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ABSTRACT

Conventional methods o f aspheric s urface p roduction utilize s ub-diameter rigid
tooling. The spherical tool has a slight misfit with respect to the aspheric optic being
produced. This misfit leads to long working times due to minimal surface contact. It also
leads to high frequency zones due to the mechanics of grinding and polishing. To
remedy both of these problems, a non-rigid tool is employed. A thin membrane (~1 mm)
of aluminum or plastic is machined or pressed to the correct radius and
grinding/polishing pads are glued to the lap. These semi-flexible laps make better contact
with the work surface, thus reducing production time. They also make much smoother
surfaces than does conventional tooling. This thesis details the theoretical analysis and
simulations as well as experimental results and conclusions. T he e xperimental results
include: static deflection testing, removal rate testing as a function of spatial frequency,

and production data from two fabrication projects.

KEYWORDS: optics, production, aspheric surface, flexible lap,
optical surface, aspheric departure, misfit
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1.0 INTRODUCTION

Glass was discovered around 2500 B.C., but the science of glass manufacturing
and surface production are evolving even today. Throughout much of mankind’s history
with glass, the most useful method of production involved glass blowing. This technique
is still used today for certain applications. Glass has many uses — and the application
determines the production process required. Many applications have very liberal
specifications where high quality glass or optical quality surfaces are not required.

For use in optical engineering projects, however, much tighter tolerances on
transmission and surface quality must be met, requiring more work be done to consider
an optical component to be finished. Much of this extra work is actually in the testing
procedures to determine how good a system, component, or surface actually is. This
thesis will only briefly delve into the testing aspects of optical surface production.
Instead, it will focus on the mechanics of producing a high quality surface, specifically,

an aspheric surface.

1.1 Optical surfaces
The sphere is a “natural” shape that is relatively easy to produce. If you rub two
surfaces together long enough, you will eventually produce two complimentary spheres.

The processes involved in high quality spherical surface production are well known.
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To produce a desired surface of revolution which is non-spherical takes some
thought, practice, and patience. The simplest non-spherical shape is a conic section,

which has a sag profile as shown in Eq. 1.1.

z= A Eq. 1.1
[+ y1—(K +1)c*p?

The curvature, c, is the reciprocal of the radius of curvature (at the vertex), 1/R.
The conic constant, K, is a measure of how much departure there is from a sphere. A
paraboloid has K=-1, a sphere has K=0, and a hyperboloid has K<-1. Ellipsoids span the
range from -1 to 0 and from O to infinity, depending upon whether they are prolate or
oblate ellipsoids, respectively. The radial coordinate, p, is zero at the center of the optic
and D/2 at the edge, where D is the diameter of the optical surface.

More complicated rotationally symmetric aspheric shapes can be produced with

additional higher-power terms as shown in Eq. 1.2.

z= iz —+ Ap' + 4,p° + A, p° + A,p"° Eq. 1.2
1+ 1-(K +1)cp’

By revolving a curve about its vertex, a surface of revolution can be made with
any profile. Figure 1.1 shows three conic sections with equal vertex radii of curvature.
To better display the difference between conic sections, a “fast” curve of R=20 inches
was chosen with a diameter of 20 inches, this surface is R/1 or f/0.5. The smaller the f/#
and R/# is, the more pronounced the aspheric departure is from a sphere of the same

radius.
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Sag profile of conic sections where R=D=20 inches
3 L] ¥ L

-+

: 4
ff'\ Oblate Ellipsiod f
Y F
256\% 7

%-\ Sphere ik

15

T

inches

0
-10 -5 0 5 10

inches

Figure 1.1  Conic Section Sag Profiles for a paraboloid, sphere and oblate ellipsoid
with R=D=20 inches.

In Figure 1.1, a paraboloid is depicted as the dotted line, the solid line is a sphere,
and the crossed line is an oblate ellipsoid. Notice that there is nearly a quarter-inch of sag
difference between paraboloid or ellipsoid and sphere at the edge of the optic.

