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ABSTRACT

Ground-based interferometric telescopes have demonstrated large gains in resolution
and sensitivity over single-aperture telescopes. Similar gains are imminent in space
telescopes. Two types of interferometers are currently in use: Michelson stellar
interferometers and "Fizeau" interferometers. Fizeau, or wide-field interferometers,
create a wide-field image of an object convolved with the PSF of the interferometer.
This dissertation derives and demonstrates a new approach to the design of wide-field
interferometric telescopes.

The first part of this dissertation is a tutorial on multiple aperture systems. De-
sign basics such as PSF and OTF, fill factors, resolution, and temporal coherence
are investigated. We show that the perfect image for a multiple aperture system
is the sum of an image from each aperture and a set of fringes from each pair of
apertures. For this image to remain perfect over a wide field of view, three things
must happen: the images from each aperture must stay together as the field angle
changes, the images must combine coherently, and the images from each aperture
must be unaberrated. Coherence losses are caused by a constant phase offset (piston
error) between two apertures in the system. Lateral image separations are caused
by tilt errors, and longitudinal image separations are caused by power errors.

Any of the beam combining errors (piston, tilt, and defocus) can occur as any
function of field angle. The constant and linear errors have straightforward geometric
explanations. Constant piston errors occur when the axial pathlengths in each arm
at zero field angle are not equal. Linear piston errors are caused by violating the
Abbe sine condition, as applied to the axial rays of the system. Constant tilt errors
are pointing errors in the telescope. Linear tilt errors occur when the focal lengths
of each arm are not equal. Constant defocus errors occur when an individual image

plane is offset from the system’s image plane. And linear defocus errors occur when
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an individual image plane is rotated with respect to the system’s image plane.

Wavefront aberration theory for plane-symmetric systems is used to calculate RMS
wavefront errors and explore how the system performance is affected by these errors.

Four example systems are designed by applying the derived design rules. The
first system is a rotationally-symmetric Paul system that is then segmented to make
a four-aperture system. The low-order design rules in this system are shown to be
automatically satisfied.

The second system is an array of four afocal telescopes that share a three-mirror
combining telescope. Fold flats are used in the inner two arms to satisfy the require-
ment that the axial pathlengths should match. Linear piston errors are eliminated
by forcing the beam configuration into the combiner to be a scaled version of the
afocal array. The angles of the fold flats are chosen to eliminate any constant tilt
errors. Because the combining optics are shared, there are no constant defocus, linear
defocus, or linear tilt errors in the system.

As a third example, the design of a beam combiner for the Large Binocular tele-
scope is explored. By applying the design rules, coherent imaging with a 1 arcminute
field of view is achieved with just three reflections. Linear defocus errors appear,
but are minimized by bringing the beams to focus as closely together as possible.
The sine condition is satisfied for the axial rays so that the linear piston errors are
zero. The constant piston, tilt, and defocus errors are all zero, since the two arms
in the system are mirror-images of one another, but this also introduces differential
distortion into the system.

As a fourth example, a space telescope design is presented that utilizes a flat
gossamer mirror technology. The system would consist of a primary array of flats,
a shared secondary mirror, and a tertiary array with one mirror corresponding to
each of the primary flats. Each branch of the system consists of a primary flat,
the shared secondary, and a tertiary that brings the beam to the correct image point.
The position of the tertiary is chosen to eliminate axial pathlength errors. The linear
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piston errors are satisfied if the primary flats are all located on a spherical surface of
radius L, equal to the total length of the telescope system. Constant defocus errors
are eliminated by choosing the tertiary powers so that the focal planes to overlap.
The focal lengths of each branch do not match, then, and the linear tilt errors that
result dominate the system’s performance. Small linear defocus errors are present
because the individual focal planes are rotated with respect to the system’s image
plane.

The RMS wavefront error is calculated as a function of the system parameters.
This gives an efficient method for exploring design space for the gossamer systems.
The performance of a system of five flats is explored in this way. A few specific
five-flat systems are modeled with full interferometric raytraces, and the results show
good agreement with the Strehl values predicted by calculation of the RMS wavefront

eITors.
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Chapter 1
INTRODUCTION

Interferometric telescopes are a new breed of telescopes that have already achieved
huge gains in resolution and sensitivity over older telescopes. Traditionally, telescopes
have used single primary mirrors for collecting images. Gains in resolution and
sensitivity for such telescopes is tied to the ability to produce larger and larger primary
mirrors. Interferometers, though, use two or more primary mirrors whose images are
combined with optics that follow the primary mirrors. The resolution in such systems
is limited only by how far apart the primary mirrors can be placed. The sensitivity
is limited only by the number of mirrors that can be purchased and integrated into
the system. These gains are achieved without further development of single-mirror
fabrication techniques.

Figure 1.1 is a photograph of the IOTA interferometer, a three-aperture system
with two of the telescopes on moving tracks.(1] Figure 1.2 is a drawing of the Large
Binocular Telescope, which is a fixed-position, two-aperture interferometer.[2] These
telescopes operate in the near-IR and visible regimes. Because the wavelengths are
short, the beam-combining must be done optically, with series of mirrors and flats
that bring the beams together in the image plane at exactly the same point in time.
For interferometers in the longer radio wavelengths, the beam-combining can be done
electronically.

Figure 1.1 and 1.2 show ground-based interferometers, but the next generation
of telescopes in space must be multiple aperture systems, as well. For space-based
systems, the size of a telescope’s primary mirror is limited to about five meters by
the size of current rocket shrouds. For space telescopes to get bigger, the primaries

must be segmented, or smaller telescopes functioning as interferometers must be used.
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FIGURE 1.1. The three-aperture IOTA interferometer. Two of the telescopes can
move along the pairs of ruils visible in the picture.

FIGURE 1.2. A drawing of the Largye Binocular Telescope interferometer, which is a
two aperture system. The positions of the primaries are fized.
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NASA has required that the infrared successor to the Hubble Space Telescope, the
Webb Space Telescope, will be a segmented system. Missions further in the future will
also require interferometry. The Terrestrial Planet Finder mission will need a baseline
diameter of 100 meters as well as a large collecting area, which is not possible with

current single-mirror telescopes.

1.1 Wide-field interferometry vs. the Michelson stellar in-
terferometer

This dissertation deals with the design of wide-field interferometers, which should not
be confused with the more common Michelson stellar interferometers. A wide-field
interferometer in operation produces an extended image that is superimposed with
fringes. The final image is the convolution of the system’s PSF with the real object,
provided the PSF is the same everywhere in the field. If the PSF is known, the real
object may be recovered by de-convolving the image with the known PSF. (Since
the PSF in real telescope changes as a function of field, this is actually not a simple
deconvolution, but a more sophisticated reconstruction process.)[3] The first telescope
to operate in this way on a regular basis will be the Large Binocular Telescope (LBT),
currently under construction on Mt. Graham in Arizona and expecting first light in
its interferometric mode in late 2003.[2] The LBT consists of two 8.4 meter primary
mirrors. Its baseline is fixed, because the optics for combining the beams coherently
would be prohibitively complicated for changing baselines. The high-resolution fringes
only occur in one direction, perpendicular to the baseline of the system. To get full
spatial information about the object, then, images at several angles in the sky must
be gathered. A simulated image for the LBT is shown in Figure 1.3. Fringes are
clearly visible in the image in the upper right. The reconstructed image shown on
the lower left is comparable to that of a 30 meter single-primary telescope.

