate system, and the angle characteristic function is used

for the infinite conjugate systems.



36

2.2 DEPENDENCE OF QUADRATIC FIELD-DEPENDENT ABERRATIONS ON
ENTRANCE PUPIL ASTIGMATISM

2.2.1A SUMMARY FOR SYSTEMS WITH FINITE CONJUGATES

Consider the case of an optical system imaging a point which is a finite distance
away. This system forms an image which is nominally a point, but may have some
aberrations (which we assume to be small compared to the dimensions of the imaging
system). To evaluate an exit pupil at infinity, we treat small bundles of parallel rays that
go through the object point. Their angle defines the pupil coordinate. The entrance
pupil is defined as an image of this exit pupil, so it can be found by tracing these bundles

of rays backward through the system.

Figure 2.1. Trace a thin bundle of parallel rays backwards through an optical system
(finite conjugate case). T is the tangential focus and S is the sagittal focus.



37

In general, each bundle of rays will come to focus with some amount of
astigmatism. The bundles are made small enough that only aberrations up to second
order are considered. This geometry is shown in Figure 2.1 where / is the image point.
It is useful to map two different versions of this entrance pupil -- one is defined by the
tangential focus, and the other by the sagittal focus. This is similar to the field curves
that are commonly used for image evaluation, except here we are investigating the
image of an infinite exit pupil so these curves are not physically significant.

As shown in Fig. 2.1, the pupil coordinate is defined using the angle from the
object to the particular point in the entrance pupil. Denoting the tangential focus as T
and the sagittal focus as S, define the distance from object to T as ¢, and object to S as s.
Clearly, ¢ and s are functions of 8. Using these definitions and relationships from
Hamilton’s characteristic functions, we will prove that the imaging system will be free

from all quadratic field dependent aberrations if

1(6)

s6)= cos? (@

=constant. (2.1)

The derivation of this condition is given in Section 2.2.1B. From the derivation we also
obtain the following criteria for partially correcting the quadratic field-dependent
aberrations:

e The criterion for correcting all the quadratic field-dependent aberrations in tangential

plane is
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1))
cos*(0)

=constant. 2.2)

e The criterion for correcting all the quadratic field-dependent aberrations of the form
of Wi,owhere n is even is
5(6) =constant. 2.3)
e The criterion for correcting all the quadratic field-dependent astigmatism of the form

W>a2 where n is even is

1(0)
cos’(8)

s(8) = (2.4)

As these criteria are written in terms of the astigmatic image of the exit pupil, we call

them the pupil astigmatism criteria or pupil astigmatism conditions.

2.2.1B DERIVATION OF PUPIL ASTIGMATISM CONDITIONS FOR
SYSTEMS WITH FINITE CONJUGATES

To prove the pupil astigmatism conditions, given above, we start with the Taylor

series expansion of the mixed characteristic function W, as given in Chapter 1:
W (Xqs Y03 Pos o3 Z0s2) = Wo(P) + (Xopy + ¥0q I, (P) + (Xopy + Y001 ) W3 (P)
+(Xo" + 3, Wy (P) + eeenee (2.5)

Consider an object point in x-z plane, then y; = 0. According to Eq. (1.10b),
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ow
X, =-—
op,
oW, 0 7]
=), O (0N -5 (p WPV Wi (), (263)
p, ap, ap,
S oW
b o
oW, 0 0 2
= 2A0) 2 (p (o) -5 o (p W) WP . (26D)
oq, oq, oq,
According to Eq. (1.10a),
Po =—PW (pP), 2.7)
for a small field in the vicinity of Point O. And we know Po s the magnification, in
P

general it is a function of p. Define the magnification as M(p):

M(p)=2e. (2.8)

P
The ideal image of a point at (xo, 0, zo) will be at (x;’, 0, z;) where
x,'=M(0)x,. 2.9)
Let Ax and Ay be the lateral aberrations and substitute Eq. (2.9) into Eqs. (2.6a) and
(2.6b), we then obtain
Ax = x, - x,

=‘au;°(p)+xo 0 (Pn(M(P)-M(O)))—xozi(plez(p)+W’3(p)) (2.10a)
Py op, o
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Ay =y,

My(p), 0
0

oq, oq,

(0 M(p) - x,’ %(p.zwz () +W,(p)) (2.10b)

The first term of the right hand side of equations in (2.10) gives rise to spherical
aberration. The second term is coma. For linear field-dependent aberration to be
corrected, M(p) must be constant,

M(p) = M(0) = constant, (2.11)
which is the famous Abbe Sine condition. To correct the quadratic field-dependent
aberration, the following equation must be true:

plle (p) +W,(p) =constant. (2.12)

Apparently, W»(p) determines astigmatism and W3(p) determines field curvature and
oblique spherical aberrations.

We would like to know what p,sz (p) + W,(p) represents physically. After
differentiating Eq. (2.5) with respect to x, twice and using the relations in Eq. (1.10b),
we obtain

10p
'W.(p) +W,(p) = ———=>
pW,(p) 5(P) 23

0

(2.13)

for a field in the close vicinity of point O.
The partial differentiation in Eq. (2.13) means everything else doesn’t change,

i.e. keep yo. p1. q; unchanged, see how p, changes with infinitesimal change of x,.
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Tracing the thin bundle of parallel rays backward through an optical system maintains

the values of yp p; and q,.