In aspheric optical surface production, the aspheric departure is an important
quantity. This departure determines where the spherical tool will contact the aspheric
optical surface, and with what pressure distribution.

The asphernic departure can be numerically calculated very easily, but it cannot be

easily simplified in exact form. To remedy this, we can approximate the sag of the
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surface by a Taylor (power) series expansion about the vertex (p=0) and subtract a
spherical surface from this expansion. This is derived in detail in Appendices B.3 and

B.4, but the results are presented here in Eq. 1.3.

3 2 2 5
&:(3((’(*3"”6 +A‘Jy4+(3 5((K+6l') ~1)c +A2Jy,,

222 3 7 222m~2 4__ 9
N 32527((K +1)° =1)c ca e 3252729((K +1)* - 1)c RN
8! ’ 10!

Eq. 1.3

Note that this is exact, and one can easily e xtend this to an infinite number of
terms. It becomes an approximation when we truncate the series to a given number of
terms, which we must do at some point.

If a ring is placed on the aspheric surface, offset from the vertex by a distance, b,
each point on the ring will have an aspheric departure, which can be calculated using Eq.
1.3. By following the derivation in Appendix B.5, we see that the ring departs from the
surface by modal terms, which are exactly like the common aberration terms familiar to
the optical engineer. These modes will be discussed in more detail in Chapter 2.

The logical conclusion is that a rigid spherical tool does not fit well on an
aspheric optic. This causes two problems: first, the tool does not contact the part over its
entire area, slowing production times, and second, the tool tends to rub very hard in
localized zones, creating mid- and high-spatial frequency ripples in the surface.

To combat these problems, opticians have resorted to using flexible or compliant
tooling rather than rigid tooling for the production of an aspheric surface. These tools
have been used with good success, both for their global smoothing properties and a

decrease in production time compared with rigid tooling.
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Although these compliant tools have been used, there has been no systematic
study of their properties to date. This thesis is such a study and will hopefully produce a
model by which an optician can confidently predict the parameters necessary to produce
an asphere of the desired profile. The major tool parameters are: material rigidity, tool
diameter and tool thickness. This thesis explores two types of compliant tools: a ring (or
set of rings), and 2 membrane.

To experimentally verify the model, several experiments were conducted. To
verify the deflection of a tool under applied stress, a static load was applied and the
deflection m echanically measured. T o see the sm oothing properties, a v ertical w alled
well (around one-half wave deep in the visible region) was polished into a flat glass
surface and then smoothed with a compliant tool. This smoothing was then measured as
a function of spatial frequency. Finally, several production projects were monitored and

the results discussed.
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1.2 Production Techniques

The basic steps in optical production are:

1 Generation

2 Grinding (Fining)

3 Aspherizing

4 Polishing

5 Coating and Assembly

6 Testing

Table 1.1 Surface production steps

These steps are not “set in stone” as testing is done throughout all processes and
aspherizing can be done in grinding or polishing, depending on the aspheric departure.

To remove large volumes of glass, a generator is generally employed. The most
common type of generator tool is a cylindrical cup with diamond abrasive. By tilting the
tool to a specific angle and spinning the tool at high speed while rotating the optic
generates a spherical surface. The radius of curvature is directly calculated from the

wheel diameter and the head angle. This is derived in Appendix B.7

@= sin"(g) Eq.1.4
2R

R is the desired radius of curvature, and 0 is the head angle to be set. The figure
in Appendix B.7 is for the case where we are generating a convex surface. Note that the
inside edge of the cylindrical tool is the contact point, so D is the inside diameter to use

in Eq. 1.4. For a concave surface, use the outside diameter for D.
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Loose abrasives, such as Carborundum can also be used if a generator is
unavailable. Carborundum is the rough material on sandpaper and in grinding wheels.
Like sandpaper, it comes in various grits, but they are not listed ir microns - instead, they

are classified by the number of grains per inch, so #80 is coarser than #220.

Grit Size
#40 635 um
#80 317.5 um
#220 115.45 pm
#400 63.5 um
#700 36.29 um

Table 1.2 Carborundum grit sizes in microns.