Most other current ground-based telescopes are Michelson Stellar Interferometers.
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FIGURE 1.3. The simulated LBT image of a spiral galazy. Fringes are visible in the
single exposure shown in the upper right. The final image is comparable in resolution
to that of a 30 meter telescope. The image was created by Keith Hege.

IOTA, CHARA, NPOI, KECK, and VLTI are some examples. The design of Michel-
son interferometers is not covered in this dissertation. These telescopes have very
narrow fields of view. Looking at an unresolved object, they measure the fringe
visibility at the center of the image as a function of a changing baseline. The result
is a plot of fringe visibility versus baseline separation, which is related to the spatial
coherence of the object. The intensity of the object is proportional to an inverse
Fourier transform of the visibility.[4],(5] Some assumption about the object’s basic
shape is required for this technique to work, so there are difficulties with imaging very
complex objects in this way.

The newest generation of optical and near-IR interferometers have 8 to 10 meter
apertures. In older interferometers, just as with single-aperture telescopes, larger
apertures were not useful because of atmospheric effects. The advent of adaptive
optics has corrected this problem, allowing aperture sizes to increase dramatically.
This effect is seen in Figure 1.4. The telescopes on the bottom right are generally

Michelson interferometers with fairly small apertures, since they do not use adaptive
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Imaging sngular resoiution and sensitivity for various ground based inteferometers
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FIGURE 1.4. A sensitivity versus resolution plot for current, ground-based interfer-
ometers. The newest interferometers have made large gains in sensttivity due to the
advent of adaptive optics.

optics. The newest interferometers (Keck, LBT, and VLTI) have between two and
four apertures with diameters of 8 to 10 meters, giving high sensitivities. Single-
mirror telescopes would appear in the middle left of the plot - they may have apertures
of up to 8 meters, giving sensitivities as good as or better than the old Michelsons,

but their resolution is very limited compared to any of the interferometers.

1.2 History of wide-field imaging

Wide field interferometric imaging has a fairly long history, though it took adaptive

optics to bring it into the mainstream in the optical and near-IR regimes. Diffraction
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modeling of multiple aperture systems’ point spread functions and transfer functions
began in the late 1960's.[6],(7] Some work was done to find the optimal positions
for a given number of mirrors.(8],(9] Progress was made on aberrations analysis in
multiple aperture systems.[10},(11],(12],{13] A small amount of work has been done on
polarization issues in these systems.[14] Several interesting papers on general design
issues were also published.[15],[16],[17],18],(19],{20] Note that the papers cited here
do not include papers that deal with the design and implementation of Michelson
stellar interferometers.

Meinel was the first to recognize and propose a solution for correcting the linear
piston errors in wide-field interferometric systems[21], while Traub contributed im-
portant proofs of the requirements.[22] Distortion problems have been investigated
in specific systems.[23], [24]

The first telescope to succeed in wide-field imaging was the Multiple Mirror Tele-
scope, located on Mt. Hopkins near Tucson, Arizona.[25] The combining was difficult
to accomplish, since the six-mirror telescope had not originally been designed to op-
erate in this mode. A series of fold flats was used to combine the beams, and prisms
were used to correct for the linear piston errors in the system. The experiment set
the stage for the next generation of wide-field imagers. Its technological successor,
the Large Binocular Telescope, will be the first telescope that can operate full-time

in the wide-field interferometric mode (see Figure 1.2).[2],[26]

1.3 Dissertation contents

This dissertation is a tutorial on wide-field multiple aperture system design. First,
some terminology and basic measures of telescope performance are introduced. The
perfect interferometric image is examined in detail. Next, the errors that can degrade
the image are identified, and their effects on the system performance are demon-

strated. Wavefront aberration theory is used to quantify the errors and predict the
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system performance in the presence of the errors. The physical origins of the errors
are then discussed, and correction methods become clear when the physical error
sources are understood. Finally, several example designs are given that successfully
implement the correction methods.

Going into more detail, Chapter 2 covers some basics of multiple aperture sys-
tems. The PSF consists of an image from each aperture in the system, and a set
of fringes from each pair of apertures in the system. The PSF gets narrower with
increasing baseline length, giving better resolution for longer separations of the in-
dividual telescopes. For wide-field imaging, side lobes in the PSF are not useful,
since an extended object is the convolution of the system’s PSF with the collection of
point sources in the object. Side lobes in one point’s image just act as background
noise for the image of an adjacent object point. The number of fringes, and thus
side-lobes, in the PSF is inversely proportional to the fill factor of the telescope, and
a completely filled aperture will have no side-lobes of significant amplitude.

We show that the broad-band PSF loses visibility at points in the image plane
such that the OPD between the apertures is on the order of the coherence length.
The visibility envelope of the polychromatic fringes is related to the Fourier transform
of the object’s spectrum. If the fill factor is high, the diffraction envelope may drive
the fringes to zero amplitude before the loss of fringe visibility is observed.

The transfer function of multiple aperture systems is examined. The OTF has a
cutoff frequency related to the largest dimension in the entrance pupil of the system.
The OTF has peaks related to each different baseline length in the system. The
number of peaks will always be (2n + 1), where n is the number of different baselines
in the system. Redundant baseline lengths increase the transmission at the associated
frequency.

In Chapter 3, we establish that only four kinds of errors can affect the image of
a multiple aperture system. These errors are: lateral separation of the images from

each arm, longitudinal separation of the images from each arm, loss of coherence, and
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aberrations that affect the quality of the image from each arm. The two-aperture PSF
as a function of each of these errors is examined. We find that piston errors in the
wavefront lead to coherence losses in the combined images. Tilt errors in an aperture
cause lateral image separation, and a defocus error in an aperture causes longitudinal
image separation. Aberrations in the individual apertures that cause degradation
of that aperture’s image will always cause the combined image to deteriorate, and
putting equal amounts of such aberration into each arm of the system is not useful.

Chapter 4 discusses the physical origins of these errors. Each error can occur as
any power of field angle. This chapter deals with constant and linear piston (co-
herence), tilt (lateral image separation), and defocus (longitudinal image separation)
errors. Constant piston errors are caused by a mismatch in the axial pathlengths of
the system. This effect can be eliminated by selecting the positions of the optics so
that the axial pathlengths in all branches are equal. Linear piston errors are caused
by the additional distance an axial ray in one arm of the system needs to travel in
order to reach the image plane, when the field angle is nonzero so that the phase
wavefront is tilted when it enters the system. These can be corrected by satisfying
the Abbe sine condition for the axial rays of the system. Constant tilt errors are
Just "pointing" errors in the telescope arms. The individual optics can be tilted to
correct this error. Linear tilt errors are caused by unequal focal lengths in the arms
of the system. These can be corrected by adjusting the power in each arm of the
system to be equal. Constant defocus errors are caused when the image from one
arm comes to focus before or after the system image plane. The power of the branch
can be adjusted to correct this. Finally, linear defocus errors appear when the image
planes for each branch are tilted with respect to one another. Image plane tilts can
be calculated using the Scheimpflug condition. Such image tilt does not occur in
systems that share combining optics, but in a more general system, a single off-axis
mirror will correct the image plane tilt for that branch of the system.