X1

o

Yo t —

(@)

mmm ety ———---o-

(b)

Figure 2.2. [llustration of how to get p,’W,(p) + W,(p) for a finite conjugate system in
(a) the tangential plane, and (b) the sagittal plane.

In Figure 2.2(a), in tangential plane, at xo=0, p, = n,sin(8), let OT =¢(<0 in

this case), then
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dp, = n,cos(8)66 , (2.14)
and

_ dx, cos(6)
-

50 (2.15)

So, in the tangential plane,

zo = °°tsz(9), 2.16)
0

therefore

1 n, cos’(6
Plez(p)"’ W,(p)= ___o__().

> ; 2.17)

In Figure 2.2(b), in sagittal plane, at xo =0, po =0, p; = 0, trace a thin bundle of
parallel rays backwards again, S is the focus, denote OS = 5 (<0 in this case), then
op, = n,00 (2.18)
and

&, =566 . (2.19)

So, in the sagittal plane,

P "o , (2.20)
&, s
therefore
2 1n,
W, (p)+ Wi (p)=W,(p) = W (2.21)

So, combining Equations (2.17), (2.21) and (2.10), we draw the following conclusions:
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e When s(@) = t( 0)/cos2(0) = constant, then Wy(p) = 0 and W3(p) = constant, and the

optical system is free of all the quadratic field-dependent aberrations.
e When ((8)/cos’(6) = constant, then P12Wz (p) + W,(p) is constant in the tangential

plane, so all the quadratic field-dependent aberrations in the tangential plane is
corrected.

e When s(6) = constant, then W,(p) = constant, so all the quadratic field-dependent

aberrations in the sagittal plane are corrected.
e When s = t/cos’(6), then Wi(p) = 0, so astigmatism of the form W2y, (n is even) is

corrected.

2.2.2A INFINITE CONJUGATE SYSTEMS

If the object is at infinity, the definitions of r and s must be modified. For the
optical system in Figure 2.3, still trace a thin bundle of parallel rays backwards through
the system, the tangential focus is T and the sagittal focus is S. Denote the distance from
T to a plane penpendicular to the optical axis as ¢ and the distance from § to the same
plane as s, r and s are functions of the ray height 4 in the object space.

With 7 and s defined and obtained this way, the criteria for correcting the

quadratic field-dependent aberrations are:

To correct all the quadratic field-dependent aberrations:

s(h) = t(h) = constant. (2.22a)



To correct all the quadratic field-dependent aberrations in tangential plane:

t(h) = constant. (2.22b)
To correct all the quadratic field-dependent aberrations of the form of W,,o where n is
even:

s(h) = constant. (2.22¢)
The correct all the quadratic field-dependent aberrations of the form W>,, where n is

even:

s(h) = t(h). (2.22d)

o

Figure 2.3. Trace a thin bundle of parallel rays backward through an aplanatic
optical system (infinite conjugate case). T is the tangential focus and S is the sagittal
focus.
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Criterion (2.22a) indicates that if a system with object at infinity is to be
corrected for all the quadratic field-dependent aberrations, then the 3" order entrance

pupil astigmatism and field curvature are perfectly corrected.

2.2.2B DERIVATION OF THE PUPIL ASTIGMATISM CONDITIONS FOR
THE INFINITE CONJUGATE SYSTEM

To characterize the optical system with the object at infinity, the angle
characteristic function is more convenient to use. The Taylor series expansion of the

angle characteristic function T given in Chapter 1 is

T(Porqo; Pird1Z0:21) = Wo(P) + (Po Py + 4o W, (P) +(Po P + 909:) W2 (P)

+(Dy +qo W, (P) +...... (2.23)
Compared to the mixed characteristic function, the field size is angle (po, Qo) now
instead of the height (x¢, yo). The ray intersection at the image plane is calculated in a
similar way.

Consider a ray in the x-z plane, then pg = 0. According to Eq. (1.11b),

oT
X, =——
op,
W, 2
= D), O (oD bW ()W (P)),  (2248)
op, op, op,
L oT
',
oW, (p) 0 2 O 2
_ P _ |, 2 W) - Pt (p W (p)+ WP . (2.24b
e GNPl L AT A RS
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According to Eq. (1.11a), the ray height 4 in object space is

h=2L_ pW.(0) 225)

" op,

for a small field angle. And we know - L is the effective focal length, in general itis a
P,

function of p. Define the effective focal length as f{p), then

S(p)=-W(p). (2.26)
The ideal image of a field point (po, 0, mg) will be at (x,’, 0, 0) where

x,'= f(0)p,. (2:27)

Let Ax and Ay be the lateral aberrations and substitute Eq. (2.26) into Egs. (2.24a) and

(2.24b), we then obtain
Ax =x, —Xx;
oW, 2 2
D) O () - SON - b 2 (p Wy (0 + W, (p)),  (2:283)
apl op, ap,
Ay =y,
- oW, (p) 0 2 i 2
2, + P, 2, (p.f(P)-pPo 2, (P W, (p)+W,(p)). (2.28b)

For the linear field-dependent aberration to be corrected, f{p) must be constant,
f(p) = f(0) = constant, (2.29)
which is the Abbe Sine condition for systems with object at infinity. To correct the

quadratic field dependent aberration, again the following equation must be true:

p,ZW2 (p) + W,(p) =constant. (2.30)
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We then proceed to find out what p,’W, (p) + W,(p) represents physically. Similar to