Generation and grinding cause damage to the surface of the optic, which would be
expected, but sub-surface damage does occur and must be dealt with properly. After
generating the surface, the next step typically is to grind with 40 um aluminum oxide
suspended in water. The aluminum oxide powder comes in various sizes listed as the
mean particle size in microns. A conservative rule-of-thumb is to remove 100 pm with
40 pum abrasive to get through the sub-surface damage from the generator. T able 1.3
summarizes these conservative rules-of-thumb for the most common progression of grit

sizes.
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Grit Removal

40 um 100 pm
25 um 75 pm
12 um 50 um

5 ym 25 pm

Table 1.3 A conservative rule-of-thumb amount of glass to remove to get through sub-
surface damage from prior grit.

The sub-surface damage is due to the way the grinding is accomplished. Small
grains of aluminum oxide or carborundum are pressed against the surface with high
pressure, which cracks the glass below the surface for a few thousandths of an inch. The
larger the grains are, the bigger the cracks. These cracks intersect and eventually a piece
of glass pops out. This is how grinding works. The cracks go farther into the glass than
the pits left by chunks of glass being removed. This is shown in Figure 1.2. These rules-

of-thumb are based on how far the cracks propagate for each grit size.

surface domage

Subsurface damage \ (\ ’

Cross—section of ground surface

Figure 1.2 Surface and subsurface damage due to grinding (Courtesy Anderson and
Burge, 2001).
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Once a fine grind is accomplished, the part can be aspherized if desired, or it can
be polished. Aspherizing is a long process of iterative rubbing and testing. Tool
selection for this process is quite important and is a major component of this thesis.

Polishing is fundamentally different than grinding in that not all material is
removed, but is simply “pushed around” on an atomic level to fill in pits and knock down
hills. Chemical interactions seem to play some role, as well. Intimate contact is required
for proper polishing action. Preston’s relation states the absolute material removal is

proportional to the local pressure, relative velocity, and dwell time.
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2.0 ASPHERIC DEPARTURE

In the production of aspheric surfaces, the basic problem is that the radius of
curvature of the surface is a function of position on the surface. This is not true of
spherical surfaces, which have a single radius of curvature that defines the surface. This
departure from a spherical surface is calculated in Appendix B.4 by using a Taylor series
expansion of Eq. 2.1 about the vertex of the surface. This approximate departure is given

in Eq. 2.2 and can be easily extended beyond the four terms listed.

z= A ==+ A p' + 4,p° + 4,p° + A,p"° Eq. 2.1
1+ 1-(K +1)c?p?

3 2 2 5
Az=(3((K+l')-l)c +A.)p‘+(3 S((K +1)* =1)c +A2]p(,

4 6! Ea 22
q. 2.
2g2 3 _nya? 2g242 4 _ a9
L[IESTE +D)’ - e oa ot s 3252729((K +1)* = 1)c R
8! } 10 4

An example of the error introduced in the aspheric departure due to truncation of
the series is shown at the end of Appendix B.4 in Figures B.l1 and B.2. These graphs
could be calculated for any specific surface of interest. As we would expect, inclusion of

more terms reduces the error due to truncation.
Equation 2.2 tells us the departure of an aspheric surface from a spherical surface.
It tells us how much bending is required to make a spherical shell fit a given asphere at a

given location on the optic. Effective polishing action requires that the tool fit well.
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There are several potential situations which could arise during grinding or polishing. We
will start by assuming a rotationally symmetric surface, so if the optic were spinning
under a stationary tool, there would be no change in misfit. The tool could have pitch for
the polishing surface, in which case, if you press the tool in a specific location, the misfit
of the contact surface can approach zero. Between plate bending and the flowing of the
pitch to conform to the surface, we get a perfect fit. If this same tool is then allowed to
rotate, it does not fit well except at one specific angle. The same holds true for moving to
a different location on the surface: this movement creates a misfit which must utilize
plate bending to fit to the surface at the new location. Therefore, this change of plate

shape is related to the aspheric departure.