Each error can be quantified as a departure from the perfect wavefront, using
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geometry to calculate the magnitude of the departure. This requires plane-symmetric
aberration theory, since branches of multiple aperture systems generally only have
one plane of symmetry, if any. The RMS wavefront error for any combination of
these low-order errors can be calculated, and then the Strehl of the system can be
predicted for small wavefront errors. This technique is useful, since modelling the
entire system interferometrically can be time-consuming. The RMS wavefront error
for a two-aperture system is calculated and discussed. There are two situations when
the RMS wavefront error is not an accurate predictor of system performance. These
are the cases of the sparse two-aperture system and the sparse three-aperture system
that is not in a linear configuration. For these systems, the polychromatic PSF must
be calculated directly in order to estimate system performance, or the piston errors
must be known to be much less than a coherence length of the system.

Chapter 5 covers the origins of tilt errors that are quadratic and cubic as a function
of field angle. Quadratic distortions appear only in plane-symmetric systems, and
cannot occur in rotationally-symmetric systems. Cubic distortions appear in both
types of systems. Defocus errors that are quadratic as a function of field angle are
caused when the field curvatures of the individual arms don’t match.

Chapter 5 also shows a more rigorous way to derive the correction methods dis-
cussed in Chapter 4. If a general, plane-symmetric wavefront is compared to a perfect
wavefront, constraints on the plane-symmetric aberration coefficients appear. These
constraints lead to the correction methods discussed above: focal length must match,
image planes shouldn’t have relative tilts, etc. These relationships also show that
in certain cases, equal amounts in each aperture of quadratic pistons, cubic pistons,
quadratic and cubic distortions, and field curvatures may be tolerable.

Chapter 6 shows the application of the design rules in Chapter 4 to two designs
with 100 meter baselines. The first system is a rotationally-symmetric, three-mirror
Paul system. It has been segmented so that it behaves like a multiple aperture
system. We show that the system satisfies the first-order design rules discussed in
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Chapter 4. A second system uses an array of four afocal telescopes that then share a
combining system. It achieves a smaller FOV than the previous system, because the
low-order design rules in Chapter 4 must be satisfied with some of the available degrees
of freedom. We discuss how the rules are satisfied for the system. A comparison
of the two systems shows that the afocal array has some distinct advantages over
tue first system: it is more compact, the tolerances are not as tight, and the mirrors
are easier to fabricate, among other things. It has the disadvantage of using more
reflections per arm than the Paul system does.

Chapter 7 covers the design of a first-light beamn combiner for the Large Binocular
Telescope. The requirements for the beam combiner are discussed, and the design
process is covered. The final design achieves a 1 arcminute field of view and uses two
fold flats and an off-axis ellipse in each arm. The performance of the beam combiner
is examined in terms of the low-order design rules. A first-order tolerance analysis
shows that one of the beam combiner’s mirrors will have to be actively controlled.

Chapter 8 explores a space telescope design that uses flat membrane mirrors in a
large array. A single branch of the system is studied in detail, and the methods used
to satisfy the low-order design rules are discussed. Each branch in the system has only
three mirrors, and some of the design rules cannot be satisfied. An interesting trade-
off must be made, since the focal lengths of the system cannot be forced to match
without introducing a constant defocus error. Calculation of the RMS wavefront
errors showed that the constant defocus error should be corrected before the linear
tilt error. In addition, the RMS wavefront error is calculated analytically for a general
branch, and can then be calculated for any system of branches. This allows an easy
exploration of parameter space for these systems. The RMS calculations for several
systems are compared to full raytrace models and found to be accurate.

Finally, Appendix A discusses the software used for this work. Diffraction analysis
was done in Mathematica, while raytracing was done in Zemax and Optima. A brief

tutorial in each software package is given using a two-aperture example system.
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Chapter 2

MULTIPLE APERTURE SYSTEM BASICS

In this chapter, the basic concepts underlying multiple aperture systems are discussed.
The point spread function of an optical system is defined, and demonstrated for single
and multiple mirror telescopes. The optical transfer functions are also defined and
demonstrated. The differences between monochromatic and polychromatic PSFs are
examined. Resolution, sensitivity, and fill factors are discussed, and the factors that
influence these performance measures are given. Finally, a few terms that are used

routinely in optical design are redefined for use in multiple aperture systems.

2.1 The monochromatic point spread function and transfer
function

The point spread function (PSF) of an optical system gives the intensity in the image
plane when the object is a single point source. The PSF shows how much a point
source is "spread" by travelling through the optical system. For telescope design,
the object is taken to be an infinite distance from the optical system. Diffraction
theory asserts that the image of an optical system is related to the Fourier transform
of the amplitude in the entrance pupil, properly scaled and squared.[27] Then the
PSF is generally given by:

“F [A(.‘L‘, .’/)1”2 |(=y/»\f.r)=1'/,\f (21)
/ / A(.‘L’, y)ei2n(Cy+nz)5<6n
0 0

where A(z,y) is the amplitude in the entrance pupil of the optical system, X is the
wavelength of light, f is the focal length of the optical system, and F' indicates the

I(z,y)

2
le=y/rfin=z/21

Fourier transform operation.
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The optical transfer function (OTF) of an optical system gives percent transmis-
sion versus spatial frequency.[27] It describes how well a given spatial frequency is
transmitted by the optical system. In the case of incoherent imaging (the phase at
one point of the object is unrelated to the phase at another point), the OTF can
be calculated as the autocorrelation of the function that describes the shape of the
entrance pupil, normalized to a height of 1.[28] If K represents a scaling factor, then
the optical transfer function is:

B(z,y) = KAOO/O Az, y)Ala — z,3 — y)dads. (2.2)

2.1.1 Single aperture

For a telescope with a circular aperture and an incident plane wave, the amplitude
in the entrance pupil is constant and real. The amplitude in the entrance pupil and

the PSF for a circular aperture of diameter D is then:

A(r) = \/Eifr<§,0ifr>—§- (2.3)
= llvap e 72, LI
1) = |VaD*T5h(gszn) - ;

where a is the intensity of the incident plane wave. This calculation assumes that the
light is monochromatic, and has been carried out in a cylindrical coordinate system
so that 7 equals\/T? + y2. The parameter J; refers to the first-order Bessel function
of the first kind. The PSF is plotted in Figure 2.1. The first zero in the function
Ji(z)/z occurs at = 1.22, so the width of this PSF can be estimated as 2.44)\f/D.
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Intensity

FIGURE 2.1. The point spread function for a circular aperture with a diameter D.

The OTF of a circular aperture is plotted in Figure 2.2. Notice that the system
transmits no spatial frequencies above %, which is the cutoff frequency for this sys-
tem. It is proportional to the diameter of the telescope, so increasing the size of the

telescope will cause higher spatial frequencies to be transmitted by the system.

FIGURE 2.2. The transfer function for a circular aperture of diameter D.

2.1.2 Two apertures

If two circular apertures of diameters D, and D, are used as part of a system of two

apertures, the pupil can be described by:
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Alz,y) = Cyl (D% Ve sl +u-unf) + cu (ﬁ Ve -zlfsu-w?) o

assuming that the incident plane wave has an amplitude of one, and that the
centers of the apertures are located at (z,,y,) and (zr3,%;). The function Cyl(ir)=1
if r <1 but equals 0 if 7 > 1. The corresponding image irradiance is then given by:

I(z,y) = (Lfi) Somb? (T}'.»r) + (%3) Somb* (T}r) (2.5)
+2 (Q;"Bz) Somb ( ) Somb ( ) cos [,\f(l’l I,)z + i—’,’(yl - yg)y]

This image is the sum of three parts: an image from the first aperture, an
image from the second aperture, and a set of cosine fringes under an envelope. The
frequency of the cosine fringes clearly depends on the baseline separations. The
Somb functions act as an envelope over the cosine fringes, controlling the amplitude
of the fringes.