Eq. (2.13), we now have

Lax,

P, (p)+Wy(p) = 2% @.31)
for a small field angle.
t
Xi

A :
b Sh/f—‘/ ' / L -
» &0 i /,/

o L I

Yo E
(a)

(b)

Figure 2.4. Illustration of how to get P’ W,(p) +W,(p) for an infinite conjugate
system in (a) the tangential plane, and (b) the sagittal plane.
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We again trace a thin bundle of parallel rays backward through the optical

system. In Figure 4(a), in tangential plane, at po=0, x, = &, let OT =t (<0 in this case),

then
&P, = "°t&' : (2.32)
So, in the tangential plane,
oh t
=— (2.33)
o, n,
and
1 ¢
P W, (p)+W,(p)=——. (2.34)
2n,

In Figure 4(b), in sagittal plane, at pg = 0, xo = h, p; = 0, trace a thin bundle of parallel

rays backwards again, S is the focus, denote OS = s (<0 in this case), then

op, = n,060 (2.35)
and

& =560. (2.36)
So, in sagittal plane,

ax s

=— 2.37)

P, n

and
1
PW,(P)+W,(p) = W,(p) = ——. (2.38)

2 n,
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So, combining Equations (2.38), (2.34) and (2.28), we draw the following conclusions
similar to those in Section 2.2.1B:
e When s(h) = t(h) = constant, then W>(p) = 0 and W;(p) = constant, so all the

quadratic field-dependent aberrations are corrected.
e When t(h) = constant, then p,’W,(p) +W,(p) is constant in the tangential plane, so

all the quadratic field-dependent aberrations in the tangential plane are corrected.

e When s(h) = constant, then W, () =constant, so all the quadratic field-dependent

aberrations in the sagittal plane are corrected.
e When s(h) = t(h), then W#,(p) = 0, astigmatism of the form W3, (n is even) is

corrected.

It is important to notice that we used the ideal image position as the reference and
the ray vector as the pupil coordinate when deriving these conditions. Usually in an
optical design program, the chief ray position is used as the reference instead. Therefore,
in our approach, the change of the stop location does not affect the types of aberrations

present in the system. That is why we can choose the exit pupil at infinity.

2.3 FORARD RAY-TRACING VERSION OF THE PUPIL ASTIGMATISM
CRITERIA

The backward ray-tracing version of the Pupil Astigmatism Criteria for
correcting the quadratic field-dependent aberrations is presented in Section 2.2.

Although it is quite straightforward to trace rays backward to derive the criteria, it is not
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so convenient to use them this way. First of all, it is difficult to perform backward ray
tracing in a computer ray trace program. Second, we need ways to validate the criteria,
but there is no known way to connect these backward ray tracing properties with the
image aberrations. Facing these difficulties, we decided to develop the forward ray
tracing version of the criteria. To do this, we define an entrance pupil at infinity and look

at the aberrations in exit pupil.

2.3A THE FINITE CONJUGATE SYSTEM

Figure 2.5 shows an optical system with object a finite distance away. A thin
bundle of parallel rays are traced forward through the system. The center ray of the
bundle is a marginal ray from Point O to Point /. The Tangential focus of the bundle is
T’ and the sagittal focus is S*; let /T" =¢’ and IS’ =s'". The marginal ray has an angle 6
with the optical axis in the object space and an angle 8’ in the image space.

Figure 2.6 shows the side view of the optical system shown in Figure 2.5. Both
the forward and backward ray tracing are shown in this figure. ¢ and ¢’ can then be
calculated by the following formulas:

t =dx,cos(8)/do,

(2.39)
t'=dx;cos(8')/d6'.

Then,

_ dx; cos(6') d6 t=m cos(6') d6
dx, cos(6) do' cos(8) do'

t, (2.40)

where m is the magnification.
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Figure 2.5. Trace a thin bundle of parallel rays forwards through an optical system
(finite conjugate case). T is the tangential focus and S is the sagittal focus.

+ w @ BN
dxo T T I
AN
0] 4] l o’ dx;
2 t

Figure 2.6. The side view of an optical system with the object a finite distance away. T
is the tangential focus of a thin bundle of parallel rays traced backwards through the
optical system. T’ is its counterpart when a thin bundle of parallel rays are traced
forward through the optical system.
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Now consider a patch of object (dx, high and dy, wide) around point O whose

image is dx; high and dy; wide around point /, consider a beam around the ray with

direction cosines (sin(8), 0, cos(8)) which spreads d@in x-z plane and df in y-z plane in

the object space. In the image space, the beam is along the ray with direction cosines (-

sin(8), 0, cos(8")) and spreads d@’ in x-z plane and df3’in y-z plane. Since the energy

must be conserved, then the basic throughput of the system is constant, i.e.

n’d AedQ = const,

(2.41)

where n is the index of refraction, d 4 is the area element, d Q is solid angle element.

Then we have

n, dx,dy, cos(8)d6dp = n;’dx.dy, cos(0')d6'dp" .