2.1 Aspheric misfit modes

The aspheric departure equation can be used to calculate how far from a sphere a
given asphere is at any distance from the vertex. In optical fabrication, we are not so
much concerned with the departure at a point as we are about the departure over an entire
tool of some given diameter. Most tools are circular, so we will confine our equations to
this specific case. An entirely different analysis would need to be performed if the tool
were elliptical or square, for example.

To determine the aspheric departure at all points on a circular tool, we use the
geometry in Appendix B.S, specifically, in Figure 2.1. Following the derivation in

Appendix B.5, we can see how “r”, (the distance from the vertex), varies as functions of
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“a”, (the tool radius), “b”, (the tool offset from the vertex), and “©”, (the angular position

around the tool).

D
/’// N\
el
\ X
\\
K
AN /'/

Figure 2.1 Circular tool offset geometry.

r= Jal +b° +2abcos(®)

Eq. 2.3

Combining this result with the aspheric departure power series, it is possible to

calculate the approximate departure from a sphere at each point around the circumference
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of the tool. This derivation is valid for circular rings as well as at each radial position of
a solid circular tool.

As noted in the introduction, the aspheric departure over a circle can be shown to
be a sum of “aberration” terms, which have the familiar form of powers of radius
multiplied by the cosine of multiples of ®@. This derivation is done in detail in Appendix
B.5. These terms are not quite Zernike polynomials, but they are circular polynomials,
which could be appropriately combined to form the Zemike set. For example, the
Zemike third order spherical aberration term is Aa' + Ba® + C, which is a linear
combination of spherical, power and piston.

The final departure is given as the sum of the equations given in Eq. 2.4,

20
Az = ZAz,,. Note that this is an approximation because it comes from a truncated

n=0
Taylor series expansion. More or less terms could be used depending on how good you

want the approximation to be.
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Eq. 2.4

If we sum all of these terms, we get an approximation for the aspheric departure

over a circe. This equation has nine variables, which makes it difficult to visualize in its

entirety. To simplify the visualization, I will make some of these variables constants.

Initially, we will examine the case where we have a simple conic section, where the

higher order deformation terms are zero (A;-A;=0). We will also fix the conic constant,

K, and look at one specific case, where K=1 (this value was chosen over the more
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common K=-1 simply to make the coefficients positive for easier visualization). To
begin with, we will examine the coefficients of the modes, which removes both a and ©
from the equations. We are left with b and ¢ as independent variables and the modal
coefficients as dependent variables. Let b, the tool offset, vary from zero to ten units,
which could be inches or meters or any distance measure. Let c, the vertex curvature,
vary from 0 (flat) to 0.05, which would correspond to 1/0.05 = 20 units for the vertex
radius of curvature. As we can see from Eq. 2.4, as both the curvature and the offset

distance increase, the magnitude of the aspheric departure coefficients increase.

2.2 Peak-to-valley modal aspheric departure

These coefficients are not the end of the story, however. Each coefficient is
multiplied by the Zernike polynomial term, for example a-cos(®) for tilt. This means that
the coefficients are multiplied by some power of a, the tool radius, and the cosine of some
multiple of ©, the angular position around the tool. This complicates things enormously,
but luckily, the cosine of any angle falls in the range of -1 to 1, so we can easily compute
the peak-to-valley aspheric departure simply by multiplying the terms involving cosine
by two.

To illustrate how the peak-to-valley departure varies as a function of tool radius,
several p lots are made i ncluding the tool radius in the equations. F or convenience o f
visualization, we will set some variables to a constant value and therefore we use K=1,
b=6 and c=0.05. Since the vertex radius is the reciprocal of the curvature, we have 20

units for the vertex radius. The R/# is 1, which implies the diameter of the surface is a
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maximum of 20 units. If the tool offset is 6 units, then if the radius of the tool is 4 units,

it will just touch the edge of this surface. This is depicted in Figure 2.2.