If both apertures have the same diameter of D and the x-axis is chosen to lie on
the line joining their centers, then the corresponding PSF irradiance simplifies to the
following:

I(z,y) =( ) Somb? U\/W)cos (—’;% ) (2.6)

where A is the distance between the apertures, as shown in Figure 2.3.

D A

FIGURE 2.3. The entrance pupil of a two-aperture system, with mirror diameters D
and a baseline length A.

The PSF in equation 2.6 is plotted in Figure 2.4. Perpendicular to the baseline

A, the PSF cross-section is identical to that of the single circular aperture’s, because
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the diameter of the system is unchanged in that direction. Parallel to the baseline,
though, the width of the PSF is reduced by the interference of the two apertures to
2Af/A, which is roughly the same as the width of the circular PSF but with the new
system "diameter" of A substituted for the aperture diameter D. The PSF can be
made narrower by increasing the baseline length, then. The height of the fringes is
governed by an envelope equal to the single mirror’s image.

Decreasing the aperture diameters causes the envelope over the fringes to broaden.
This has the effect of letting more of the fringes appear in the PSF, rather than just
the three large fringes shown in the figure. The figure’s PSF was calculated for
relatively large apertures on a short baseline. The number of fringes for a two-
aperture system is just the envelope width divided by the fringe width, or 1.22A /D.
In general, fewer fringes give a better imaging system. The side lobes in the PSF
are not useful; they just act as noise in other parts of the image, so the ideal PSF is

a single peak with no side lobes.

FIGURE 2.4. The PSF and OTF for a two-aperture system.

The OTF of the two-aperture system is also shown in Figure 2.4. The maximum
spatial frequency transmitted by the system is now (D + A)/(f)A). The width of
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the OTF’s center lobe is the same as the width of the single aperture’s OTF. The
side lobes appear because the spatial frequency corresponding to the baseline A is
transmitted by the system very well, giving secondary peaks at +A/(2fA).

2.1.3 Three or more apertures

Every multiple aperture system can be treated as a collection of two-aperture tele-
scopes. The PSF for any number of apertures is just an extension of equation 2.5.
Each aperture will produce an image, and each pair of apertures will produce a set
of cosine fringes under an envelope. For example, the PSF from a system of three

apertures will be:

I(z,y) = (%)i)z.S’omb2 (Q}r) + ”_05)2507rzb2 (Q}r + ("—f—i) Somb? (%7‘)2.7)
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The pupil and PSF of a three aperture system are shown in Figure 2.5. Each
of the fringe patterns is perpendicular to the baseline of the pair of apertures that

produced it.

entrance pupil

FIGURE 2.5. The entrance pupil configuration and PSF of a three-aperture system.
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The MTF is also a logical extension of the two-aperture MTF. The two-aperture
system had three peaks in the MTF: a central peak and peaks at +A/(2\f). In fact,
the number of peaks in the MTF will always be 2n + 1, where n is the number of
different baselines in the system. A system of three apertures can be positioned at
unequal distances, and three different baselines will result. The three-dimensional
MTF will then have seven peaks, as shown in Figure 2.6. If the three apertures are
placed in a row at equal distances, though, there are only two distinct baselines, since
two of the baselines possible have the same length. The MTF will have 5 peaks,
as shown in Figure 2.7. The pair of peaks corresponding to the redundant baseline
will be higher than the peaks corresponding to the single, longest baseline. Given n
apertures, one can choose to maximize the number of peaks in the system, or one can
choose to sample one frequency with a higher transmission using redundant baselines,
depending on the application. Work has been done on the ideal configurations for

primary telescopes in an array.[8]

entrance pupil

FIGURE 2.6. The OTF of a three-aperture system with baselines of three different
lengths has seven peaks.



32

entrance pupil

FIGURE 2.7. The OTF of a three-aperture system with two baselines of equal length
has only five peaks. The frequency corresponding to the redundant baselines has a
higher transmission.

For any number of apertures, as the diameters of the apertures decrease the OTF
will retain its peak frequencies but will become narrower about those peaks. In-
termediate frequencies are not transmitted as well through the smaller apertures,
since the number of "baselines" available has been reduced.[6],[7] For example, in
the three-aperture system shown in Figure 2.8, let each aperture have diameter D
and both baselines have the length 6. The baselines inside a single aperture have
every baseline from 0 to D, producing the center peak and its width. The baselines
available between one mirror and its neighbor are (§ + D) at maximum and (6 — D)
at minimum, producing the second set of peaks. The two separated apertures have
available baselines between (26 + D) and (26 — D), producing the outer peaks.
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FIGURE 2.8. The transfer function in a multiple aperture system gets narrower about
its peaks as the aperture size is reduced.

2.2 Polychromatic PSF and temporal coherence

The polychromatic PSF is just the integral over the object’s spectrum of the mono-
chromatic PSF. In general, the width of the PSF depends on wavelength, as shown
for the two aperture case in equation 2.5. Adding many monochromatic images to-
gether, each of a different width, causes the visibility of the polychromatic fringes to
be reduced.

This effect is shown in Figure 2.9, for the situation where the apertures are small
(0.1 meters) compared to the system’s baseline (10.01 meters). The focal length of the
system was set to 100 meters. The source spectrum was considered to be rectangular,
centered around 1 pm, with a bandwidth of 0.2 ym. The monochromatic fringes
shown on the left sum to form the polychromatic PSF, which shows a reduction in
fringe visibility as a function of position in the image plane.

The visibility of the fringes is given by the Fourier transform of the object’s
spectrum.(29],(30] Figure 2.9 shows that the contrast of the polychromatic fringes
falls to zero, recovers a little, then falls again. This is the visibility envelope with
the form sin(z)/z, which is the Fourier transform of the rectangular object spectrum

used in the calculation.[28]
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FIGURE 2.9. A broad bandwidth drives the fringe visibility to zero. For a rectangular
spectrum, the visibility envelope is a sin(z)/t function, the Fourier transform of a
rectangular function.

The first zero in the fringe visibility occurs when the pathlength difference between
the two apertures is equal to the coherence length, as shown in F igure 2.10. The
coherence length can be understood physically as the distance which light with a
finite bandwidth can travel before the phases at each wavelength are random with
respect to one another; thus no interference occurs between those wavelengths.

The coherence length leads to a coherence time, which is the time it takes the
light to travel the coherence length: [. = c-t.. The coherence time, in turn, may be
estimated as the inverse of the spectral width of the object: ¢, = 1 /ov.

For a multiple aperture system, two beams that are separated in time from one
another by more than the coherence time will not interfere constructively, but will

have some degree of partial coherence.
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FIGURE 2.10. The coherence length is the pathlength difference between two apertures
and the point in the image where the fringe visibility first goes to zero.

In certain cases, any reduction in fringe visibility will not be observed. If the
aperture diameters are on the order of the baseline length in the system, then the
diffraction envelope over the fringes is narrow. The diffraction envelope may go
to zero amplitude before the fringe visibility goes to zero. This situation is shown
in Figure 2.11, with apertures of 3 meters in diameter separated by a baseline of
10 meters, a focal length of 100 meters, an average wavelength of 1 micron, and a
bandwidth of 0.2 microns. The loss of fringe visibility is just visible at the edges of
the PSF.
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FIGURE 2.11. If the aperture diameters are on the same order as the baseline length,
the diffraction envelope is narrow, and any reduction in fringe visibility will not be
observed.