It follows that
d0 _ dxdy;, ndp' n; cos(8')
dé'  dx,dy, n,dp n, cos(6)
Since
dxdy; =m?
dx,dy,
and
ndpg' 1
ndf m’

then combining Egs. (2.43), (2.44) and (2.45), we obtain,

dae — cos(@')
deo n, cos(@)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)



53

Substitute Eq. (2.46) into Eq. (2.40), we obtain

ey cos“(6')

r= n, cos’(0) @47
which is equivalent to

m =m® m. (2.48)
By the same token, we can also prove

Som S, (2.49)

n; n,

It should be noticed that when spherical aberrations are perfectly corrected and the Abbe
Sine condition is satisfied, Eqs. (2.40)-(2.49) are rigorously true.

An example is given below to show the relationships in (2.48) and (2.49) are
correct. Figure 2.7 shows an anastigmatic optical system whose 3" order spherical
aberration, coma, astigmatism and field curvature are all corrected. Its surface data are

listed in Table 2.1. This optical system has a magnification m = —2.25. For forward ray

tracing, ¢'/cos*(@') = 5'(6') = 149.334 when 6’ = 0. And for backward ray tracing,
t/cos?(0) = s(0) = 29.498 when 0 = 0. The ratio between the two constants is 5.0625,

and the square of the magnification is m? = 5.0625, so the relations in Eqs. (2.48) and

(2.49) are confirmed here.
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Figure 2.7. An anastigmatic optical system with magnification -2.25.

Table 2.1. Surface data for the anastigmatic system shown in Figure 2.7.

Surf Type Radius Thickness Glass Diameter Conic
OBJ STANDARD Infinity 113.3333 0 0
STO STANDARD  -113.3333 20 1.5 58.0 0
2 STANDARD -80 100 66.7 0
3 STANDARD 150 20 1.5 107.1 -2.25
4 STANDARD Infinity 50.68886 107.1 0
5 STANDARD Infinity 20 1.5 107.1 0
6 STANDARD -150 225.1072 107.1 -2.25
7 STANDARD 74.89276 20 1.5 25.6 0
8 STANDARD 32.93566 82.33915 18.5 0
IMA STANDARD Infinity 0 0

Then Eqs. (2.48) and (2.49) show that there is only a constant factor difference
between the forward and backward ray tracing properties involved in the Pupil
Astigmatism Criteria in (2.1)-(2.4), so the form of the criteria based on forward ray
tracing properties stays the same as that of the backward ray tracing version. We write
them below:

e The criterion for correcting all the quadratic field-dependent aberrations then is:

N A N
s'(6') 05 (@) constant. (2.50a)
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e The criterion for correcting all the quadratic field-dependent aberrations in the
tangential plane is:

tc(el)

————— =constant. (2.50b)
cos“(6')

e The criterion for correcting all the quadratic field-dependent aberrations of the form
of Ws9 where n is even is:

5'(6') =constant. (2.50c)

e The criterion for correcting all the quadratic field-dependent aberrations of the form

W2 where n is even is:

10(61)

s (2.50d)

5'6') =
2.3B THE INFINITE CONJUGATE SYSTEM

The forward ray tracing version of the Pupil Astigmatism Criteria for the infinite
conjugate system is identical to that of the finite conjugate system (Equations (2.50)),
but s and ¢ are obtained differently.

For an infinite conjugate system shown in Figure 2.8, select an arbitrary plane
which is perpendicular to the optical axis in object space and serves as the entrance pupil
of the system. Then trace a small cone of rays which originates from any point in the
plane and are centered on the ray which is parallel to the optical axis, again we have the

tangential image at T, and the sagittal image at §”. Define ' = /T " and s = IS". With
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these definitions, the conditions for correcting the quadratic field-dependent aberrations

for infinite conjugate systems are the same as Eqgs. (2.50).

Figure 2.8. Illustration of a system with object at infinity. A small cone of rays are
traced from a point 4 in a plane which is perpendicular to the optical axis. The tangential
image of the cone is T and the sagittal image of the cone is S.

In Figure 2.9, we have the following relation:

t=dh/dé, (2.51a)
t'=dx; cos(6')/d6". (2.51b)
It follows that
t'= tﬁﬁcose' . (2.52)
dh d6O'

Again using Eq. (2.41), we have
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n, dhdy, cos(9)d6dp = n’dx,dy, cos(0')d6'dp". (2.53)

where dff and df3’ are the angles that the cone of the rays spreads in the plane
perpendicular to the paper in the object and image space, and dy, and dy; are the y-axis

dimensions of the areas considered in the x¢-yo and x;-y; planes respectively.

2 R
i

Figure 2.9. The side view of an optical system with object at infinity. T is the tangential
image of the cone of rays originating from a point A in the object space.

Then the following equation is obtained:

d6 _dx, ndydp' n,

46~ dh ndy.dpn, ) (2.54)
The magnification of the system gives

dy; = fn,dp and dx; = fn,d6. (2.55)
And the Abbe Sine Condition gives

dy, = fn,dp' and dh = fn,cos@'d0'. (2.56)

It then follows that
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ndy,dB _ 2.57)
n,dy,dp
and
dx; n, do
L= . 2.58
dh n,cos@'do' (2.58)
Combining Egs. (2.51b) and (2.56), we obtain
dr, ___F (2.59)
dh fn,cos” &'
Substitute Egs. (2.58) and (2.59) into Eq. (2.52), we get
2 ]
t= f2 M , (2.60)
which is equivalent to
2 v
—t-=f2 n; cos' @) . (2.61)
n, t
By the same token, we can also prove
2ol (2.62)
n, s

One example to show Eqs. (2.61) and (2.62) are correct is the Luneburg lens. The

Luneburg lens is a sphere made of a gradient index material with the index profile

— [2_¢T\2
n(r)—‘/Z (R) ,

where R is the radius of the sphere. The Luneburg lens is aplanatic. Figure 2.10 shows
the Luneburg lens with radius R = 100 mm. The effective focal length of this lens is f=

100 mm, and the index of refraction in both the object and image space is unity. Table



2.2 shows the forward and backward ray-tracing results. Comparing Column 4 and

Column S, we can see Egs. (2.61) and (2.62) are verified.