Figure 2.2 Geometry of tool offset for D=20, b=6 and a=[1,2,3,4].
Since the maximum value for a is 4 units, we will plot the peak-to-peak aspheric
departure for a=1, a=2, a=3, and a=4. This is done in Figure 2.3. Since each term is

multiplied by some power of a, the final result for each mode has units of physical

distance.
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Peak-to-valley modal aspheric departure
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Figure 2.3 Peak-to-valley misfit for each of the 21 modes calculated with K=1, b=6,
¢=0.05 and a=[1,2,3,4].

As we can see, as the tool size increases, the peak-to-valley aspheric departure for
each mode increases in a non-linear fashion. Orders beyond about 10 are of very small
magnitude. To better see the magnitude of these small numbers, we can plot the same

curves on a log scale. This is done in Figure 2.4 below.
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Figure 2.4 Peak-to-valley misfit for each of the 21 modes calculated with K=1, b=6,
¢=0.05 and a=[1,2,3,4] on a semi-log scale.

We can see a sharp downturn at the 11" mode, but in fact, the modal misfits
increase again at the 12" mode. However, on average, for the worst-case scenario (a=4),
the terms beyond the 11™ mode are about two orders of magnitude lower than the terms
up until the 10" mode. T herefore, we are fairly justified in only using the lowest 10

modes to approximate the misfit.
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Figure 2.5 Peak-to-valley aspheric departure as a function of tool radius for the first 10
modes with K=1, b=6, and ¢=0.05.

As we expect, the higher-order modes are functions of increasingly larger
powers of the tool radius. This is shown in Figure 2.5. Perhaps a more interesting case is
where the tool radius is fixed, but the offset is varied, simulating a stroke. The geometry
for this is shown in figure 2.6. This misfit is shown for our example in Figures 2.7 and

2.8.
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b= 0246

Figure 2.6 Tool offset geometry for the case where the diameter of the optic, D, is 20
units, the tool diameter, 2*a, is 8 units and the offset is 0, 2, 4, and 6 units.
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Figure 2.7 Peak-to-valley misfit for each of the 21 modes calculated with K=1, a=4,
¢=0.05 and b=[0,2,4,6] (linear).
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Figure 2.8 Peak-to-valley misfit for each of the 21 modes calculated with K=1, a=4,
¢=0.05 and b=[0,2,4,6] (log).
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The first t hing w e notice with these graphs is that when b=0, only fourofthe
modes are non-zero (the spherical aberration terms.) Also, we again are justified in using
only the 10 lowest terms as a good approximation.

Thus far, we have only investigated the misfit of a spherical tool with the same
curvature as the vertex of the asphere. We need a more general formulation, which
allows a tool to have a different curvature than at the vertex. As shown in Appendix B.6,
we can see that the radius of curvature varies across the asphere. If we wanted to work a
specific zone, it might be useful to create a tool with the radius o fthe target zone to
minimize the misfit. Most of the derivation is still valid. The aspheric departure can be

shown to be approximately Eq. 2.5.

3 3 2 5_ 5
Azz(c. = )y1+[3((1<+12c'1 -¢, )+A|]y‘+(45““”6,c' ¢ )+"2Jy°
' ' Eq. 2.5
3 7_ 7 4 9_ 9
+[1575((1@213') ¢ -c, )+A3]ys+[99225«1{§3 ¢’ —c, )+A‘]y..,

Of course, if we use equal curvatures for the optic and the tool, this formula
simplifies to Eq. 2.2. Fortunately, this is relatively easy to implement in the derivation of
Appendix B.5. The terms of y to the 4™, 6™, 8", and 10™ powers will simply be modified.
The quadratic term is totally new — it was zero in our simpler case. So, since yz is

a’+b’+2abcos(0), we can add in the terms in Eq. 2.6:
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modal formulae. Only the first ten are presented here.
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As the tool moves over the optic in production, it is free to move up and down
(piston) and tilt as required to meet the surface. Therefore, in this case, we are not
concerned with piston or tilt terms. A little less obvious is the fact that since a ring tool
has a fixed diameter, we can consider “a” to be a constant. This implies that coma turns
into tilt, which can then be lumped into the surface tilt and subtracted. Since “a” is a
constant, a-cos(®) is functionally the same as a’-cos(®) and a’-cos(®), with only the
magnitude of the tilt changing.