If the point source is moved off-axis, the visibility of the broadband fringes is not
changed. The set of fringes just moves off center by a - f, where « is the field angle
and f is the focal length of the optical system. The visibility of the fringes goes to
zero the same distance away from this new center point.

In the case of this two-aperture system, the coherently combined image is 4 times
higher than one of the individual images. The peak of the intensity pattern in the
case of perfect beam combining will always be n? larger than the peak intensity in
the image from an individual aperture, where n is the number of apertures in the
system. This assumes equal sizes and incident intensities for each aperture. Partial

coherence will cause a reduction in the peak image intensity.

2.3 Resolution

The point spread function is a useful quantity because an extended object can be

considered to be a collection of point sources. The intensity in the image is then just
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a convolution of the system’s PSF with the collection of point sources.

The resolution of a system describes the minimum distance at which two points
can be distinguished in the image. Figure 2.12 shows the convolution of two points
with an interferometric PSF. It is clear that the resolution defined in this way must
be equal to the width of the PSF. For the two-aperture example system, this width
is (2Af/A). Note that the term "high resolution" corresponds to a small number,

since the width of the PSF must get narrower as the resolution gets higher.

FIGURE 2.12. An image formed by two point objects will be the convolution of the
points with the system PSF. Resolution is defined as the minimum distance at which
those two points can be distinguished by the telescope.

A multiple aperture system may have many different resolutions, depending on
the orientation of the field angle. In a two-aperture system with circular apertures,
the highest resolution will be (2Af/A), for field angles that move the image along the
baseline. The lowest resolution will be (2.44\f /D), for field angles that move the
image away from the baseline. At other field angles, any resolution between those
two limits can occur.

Incidentally, this figure also demonstrates why side-lobes in a PSF are undesirable.
The side lobes from one PSF will clearly add to the background noise at the location

of the image of the second point source.




2.4 Sensitivity

Sensitivity is a measure of the faintest object that can be detected with a telescope
system. It is generally proportional to the collecting area of the telescope, since larger
apertures correspond to a stronger signal. A complete calculation of sensitivity also
includes noise sources from the signal itself, the optical system, and the instrument
and detector in use. This means that the sensitivity will not be strictly proportional

to the collecting area.

2.5 Fill factor

A multiple aperture system whose baseline is large compared to its apertures is re-
ferred to as a "sparse" system. A system with large apertures on a relatively short
baseline is a "filled" system. A telescope with a single, circular aperture is perfectly
filled. The "fill factor" can be calculated as the ratio of the total collecting area to
the collecting area of a single aperture with diameter equal to the longest baseline
in the system. For the simple pupil shown in Figure 2.3, the fill factor would be:
(227)/(R2A) = 2D%/(D + A )2

This is inversely proportional to the number of fringes that appear in the PSF, so
a higher fill factor has fewer fringes in the PSF, which is desirable. The fill factor also
gives information about the OTF. A higher fill factor has an OTF that is "plump"
- that is, the frequencies between the peaks of the OTF are transmitted well, as
discussed above.

2.6 Performance summary

For a system of two aperture with diameters D and baseline A, the table below shows
the various performance factors discussed. Increasing the baseline length leads to a
higher resolution, increases the peak frequencies in the OTF, and produces a higher
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cutoff frequency. Increasing the aperture diameter improves the sensitivity of the
telescope, and also gives a higher cutoff frequency. Increasing the aperture diameter
while holding the baseline constant leads to a higher fill factor, and thus a plumper
OTF and a PSF with fewer fringes.

aperture diameters: D

baseline length: A

fill factor ("plumpness” of OTF): | 2D?/(D + A)?
sensitivity, proportional to: nD?%/2
resolution: 2Af/A
number of fringes in PSF: 1.22A/D
OTF frequency peaks: 0, £A/(2Af)
cutoff frequency: (D+A)/(fN)

TABLE 2.1. Performance parameters for a two-aperture system.

2.7 A few definitions

Some standard system parameters need to be carefully defined for multiple aperture
systems. For example, "chief ray" usually refers to a ray that passes through the
center of the entrance pupil. In the case of multiple aperture systems, it may not
be possible to trace a ray through the center of the entrance pupil. This is true for
the system shown in Figure 2.13. Instead, "chief ray" will be used to refer to a ray
traced through the center of any of the individual apertures at a non-zero field angle.
An "axial ray" will refer to a ray traced through the center of any of the apertures
at a field angle of zero. There is a chief ray and an axial ray for every aperture in a

multiple aperture system.



40

entrance "‘i'.
pupil pupil

FIGURE 2.13. Sketch showing some of the definitions used in multiple aperture sys-
tems.

Each branch of a multiple aperture system has its own entrance and exit pupil.
One of these sets must be selected as the entrance and exit pupil of the system,
and their diameters adjusted to include all the apertures. The phases in the other
apertures will be referenced to the wavefront in the selected system exit pupil.

Similarly, each branch of the multiple aperture system may have its own image
plane. Again, one of the image planes must be chosen as the system image plane.
All calculations must be referenced to the chosen image plane.

The f/# of a multiple aperture system also needs to be carefully defined. The
f/# of an individual branch in a system will be the focal length of the branch divided
by the diameter of the individual branch’s entrance pupil. For a telescope, that is
usually the diameter of the primary aperture. In Figure 2.13, the f/# of either of
the branches will be f/D. The focal lengths of an individual branch and the entire
system are equal, so the f/# of the system will be the focal length divided by the full
diameter of the system entrance pupil. In Figure 2.13, the system f/# is f/(A + D).
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2.8 Conclusions

In conclusion, the PSF of an optical system is the image of a perfect point source.
The PSF of a multiple aperture system gets narrower with increasing baseline length,
leading to higher resolution for the system. In the broadband PSF, a loss of fringe
visibility occurs away from the center of the image. If the fill factor is high, though,
the loss of visibility may not be observed. Side lobes in a PSF used for wide field
imaging are not useful, and only add to the background noise in the image. The
number of side lobes is inversely proportional to the fill factor of the system. A
completely filled system will have no significant side lobes.

The optical transfer function is a plot of transmission efficiency versus spatial fre-
quency. The cutoff frequency is proportional to the longest dimension in the entrance
pupil of the multiple aperture system. The OTF shows good transmission for zero
frequency and frequencies related to the baseline lengths in the system. Redundant
baselines increase the transmission efficiency at the associated frequency. Reducing
the aperture diameters in a multiple aperture system causes a narrowing of the OTF
about its peaks.

Sensitivity in a multiple aperture system is proportional to total collecting area
in the system, but must also account for noise sources in the particular instrument
and detector used.

Some standard optical terms need to be clarified for the case of multiple aperture
systems. Each aperture in a multiple aperture system has its own diameter, chief
ray, axial ray, and f/#, exit pupil, and image plane. A single exit pupil and image
plane must be chosen for the system. The system f/# is the focal length divided by

the longest dimension of the system.
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Chapter 3
BEAM COMBINING ERRORS

This chapter discusses the perfect image and the effects of low-order beam combining
errors on that image. Investigating the two-aperture case is useful, since a system of

any number of apertures can be treated as a collection of two-aperture systems.