Figure 2.10 The Luneburg Lens.

Table 2.2. The result of forward and backward ray tracing for the Luneburg lens.

ll: (.inhm'm)t:hRay{) . 0 (ti; °): Ray angle | 5(0) = t(h) =s(h) /s(0) =
eight in the object | in the image space 2 2
space t(8)/cos*(0) cos?(0)/t(0)
0 0 100 100 100
8.000756 4.589 99.681 100.3206 100.32
16.00018 9.207 98.728 101.2883 101.2884
2400078 13.887 97.16 102.9229 102.923
32.00012 18.663 95.004 105.2583 105.2587
39.99972 23.578 92.295 108.3484 108.3482
4799939 28.685 89.069 112.2728 112.2725
56.00029 34.056 85.36 117.1509 117.1509
64.00024 39.792 81.194 123.1627 123.1618
71.99942 46.054 76.568 130.602 130.6029
79.99989 53.13 71.429 139.9999 139.9992

59



With the backward ray-tracing version of the Pupil Astigmatism criteria in
Section 2.2.2A and the relations in Egs. (2.61) and (2.62), we conclude that the forward
ray-tracing version of the criteria for the infinite conjugate system is exactly the same as
that for the finite conjugate system listed in (2.50), although the definitions of s and ¢ are

different for the two types of systems.

2.4 ANOTHER METHOD TO DERIVE THE FORWARD RAY TRACING
VERSION OF THE CRITERIA

The forward ray tracing version of the Pupil Astigmatism Criteria can also be

derived directly without knowing the backward ray tracing version first. From Sections
2.2 and 2.3, we know the criteria are based on the value of p,’W, (p) + W,(p), which is
the coefficient of the field square term in the Taylor’s series expansion of the Hamilton’s
characteristic functions. We will derive the expression of the coefficient by forward ray
tracing method directly in this section. This derivation also gives us insight in how to

deal with plane symmetric optical systems.

2.4A FINITE CONJUGATES SYSTEM

Consider a field point A in the optical system shown in Figure 2.11(a). 4 is on
the x-axis and has an infinitesimal field height xo. Now trace a ray from Point O to Point
I, which has an angle 8 with the optical axis in the image space. Then trace a parallel ray

from A in the tangential plane. The two rays intersect with each other at T in the image
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space. Draw a perpendicular from I to the ray originating from 4, the foot is denoted as
B. Let TI =t (>0), then the optical path length from T to / is

[71]=n,, (2.63)

where n; is the index of refraction of the media in image space.

X1
Xo
]
3
) T
A ' .
Xo E /'/ |
0 ”,:‘ /
- X
. ; 9 B|
Yo i
]
(a)
X1

| X,

(b)

Figure 2.11. Illustration of how to get p,sz (p) + W,(p) in (a) the tangential plane,

and (b) the sagittal plane by tracing rays forward through an optical system with object a
finite distance away.



The mixed Hamilton’s characteristic function for O is then
w(0) =[or)+[11].
and the mixed Hamilton’s characteristic function for 4 is
W(4) = [AT]+[TB],
where
[47]=[0T]- x,p..
and
[7B] = [TI]cos(56)
= [11]-[11k56)* /2.
So combining Egs. (2.64) - (2.67), we get
W(A) =W (O)-x,p, —|TTk56)* /2,
where
00 = x, cos(0)/t
=x,M(p)cos(8)/t.

Then

W (A)=W(0)—xop, —X," (n,;M* (p)cos®(8) /(21)).

Compare this equation to Egs. (2.6), we get

n.M?*(p)cos’(6)

2 —_ -
P W, (p)+W,(p)= Y

in the tangential plane.
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(2.64)

(2.65)

(2.66)

2.67)

(2.68)

(2.69)

(2.70)

2.71)
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To find out what W;(p) is, we trace a ray from Point O to Point / in sagittal

plane, which has an angle 6 with the optical axis in the image space (see Figure 2.11(b)).

Then trace a parallel ray from A4 to the image space. The two rays intersect with each

other at S in the image space. Draw a perpendicular from / to the ray originating from 4,

the foot is denoted as B. Let ST =s (s>0), then the optical path length from Sto / is

[ST]=n.s.
The mixed Hamilton’s characteristic function for O is
w(0) =[os]+[s1],
and the mixed Hamilton’s characteristic function for 4 is
W)= [45]+[sB].
where
[45]=[0s],
and
[sB] = [SI]cos(50)
= [sr]-[srks6)* /2.
So combining Egs. (2.78), (2.79), (2.80) and (2.81), we get
W(A) =Ww(0)-[srks6)* /2,
where

50 = x,M(p) ]
S

Then

2.72)

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)

(2.83)



W(A) =W(O)-x,’ (l"Mz—s(pl) : (2.84)

Compare this equation to Egs. (2.6) (note p; = 0 in the sagittal plane), we get

nM ? (p)

> (2.85)

W,(p) = -

in the sagittal plane.