Power is an almost meaningless term for a ring, or even a set of nested rings. A
non-zero power term indicates a difference in radius of curvature between the tool and
the optic. This makes sense for a membrane, but at a single diameter, such as a ring has,
a piston shift is the only physical explanation for what power means. This is true for all

circularly symmetric terms, also. This means that for a ring tool, the only non-zero terms

left are: astigmatism, trefoil, quadfoil, and a‘cos(20).
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Removing all terms except astigmatism, trefoil, quadfoil, and a*cos(20) from our
graph would indicate that astigmatism is the dominant term remaining. This is shown in
Figure 2.9. This situation will be explored in Chapter 5, regarding ring tool design. In
that chapter, we will describe the finite element analysis (FEA) of a 100" aluminum ring

with a pressure distribution that is astigmatic.

Peak-to-valley modal aspheric departure for a ring tool
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Figure 2.9 Peak to valley modal magnitudes as a function of stroke for a ring tool. a=4,
K=1, and ¢=0.05. Piston and tilt are removed.
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Figure 2.10 Peak-to-valley misfit for the first 10 modes calculated with K=1, a=4, ¢=0.05
and b=[0,2,4,6] on a linear scale. Piston and tilt are removed.
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Figure 2.11 Peak-to-valley misfit for the first 10 modes calculated with K=1, a=4, c=0.05
and b=[0,2,4,6] on a semi-log scale. Piston and tilt are removed.
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Another way to look at these equations is to plot the peak-to-valley misfit in each
mode as a function of offset distance. Figure 2.3 shows all 21 modes as a function of tool
radius. Figure 2.12 shows how the first 10 modes vary as the tool is stroked. Again,

K=1, ¢=0.05, and a=4.
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Figure 2.12 Peak-to-valley modal misfit as a function of stroke position for ring tool of 4
unit radius. K=1, and ¢=0.05. Piston and tilt are removed.

One final way to look at the equations is to look at the modal peak-to-valley
misfit for fixed a, b, and c allowing K to vary. This is shown in Figures 2.13 and 2.14,
below. We can see that for small negative values (near —1, a paraboloid) modes 7, 8, and
9 can be neglected without much penalty. This is not true for positive values of K,

however. For positive K values, modes 7 and 9 should be included.
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Figure 2.13 Peak-to-valley modal misfit as a function of the conic constant, K, for a ring
tool. Where a=4, b=6, and ¢=0.05. Piston and tilt are removed.
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Figure 2.14 Peak-to-valley modal misfit as a function of the conic constant, K, for a ring
tool. Where a=4, b=6, and ¢=0.05. Piston and tilt are removed.
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Figure 2.14 shows a marked difference between positive and negative conics. For
negative K values, all terms are very small compared to power, coma, and astigmatism.
For positive K values, each term becomes more important. Also notice that at K=0, all
terms have zero peak-to-valley aspheric departure — this is because there is no misfit
between two spheres of the same radius of curvature.

We know that since this model is based on a truncated Taylor series, it is
inherently an approximation. Another problem with this model, which is even more
serious, is apparent in the geometry of the situation. The aspheric departure is measured
along the z-axis, and not along the normal to the surface. By representing it in a spherical
coordinate system, we can determine the aspheric departure along the surface normal.

This theory would be a refinement of the first order approximation presented here.
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3.0 TOOL DESIGN

Designing good tools is a very important part of aspheric optical surface
production. It is a balancing act between flexibility, to maintain contact with the aspheric
surface, and rigidity, to perform work on the surface to remove the desired material. If a
tool is too rigid, it creates radial zones in the surface because it digs into the surface due
to a misfit. If a tool is too compliant, it doesn’t do well at smoothing the surface. A good
design generally lies near the balance of these opposing driving forces.