3.1 The perfect image

As discussed in chapter one, the monochromatic image from a general two-aperture

system is given by:

I{z,y) = ("—‘10-?~)2.S’omb2 (%r) + (7r—40§)2~'3'0m112 (%11') (3.1)

24

+2 (z_ngi) Somb (%r) Somb (%r) cos [i—’;—(l’l ~-I,)T+ .i_}(yl - 312)!/]

where D, and D, are the aperture diameters, A is the wavelength, f is the focal
length of the system, and the coordinates (z1,y;) and (2, y2) are the positions of the
aperture centers.

This image is the sum of three parts: an image from the first aperture, an image
from the second aperture, and a set of cosine fringes under an envelope.

There are really only four kinds of errors that can make this image imperfect,

then:
e the images from each aperture can separate laterally
o the images from each aperture can separate longitudinally

e the images from each aperture can cease to combine coherently
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e the images from each aperture can be aberrated

The effect of each of these errors on the PSF is demonstrated below.

3.2 Reduction in coherence (piston errors)

If two beams arrive in an image plane simultaneously, they will be perfectly coher-
ent and will interfere constructively. If the arrival time of one beam is delayed,
however, the beams may interfere with only partial coherence, or may even interfere
destructively. Coherence is lost if the time delay is greater than the coherence time,
te = 1/Av, where Av is the width of the object’s spectrum.

Such a time delay can be represented mathematically by a constant phase error
in one of the interfering beams. The constant phase error is often referred to as a
piston error. For a two-aperture system with aperture diameters D, baseline length
4, and an incident plane wave of amplitude 1, the entrance pupil amplitude can be

represented by:
A(z,y) = Cyl (g (r—-4)2+ y2) + Cyl (% (z+2)2+ y2) e (3.2)
where ¢ is the constant phase error between the apertures, in waves. The amplitude

and phase are plotted in Figure 3.1.

pupil amplitude phase

FIGURE 3.1. The irradiance and phase in the pupil of a two-aperture system with
piston errors.




The associated polychromatic PSF is:
2 2 « P
I(z,y) =3 A, (%) Somb? (%, /x2 + y2) cos? (7r6 + %1‘) . (3.3)
)

where A, is the height of the spectrum at a given wavelength. The equation shows
that the piston, 4, shifts the cosine fringes but doesn’t shift the associated Somb
envelope. With increasing amounts of piston, then, the fringes "walk" out from
under the envelope.

If the light were monochromatic, the fringe pattern would extend forever in space.
A fringe would be located at the peak of the Soméb envelope every time & was an integer
number of wavelengths. The fringe shift would have little effect on the performance of
the system, then. But broadband, the fringes have a visibility envelope, as shown in
Chapter 2. Broadband, the fringes have a distinct center. Moving the envelope away
from that fringe center will steadily decrease the contrast in the combined image.

Images with increasing amounts of piston error are shown in F igure 3.2. The fringe
visibility steadily degrades for increasing errors, until the final image is just two over-
lapping images without any interference. The fringe center has moved completely
away from the individual images, leaving two incoherently-combining images. Equiv-
alently, the two beams have arrived in the image plane with a time delay between
them greater than a coherence time, or a spatial delay greater than the coherence
length.

The calculations for Figure 3.2 are for a two-aperture system with a baseline of
14.4 meters and aperture diameters of 8.4 meters. The spectrum was rectangular,
centered on A = 4.8 um and with a width of 1.2 um. This gives a coherence length
of about 16 um, since Av = 1.85- 1083 H2 and t. = 5.4 - 10" sec.

In multiple aperture telescopes, incoherent combination can be used to improve

the signal to noise ratio over that of a single mirror telescope. The collecting area
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is increased over that of a single mirror, but the resolution is not improved. This is

referred to as the "light bucket" mode of operation.

1.0+

+ 0.5/\

piston error = 0 um piston error = 9.6 um piston error = 28.8 um

FIGURE 3.2. The PSF for a two-aperture system with piston errors. The fringe
visibility decreases with increasing amounts of piston error. The coherence length of
the spectrum is 16 um.

For small piston errors, the Strehl ratio is related to the RMS wavefront error in
the system. This will be discussed in more detail in Chapter 4. For large piston
errors, the height of the PSF will have 1/2 of its unaberrated value, since the two
images overlap but don’t combine coherently. The Strehl ratio as a function of piston
error is shown in Figure 3.3 for a two aperture system with apertures 8.4 meters in
diameter on a baseline of 14.4 meters, in the M-band centered on 4.8 pum. The Strehl
ratio here is taken to be the peak PSF intensity with aberrations divided by the peak
PSF intensity with no aberrations present. It levels off at a value of 1 /2. In the
case of n apertures, the behavior of the system is similar. A large piston between
any pair of apertures will prevent those two images from combining coherently. For

a out of n apertures having large piston errors, the Strehl ratio will fall to (n—a)/n.
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(Monochromatic)

M-Band

Strehl

6 waves
'l

Waves of Piston (@ 4.8 um)

FIGURE 3.3. For large piston errors, the Strehl falls to 1 /2 for a two-aperture system.
The images from each aperture still overlap, but don’t interfere.

There are several other interesting features shown on this plot. As discussed
above, if the effect of the piston error is calculated monochromatically, the image
will return to perfect each time the pathlength error between the arms is an integer
number of wavelengths. This is shown by the dotted line in Figure 3.3. This
is equivalent to assuming that the coherence length of the system is infinite - the
images will interfere with one another no matter how much they’re separated by
phase. This doesn’t represent reality, since an infinite coherence length corresponds
to an infinitely narrow wavelength filter, which would pass zero photons through to
the system.

In the polychromatic case, shown by the solid line in the plot, the fringes have a
visibility envelope. This visibility envelope prevents the Strehl from recovering once
the fringe center has moved away from the envelope.

Figure 3.3 also shows discontinuities in the plot of Strehl vs. piston error. This
feature does not appear in single-aperture systems. For multiple aperture systems,
the peak of the PSF cannot be assumed to fall at the geometrically predicted image
center. To calculate a Strehl ratio, the peak of the image must be located before
it is measured. The discontinuity in Figure 3.3 occurs when one peak in the im-

age becomes larger than another peak of the image - the Strehl ratio “jumps” from
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measuring one peak to measuring another. For more complicated systems, this may
happen many times, producing many bumps in the Strehl as a function of piston

€rTror.

3.3 Lateral image separation (tilt errors)

The individual images can separate in space anytime there is a tilt phase error in the
wavefront. The analytic representation of the pupil amplitude is similar to that of
Equation ??, except for a phase term that is linear as a function of position on the

second aperture:

A(z,y) =Cyl (%\/ (:L'-+—%)2 + y2) + e“"m(r-%)/(D«\)Cyl (% (:1:—%)2 + yz) (3.4)

where a is the waves of tilt at one edge of the aperture. Assuming no other aberrations

in the system, the image irradiance for a point object will be as follows:

I(z,y) = {%’ cos(%z) [Somb (% \/W) + Somb (% (:1:—205.[)2+y2) ] }z

(3.5)

As expected, the total image consists of an unshifted image from one aperture and a

shifted image from the second aperture. The cosine fringes are also unshifted, but
their amplitude is modified by the product of the two individual images.

Figure 3.4 shows the pupil irradiance and phase for a two-aperture system with

a tilt error on one aperture.
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pupil amplitude phase

FIGURE 3.4. The irradiance and phase plots for a two-aperture system. A tilt in
phase is present on one of the apertures.