Assume the Abbe Sine Condition is satisfied for an optical system, then M(p) =
constant. Also assume the image space is homogeneous, then combining equations
(2.71) and (2.85), we draw the following conclusions:

e When s = t/cos’(8) = constant, then Wi(p) = 0, Wi(p) = constant, which means all
the quadratic field-dependent aberrations of the system are corrected.

e When t/cos’(6) = constant, then p,sz (p) + W,(p) is constant in tangential plane,
which means all the quadratic field-dependent aberrations in the tangential plane are
corrected.

e When s = constant, then W,(p)is constant, which means all the quadratic field-
dependent aberrations of the form Waqo (n is even), which include field curvature and
oblique spherical aberrations, are corrected.

e When s = t/cos’(6), then Wi(p) = 0, all the quadratic field-dependent aberrations of

the form W»,; (n is even) are corrected.
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2.4B INFINITE CONJUGATES SYSTEM

For an optical system with the object at infinity, following the same procedure in

Section 2.4A, we can obtain the mathematical expression for plez (p)+W,(p).

Figure 2.12. llustration of how to get p, W, (p) + W,(p) in the tangential plane by
tracing rays forward through the optical system with object at infinity.

Figure 2.12 shows an optical system with the object at infinity, the angle characteristic
of an off-axis field is approximately
T(A) = T(O) + hp, +[TTk560)* /2, (2.86)
where
860 = x, cos(9)/t
= poS(p)cos(6)/1. (2.87)

Then



T(A) = T(O)+x,p, - p," (f*(p)cos’(0)/(21)), (2.88)
where t<0.

Compare (2.88) to (2.23), we obtain

n.f*(p)cos’ (0
P W, (p)+ W, (p) = 2L (P 2)z ©) (2.89)
in the tangential plane.
In the sagittal plane, it is easily to show that
2
n.
P W, (p)+W,(p) = —‘—fz—s@ : (2.90)

When the Abbe Sine Condition is satisfied, f{p) = constant. With Eq. (2.89) and (2.90),
the Pupil Astigmatism Criteria (2.50) for the infinite conjugates system are again

derived.

2.5 COMPARING THE PUPIL ASTIGMATISM CRITERIA WITH THE
CODDINGTON EQUATIONS

It is important to understand the distinction between the pupil astigmatism
relations derived here, and the Coddington equations, that are used for determining field
curves. The conventional application of the Coddington equations in optical design is to
find where the tangential and sagittal rays intersect for small bundles of rays that all go
through the center of the stop, and are different for each field point. These give
information of the aberrations for any field point, but only those with quadratic pupil
dependence. The pupil astigmatism analysis looks at bundles of rays that all go through

the object point. Each point in the pupil has its own ray bundle. This information is
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used to determine aberrations that have quadratic field dependence, for all points in the
pupil. So the conventional treatment is complete for wide field of view systems with
long focal ratios. The pupil astigmatism is complete for systems with high NA and

small fields.

2.6 CONCLUSION

In this chapter, we present the Pupil Astigmatism Conditions for both systems
with object a finite distance away and systems with object at infinity. Three different
ways are taken to derive the conditions. The backward ray-tracing version of the criteria
shows the entrance pupil astigmatism determines the image aberrations that have
quadratic field dependence. This method is mathematically straightforward even though
it is not so physically. Then using the principle of energy conservation, the relation
between the forward and backward ray tracing properties are obtained, the forward ray-
tracing version of the criteria then follow. This version of the criteria shows the exit
pupil astigmatism determines the quadratic field-dependent aberrations. Finally, the
criteria are derived again by a direct forward ray-tracing approach. This approach is

taken again to derive the equivalent criteria for plane symmetric systems in Chapter 7.
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CHAPTER 3

VALIDATION OF THE PUPIL ASTIGMATISM CRITERIA
TO 38° ORDER

3.1 INTRODUCTION

It is well known that the first order properties of an axisymmetric imaging
system can be used to predict the 3rd order, or Seidel aberrations in the image. In
addition to this, it is possible to predict similar aberrations in the pupil (Shack, Welford
1986). The relationship between image and pupil aberrations has also been established to
third order. (Shack, Welford 1986). Here we show that these relationships to be
consistent with a third order approximation to the more general Pupil Astigmatism
Conditions.

The Pupil Astigmatism Conditions were derived by investigating the mapping
relationships between pupils. For normal applications, these pupils are defined as images
of the aperture stop. In Chapter 2, we use the ray vector in image space as the pupil
coordinate (see Eq. (2.5)) to define aberrations. Such definition of aberrations and the
small field of view we are concerned determines that the actual stop location is not
important. It is convenient to set the entrance pupil at infinity for systems with object a
finite distance away. For systems with object at infinity, the stop location can be

arbitrarily chosen.
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3.2 IMAGE AND PUPIL SEIDEL ABERRATIONS AND THEIR RELATIONS

Seidel aberrations are 3" order aberrations. There are formulas for calculating
Seidel aberrations of an optical system using only its first order properties. To better

understand the formulas, we first define 2 quantities. One is Petzval Sum:
1
P=) cA(-), 3.1
n

where c is the curvature of an optical surface, n is the index of refraction, A(.) is an
operator that calculates the difference between the quantity in the parenthesis after and
before the surface, sum is over all the surfaces in the system. The other quantity is