Plots of the images from the system are shown in Figure 3.5, with increasing
amounts of tilt in each image. The final frame shows that one of the images is
almost completely unaffected by the other. This happens when the tilt angle is
roughly twice the widti. of the Somb functions, or at a = 2.4\, which gives about 2.5
waves of tilt at one edge of the tilted apertures. This calculation was done at 1 pm

for 9 meter apertures on a 14 meter baseline.

0 1ilt error 172 A of tilt I Aoftilt 3 Aoftilt

FIGURE 3.5. Point spread functions from a two-aperture system, with increasing
amnounts of a tilt phase error in one aperture. The last figure shows the individual
images completely separated in space.

As shown in Figure 3.6, the peak intensity when the images have completely
separated is 1/4 that of the perfectly combined image, if both apertures had the

same incident amplitude.
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Strehl

|

0.25 4

Tilt, waves at 4.8 um

FIGURE 3.6. The Strehl ratio falls as a function of tilt error in one of the aper-
tures. When the two images are completely separate, the Strehl falls to 1/4, since all
interference is gone.

The particular example shown in Figure 3.6 was calculated for two apertures 8.4
meters in diameter on a 14.4 meter baseline.

The Strehl for a larger number of apertures shows similar behavior. The image
from any one aperture with a large tilt error will move away from the other images.
For a out of n apertures with large tilt errors, the Strehl ratio will be (n — a)?/n2,
where @ must be less than n, since one of the images must be defined as having the
correct location. For small tilt errors, the Strehl ratio is related to the RMS wavefront

error. This will be discussed in Chapter 4.

3.4 Longitudinal image separation (defocus errors)

The combined image will be degraded if the images separate longitudinally, moving
in or out of the image plane. The axial rays in each branch may still overlap in such
a case, but one beam comes to focus too soon or too late. This is equivalent to a
quadratic phase error in one aperture, or a power error. The amplitude in the pupil
for a two-aperture system with a defocus error in one of the apertures can be written

as:



A(z,y) = Cyl (5\/ (:H-;l)2 +y2) +ei2w%«r—%>2+y2)/((o/2)2)0y, ( 1/ (-4 )? +y2)

(3.6)
where D is the diameter of both apertures, A is the aperture separation, A is the
wavelength, and 3 is the defocus error in waves at the edge of the aperture.

Figure 3.7 shows the intensity and phase in the entrance pupil of a two aperture
system. There is a power error in one of the apertures. Figure 3.8 shows the system
images with increasing power error. In this case, one of the individual images is
getting broader than the other while both images stay centered. The images were
calculated at a wavelength of 1 um for apertures 10 meters in diameter and separated

by 14 meters.

pupil amplitude phase

FIGURE 3.7. The pupil irradiance and phase in the ezit pupil of a two-aperture
system, with a defocus error in one of the apertures.
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0 waves defocus 1/2 waves defocus 2.5 waves defocus 25 waves defocus

FIGURE 3.8. Point spread functions from a two-aperture system, with increasing
amounts of defocus error in one aperture.

When the power error is very large, the image from one beam is effectively just
a small, constant intensity over the width of the other image. The Strehl for large
defocus errors will be 1/4 of the height of the combined image. This is shown in
Figure 3.9, and this plot was created for the particular case of two aperture 8.4 meters

in diameter on a 14.4 meter baseline.

1T

Strehl
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Defocus, waves at 4.8 um

FIGURE 3.9. The Strehl ratio from a two aperture system, falling with increasing
amounts of defocus in one aperture.

For more than two apertures, the effect of the defocus is very similar. Any
aperture affected by a large defocus error will broaden so that it doesn’t contribute

to the final PSF. If 1 out of n apertures is defocussed, the PSF height for large
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errors will be (n — 1)%/n? of the perfect PSF. If a apertures are defocussed, the
Strehl for large errors will be (n — a)2/n2, where a must be less than n, because one
of the images must be defined as lying in the correct focal plane. For small defocus
errors, the Strehl will be related to the RMS wavefront error of the system, and this
is dicussed in detail in Chapter 4.

3.5 Aberrations in the individual images

Aberrations in a single arm of the system will also affect the system performance.
Figure 3.10 shows point spread functions from a system of two apertures, with in-
creasing amounts of coma error in one of the apertures. The individual images are
no longer perfect Somb functions, but are an aberrated version of the function. The
combined image is also aberrated, then. These images were calculated for aperture
diameters of 10 meters, a baseline of 7 meters, and a wavelength of 1 um. The width

of the central lobe is 14.3 um.
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0.1 waves coma 0.3 waves coma I wave coma

FIGURE 3.10. The combined image from a two-aperture system unth increasing
amounts of coma in one of the apertures.

It is tempting to think that equal amounts of a given aberration may improve the
performance, since the spot diagrams in the image planes would have more overlap.
However, this is generally not the case. This is easily seen if the wavefront of the
whole system is considered, as shown in Figure 3.11. Equal amounts of coma are

shown in the two apertures on the left. This appears to produce more overlap of the



a3

spots in the image plane. But the wavefront considered as a whole is a very complex

aberration that will degrade the system’s performance. The system on the right,

with only one aperture corrected, appears to have less image overlap, but is in fact

the better combined image.

image planc

»

wavefront
crror

coma crror
in aperturc |

** cqual coma crror
in aperture 2

more image overlap,
higher RMS

image plane
wavefront
crror
7 P
coma error no error
in aperture | in aperture 2

less image overlap,
lower RMS

FIGURE 3.11. Egqual amounts of aberrations in each aperture produces more image
overlap, but in fact aberration "matching” produces a high-order phase error in the

pupil plane, degrading the combined image.

Any aberration that causes deterioration of the individual image will cause deteri-

oration of the combined image. Aberrations that move the individual images but do

not affect their quality (such as equal amount of tilt) may be permissible in certain

situations. This is discussed in more detail in Chapter 4.

3.6 Conclusions

The perfect image from a multiple aperture system is the sum of an image from

each aperture and a set of fringes from each pair of apertures. Only four things can



54

prevent this image from being perfect. The beams can separate laterally in the image
plane, the beams can separate longitudinally in the image plane, the beams can fail
to combine coherently, or the individual images may be aberrated.

If the images fail to combine coherently, it is due to relative piston errors in the
wavefront. Piston error is a constant phase error that doesn’t depend on position in
the pupil. Equation 3.3 shows that piston errors in the wavefront shift the fringes
away from the images, causing them to combine incoherently. For large amounts of
piston error in a two-aperture system, the Streh! will have a value of 1/2, since both
images still overlap but combine incoherently.

Lateral image separation corresponds to tilt errors in the wavefront. The tilt
€ITor causes one image to move away from the other images. For large amounts of
tilt in a two aperture system, the Strehl ratio will be 1/4, since one of the images’
amplitudes has been removed from the final image.

Longitudinal image separation is due to defocus errors in the wavefront. One
of the images is broadened by defocus until it contributes only a small constant
amplitude to the final image. For large amounts of defocus in a two aperture system,
the Strehl ratio will be 1/4 since one of the images’ amplitudes has been removed
from the final image.
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Chapter 4

QUANTIFYING AND CORRECTING LOW-ORDER ERRORS

In the previous chapter, the effects of tilt, piston, and defocus errors on the perfect
image were demonstrated. In this chapter, the physical sources of these errors will
be discussed. Each type of error can occur as any function of field angle. The
errors that are constant and linear as a function of field angle are demonstrated and
corrected. The RMS wavefront error in the presence of these errors are calculated

and used to predict an example system’s performance.