Lagrangian Invariant:

H =nuy-nuy, (3.2)
where u and y are the marginal ray angle and height, and uand y are the chief ray angle
and height at a surface (see Figure 3.1). Let i and i be the incidence angles of marginal
ray and chief ray at a surface, then define 4 and A as follows:

A=niand A=ni. (3.3)

With the quantities defined in (3.1) — (3.3), we can calculate the coefficients of

Seidel aberrations using the following equations:

S, ==Y AzyA(%), (3.42)

Sy ="Z AZYA(‘E), (3.4b)
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Sy = "Z A ZyA(%)a (3.4¢)

Sy = -Z H ICA(-'I;)a (3.4d)
Aa° u, A., 1

S, ==Y {—A— YA +—H cA(;)} : (3.4¢)

< |

Figure 3.1. [llustration of the ray angles and heights at a surface.

There are Seidel formulas for pupil aberrations as well. Since the chief ray of the
image is the marginal ray of the pupil and the marginal ray of the image is the chief ray
of the pupil, the image serves as the pupil when the pupil aberration is concerned. So the
Seidel formulas for pupil aberrations are similar to Egs. (3.4) but with the exchanged
role of barred and unbarred quantities, i.e. 4 and A are interchanged, so are « and # .

Then the Seidel formulas for pupil aberrations are:
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5,=-Y A7), 3.52)
S,=-) AZyA(%), (3.5b)
Su=-2 AziA(%), (3.5¢)
Sy ==, Hch(%), (3.5d)
5, ==Y {AT;?A(%H%HZCA(%)}. (3.5¢)

The wave aberration coefficients defined in (1.3) is related to the Seidel coefficients in

the following way (Shack):

Wyo =S
040 8 I
1
n,lll--z_sll’
W, =<8
222 2 i
Wopow =~
220P_4 w»
W,, =+s
311 2 4

Here we only care about the aberrations with quadratic field dependence, i.e.

astigmatism and field curvature, so we only calculate 3 and 4™ Seidel coefficients:

Su>Sy and '§mv §IV'



The relationships between the image Seidel aberrations and pupil Seidel

aberrations are (Shack, Welford 1986):

§lll = S”] + HA(u;)a
Sw= Sws
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(3.6)

where A(.) is the difference between the quantity in the parenthesis in image space and

object space. It follows that
Sw +Sw =(S,, +S,)+HA(uu),
Sw +28u =(S,, +28,,)+2HA(uu),
Sw +38Sm =(S,, +38,,)+3HA(uu).

The longitudinal pupil aberrations at maximum aperture are (Welford 1986):

1 - =
OZ 330, =_2_:'2"(SW +S,”),
nu

1 = _
&220". =_2 — Sw +2Sm)9
nu

1 = —
&zzo: = _F(SIV +3S,,,)
nu

and

S
— _Swm
&220: _&zzm = n_-; ’

S
)i 4
&220: _3&2203 = m72 ’

(3.7a)

(3.7b)

(3.7¢)

(3.8a)

(3.8b)

(3.8¢)

(3.8d)

(3.8¢)
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where n is index of refraction and # is the chief ray angle in image space, see Figure
3.2. Here we follow Roland V. Shack’s notations for 3™ order longitudinal aberrations

such as &z,,,, , etc.

A 4+ 4
s’
t
Entrance “
Pupil at © 5 —= L
73 4
y
R
Object Exit [ > Image
Plane Pupil Plane

Figure 3.2. Illustrates a system with entrance pupil at infinity, s’ and t” denote the
sagittal and tangential pupil curves respectively.

In Figure 3.2, according to the sign convention, u«, u and y are all negative, Let R

be positive, then

ey
It
2 |

3.9)
H=-nuy.

So,

HA(uu) = —nRu’@?. (3.10)
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3.3 VALIDATION OF THE PUPIL ASTIGMATISM CRITERIA TO 3*° ORDER
The Pupil Astigmatism Conditions derived in Chapter 2 relate the field curves
for the pupil aberrations to the aberrations in the image that have quadratic field
dependence. In general these pupil field curves are not simply quadratic and can have
any dependence on the pupil parameter. Since we can use the Seidel equations to
directly calculate the third order pupil aberrations and the third order image aberrations,
we can show the existing pupil — image relationships to be the special cases of the more
general Pupil Astigmatism Conditions. Refer to Figure 3.2 for all the parameters used in

the calculations in this section.

(a) If condition (2.50b) holds, then

r'(u)

cos’ (u) N

and the longitudinal pupil aberration in tangential plane is:

&, = R —t'cos(u) = R(1 - cos®(u)) . 3.11)
To the 3™ order,
2
OZ 530, = ”% . (3.12)

Substitute Eq. (3.12) into Eq. (3.8c), we obtain
S, +3S8, =-3Ru’u?
= 3HA(uu). (3-13)

Then according to Eq. (3.7¢c),
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Sy +38, =0, (3.19)

which indicates the image’s tangential field is flat.
(b) If condition (2.50c) holds, then
s'(w)=R,
and the longitudinal pupil aberration in sagittal plane is:
6z, = R(1 —cos(u)) . (3.15)

To the 3™ order,
& pos =5 - (3.16)

Then, substitute Eq. (3.16) into Eq. (3.8a), we obtain
S, +8, =-nRu’’
= HA(uu). (3.17)

Then according to (3.7a),

Sy +S8, =0, (3.18)

which indicates the image’s sagittal field is flat.