4.1 Wavefront reconstruction

The beam combining errors discussed in the previous chapter were: lateral image
separation (tilt), longitudinal image separation (defocus), coherence of the image
combination (piston), and aberrations of the individual images. These are the only
errors that can cause the combined image to depart from perfect. Each of these
errors can be identified in the wave fans of an aberrated system. Wave fans are plots
of the phase departure of the real wavefront in the exit pupil from a perfect, spherical
wavefront as a function of prsition in the exit pupil.

Unlike single-aperture systems, wave fans in multiple aperture systems can have
discontinuities, as shown in Figure 4.1. The piston errors show up in the wave fans of
the complete system as offsets of the wavefront in the aperture. Tilt errors appear as
slopes at the aperture centers, and power errors show up as curvature of the wavefront
within the aperture. Often, these errors show up in the wave fans in combination
with higher-order problems. However, for small field angles, errors that are constant
and linear as a function of field angle will certainly dominate the performance. It is

logical to attempt to correct these errors from lowest to highest dependence on field
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FIGURE 4.1. Wave fans showing piston, tilt, and power errors increasing as a function

of field.

Wavefront reconstruction provides an easy way to estimate the wavefront error due
to all of these lower-order combining errors. On-axis and linear tilt, power, and piston
errors can be calculated as geometric distances and converted to wavefront errors.
Wave fans such as the ones shown in Figure 4.1 can be reconstructed with a few
simple geometric calculations, and the system RMS wavefront error and Strehl ratio
calculated from the reconstruction. This estimation method avoids the difficulties of
full raytrace modeling.

If there are many branches in the system, the RMS wavefront error, o, for the

whole system of apertures will be a sum weighted by the areas of each aperture, 4;:

o= ‘/2—5’% (4.1)

where the RMS wavefront error in each aperture is calculated by:
ot = 711_ / / (Wi — (W))254,. (4.2)
kJJa,

In this equation, W; is the mathematical representation of the wavefront’s departure
from perfect in the k** aperture (see section 3.1.1). The term (W) in equation 4.2 is

the weighted average of the wavefront over all of the apertures:

(W) = Z—gk%@ (4.3)
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and the term (W) is the average wavefront error over the kt* aperture:

f W 5Ak
Ax

Finally, for small wavefront errors, the RMS wavefront error is related to the

(We) (4.4)

Strehl ratio by:
S = e~(2r0) (4.5)
This calculation can be carried out for a set of field angles, so that the Strehl can be

plotted versus field angle.

4.1.1 Wavefront coefficients for plane-symmetric systems

The term W, must describe the wavefront’s departure from perfect in the k** aperture.
The branches in the majority of multiple aperture systems have only a single plane
of symmetry, and so W must describe a given error’s dependence on field angle and

pupil coordinate, with respect to the plane of symmetry.

exit pupil

FIGURE 4.2. Definitions for describing the wavefmnt s departure from perfect in a
system with a single plane of symmetry. The vector i lies along the intersection of
the plane of symmetry with the exit pupil.

Let the unit vector 7 lie in the plane of symmetry of the branch. H is the field

angle normalized by the maximum field angle in the system, and 7 is the coordinate
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in the pupil normalized by the pupil’s radius, as shown in Figure 4.2. Then the
wavefront error can be described by:(31]

Wk = Z "V2k+n+p.2rn+n+q.n.p,q(ﬁ : H)(? . ?)(ﬁ ° ?)(? ) Ti)(?

k,m,n.p,q

7). (46)

Considering just constant and linear piston, tilt, and defocus errors, the wavefront

departure in the k**aperture simplifies to:

—_ — —
l

We = (Wooooo + Wigao( ¢ - H) + W01 (

+Winw(H - B) + Wozeoo( 7 - 7) + Wizoro(

- P) (4.7)

- =

t-H)(P - 7)) (48)

—
4

Letting ( i

. ﬁ) = Hcosop and (i - P') = pcos, this becomes:

Wi = (Wooooo + Wioo10H cos @ + W00, pcos 8 (4.9)

+W11100HPCOS(0 + 0) + W()Qooopz + W12010Hp2 CoS ¢)k

The Wapeqe coefficients are expressed in waves of error, at the edge of the aperture, at
the maximum field angle chosen for the system. Some of the coefficients also appear
in rotationally-symmetric systems. Wogm, for example, is just standard defocus, and
Wino is tilt. The rest of the forms only occur in systems with planar symmetry.
For each error discussed below, the value of the appropriate coefficient and the
form of W, will be given. Multiple errors can be summed into a single W, to predict

the Strehl ratio of a system with multiple errors.

4.2 Piston
4.2.1 Independent of field angle

As shown in the previous chapter, piston errors cause the fringes to move away from

the locations of the images. Piston errors can be calculated by measuring the optical
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path length (OPL) in the system for an axial ray in each branch. Any differences
in OPL are piston errors. A piston error at zero field angle just indicates that the
optical path lengths of the axial rays are not equal for all branches. This can easily
be corrected by design.

The mathematical description of the wavefront error in the case of constant piston

must be:

Wk = ("mem)k = (OPLk - OI)Lreferem:e)/A (410)

and the OPLs of the axial rays can usually be calculated with simple geometry.
Alternatively, a single arm can be modelled in a raytrace program, and the OPL
measured in that way. Modelling a single arm is often much simpler than modelling

the entire system.

4.2.2 Linear with field angle - the sine condition

Unless explicitly corrected for, linear piston errors will occur in a multiple aperture
system. Unless the coherence length is very long, the linear piston errors must be
corrected for the system to have any significant field of view. Figure 4.3 shows the
origin of linear piston errors in a multiple aperture system.[21] For an on-axis wave-
front, the optical path lengths through systems A and B are equal. Both wavefronts
arrive in the image plane at the same time. For a tilted wavefront, though, there is a
phase delay of 6 as the wavefront enters the system. After both beams have traveled
an equal OPL, the beam in system B has reached the image plane, but the beam in
system A has not. It is delayed by the phase 4, which must be equal to the baseline
length times the field angle:

I=Aa (4.11)

This is a piston error that is linear as a function of the field angle.
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FIGURE 4.3. The origin of linear piston error in a multiple aperture system. The
off-azis wavefront has an additional pathlength on entering the system at mirror A,
and does not reach the image plane at the same time as the wavefront entering at
mirror B.

For the system shown in Figure 4.3 which is not corrected for linear piston errors,

the wavefront error can be estimated. The functional form of the wavefront is just

Wk = WwomH COS(D = A—%nﬁf{ COS¢ (412)

where A is the baseline length between two apertures, A is the wavelength, and ax
is the maximum field angle chosen for the system. (The normalized field angle H is
equal to a/ap,,.) This says that the piston error will have the value (A - amax/A) if
the field angle lies in the page, as shown in Figure 4.3. If the field angle is rotated
by an angle ¢ out of the page, though, the piston error will fall off by a cosine factor.

For a more general system, the maximum value of Wjgg¢ may not be strictly
proportional to the baseline length. The OPL between axial rays would need to be
calculated or measured at the maximum field angle, using a raytrace model of the k**

arm of the system. In that case,

1
Wi = Wigo10H cos o = X(OPL;c — OPL, ference)lamaxH cos ¢. (4.13)