(¢) If condition (2.50a) holds, then

o P _
S(u)_cosz(u) R,

therefore both Eq. (3.14) and Eq. (3.18) are true, so we can solve the equations and get

S, =0and S, =0, (3.19)



which indicates both the image’s astigmatism and field curvature are 0.

(d) If condition (2.50d) holds, then

r'(u)

cos?(u)

s'(u)= = R(u),

and the longitudinal pupil aberrations in the tangential plane is
&, = R - R(u)cos’ (1)
(3.20a)

and the longitudinal pupil aberrations in the sagittal plane is

&%, = R - R(u)cos(u) .
(3.20b)
Then,
&, -8, = R(u)cos(u)(1 —cos® (u)) .
The 3™ order approximation gives
oy — O ng, = RU* .
Combine Eq. (3.22) with Eq. (3.8d), we obtain
S, =-nRu*u?.
It then follows that
Sy =0,

which indicates the image’s astigmatism is 0.
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3.21)

(3.22)

(3.23)

(3.24)
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3.4 CONCLUSION

The forward ray tracing version of the Pupil Astigmatism Criteria for correcting
the quadratic field-dependent aberrations implies the connection of the criteria with the
relationships between image and pupil aberrations. The formulas that give the relations
of 3™ order image and pupil aberrations were revisited in this chapter. By using these
relationships we were able to validate the criteria to 3" order, i.e., when one of the
criteria is satisfied, the corresponding 3™ order quadratic field-dependent aberrations --

astigmatism and/or field curvature -- are indeed corrected.
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CHAPTER 4

USING THE PUPIL ASTIGMATISM CRITERIA TO
ANALYZE THE KNOWN DESIGN EXAMPLES

4.1 INTRODUCTION

Aberration theories can help people design well-corrected systems. The Seidel
aberration coefficient formulas, the Petzval theorem, the Constant Optical Path Length
Condition and the Abbe Sine Condition have been known to people for more than a
hundred years, and many elegant optical systems were designed under the guide of the
above mentioned aberration theories. Since the Pupil Astigmatism Criteria presented and
derived in Chapter 2 are new to optical designers, we can use them to analyze the known
designs. The reason for doing this is two-fold: one is to verify the criteria to some extent,
the other is to extract new information from the old designs.

In this chapter, several systems are analyzed, which include the aplanatic
conjugate pairs of a refractive sphere, the well-known Offner relay and Dyson system.
An idea inspired by the Offner and Dyson system leads to the design of a system with
superior performance: the modified Bouwers system. Lunberg lens is also presented to
show the effectiveness of the Pupil Astigmatism Criterion (2.50d) for systems with

object at infinity.
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4.2 THE APLANATIC CONJUGATE PAIR OF A REFRACTIVE SPHERE
A sphere with radius of curvature R and refractive index » has a pair of conjugate
points where perfect imagery is formed, therefore all orders of spherical aberration are

corrected. In the Figure 4.1, the index of refraction in the image space is 1, the distance

from the object to the vertex of the sphere surface is (1 + l)R , and the distance from the
n

image to the vertex of the sphere is (1+n)R . For this pair of conjugate points, the Sine

e - . . . smU . _,
condition is strictly satisfied, i.e. =sinU’, then we know all orders of coma are

n

corrected as well. In paraxial approximation X — ', from Seidel formulas (3.4a) —
n

(3.4c), we know all 3rd order spherical aberration, coma and astigmatism are absent.

Figure 4.1. The aplanatic conjugate pair of a refractive sphere.
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As far as spherical aberration and coma are concerned, the Constant OPL
Condition and the Abbe Sine Condition tells us more information than the Seidel
formulas because the Seidel formulas are approximated to 3" order and the Constant
OPL and Sine Conditions are exact. Do the Pupil Astigmatism Criteria in (2.50) provide
more information than Seidel formula too? The answer is yes. The proof is given below.
Seidel formulas say that the 3rd order astigmatism is absent while the Petzval curvature
is present, this fact indicates criterion (2.50d) may be true in this case. We will check

criterion (2.50d) to see whether it is strictly satisfied. To do that we need to calculate s

os” 0 and 1 . The Coddington equations are used to calculate s
s

and t and then compare <

and t. See Chapter 6 for the application of Coddington equations.

-

P4

Figure 4.2. [llustration of calculating s and ¢ for the aplanatic conjugate pair of a
refractive sphere.
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Figure 4.3 Plots of s, ¢ and t/cos’ @ as functions of @ for the aplanatic system shown in
Figure 4.1.

Figure 4.2. Illustrates how to trace the tangential rays to get ¢. In this figure,
t =TI and is a function of the ray angle #in image space. Similarly, sagittal rays can be
traced to get s. Assume the thin bundle of the sagittal rays focus on point S, then
s =8I, also a function of 8. Figure 4.3 plots s, ¢ and #/cos’ @ as functions of 6. The s curve
and t/cos’@ curve coincide exactly, which means criterion (2.50d) is perfectly satisfied,
therefore all orders of astigmatism of quadratic field dependence are corrected. The 3"

order prediction of the Seidel formula is consistent with this result.