The surface does not wear uniformly, but is a function of surface error spatial
frequencies. Low frequencies are governed by the tool misfit modes (based on the
instantaneous position of the tool with respect to the vertex of the optic, tool diameter,
conic constant, etc...), while high frequencies are generally associated with surface
ripples and the radial zones cut by rigid tools.

Pravin Mehta (of Raytheon, formerly Hughes Danbury Optical Systems) has been
studying these exact problems for many years. He and his colleagues have developed
models to predict pressure distributions in both frequency domains (Mehta and Hufnagel,

1990 and Mehta and Reid, 1999).

As was shown in detail in Chapter 2, a perfect aspheric surface can be shown to
cause Zernike-like modal misfit terms over a circular section (tool). Since we know the
misfit of the spherical tool at any given location on the optical surface, we can make use

of this modal property. It turns out that astigmatism dominates for a ring tool, and coma
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is dominant for plates. This is generally true away from the vertex of the optic, as shown
in Figure 2.12.

Mehta created semi-flexible tools that were very similar to the ones being
produced at the Optics Shop at the Optical Sciences Center. He seems to have focused
his research on polishing, but much of it pertains to grinding as well. He derived a model
(Mehta and Hufnagel, 1990) of the physics of the tool and obtained a set of equations in
terms of the eigenvalues of possible flexure modes in a free circular thin plate, which
match the terms in the misfit model.

A useful model of the high-frequency domain is called “bridging”, where the tool
only makes partial contact with a surface feature. The model (Mehta and Reid, 1999)
starts with Kirchhoff’s flat plate equations, modified to include shear deformations. It
predicts the material wear rate as a function of spatial frequency.

Future generations of tooling may require the inclusion of vibration analysis, both
directly transmitted through the machine, as well as acoustic noise (inspired by Gendreau,
1999).  With ever-increasing demands on optical surfaces, the tolerances for
manufacturing them may one day necessitate the modeling of the plate vibrations, as
discussed in Appendix B.13.

We want the tool to fit the asphere without large amounts of stress in the tool
(caused by bending), w hich means that the tool needs to be compliant to the b ending
modes required to fit the asphere. Additionally, we want the tool to be stiff over small
scales so that it smooths the surface. A tool that is too compliant will remove material

uniformly, not applying more pressure to the tops of hills than the bottoms of valleys.
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3.1 Membrane Tools

A semi-flexible tool is created with layers of different materials. The driving
force o f the w eighted drive-pin is transmitted through a rigid b acking p late, t ypically,
thick aluminum or glass plates. Bonded to this rigid plate is a compressible foam rubber
material, which acts as a continuous spring. Please see Figure 3.1a for more detail. This
spring action is important because the next layer is a thin aluminum or plastic sheet,
which is free to flex to fit the asphere at any point. If the bending stiffness of the plate is
increased because of its foam foundation, then thicker foam should be used or a more
compliant material chosen. These low order modes are the ones that the tool needs to be
compliant to, to fit the asphere, so we should try to keep them as flexible as possible at

that spatial frequency.

\
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(a) Polishing Tool Schematic
Driving Pressure : g = (v @)

/ 1
Thin Meta! Plate —ﬁ'
Polishing Pressure : '2

P * p(r.@)

(b) Free-body Diagram

Figure 3.1 (2) Membrane tool schematic and (b) free-body diagram (Courtesy Mehta and
Hufhnagel, 1990).
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Variations in pressure under the tool can lead to zones being rubbed into the
optical surface. The extreme case of a fully rigid tool is almost guaranteed to leave zones
because the peak pressure variation is so high (it is only hitting at the edge.) With the
help of a patient optician, a point could be roughly defined to be the onset of “zoniness”,
where the pressure variation is unacceptably high and causes zones to be worn into the
surface. This is discussed briefly in Chapter 6.6.

On the other hand, the plate cannot be so flexible that it has no polishing pressure
variation and wears the surface evenly. A compliant tool needs to be stiff enough to wear
the peaks of the surface down faster than the valleys.

Finding the appropriate balance between these opposing forces is the most
important part of membrane tool design.

We can treat these two issues (Mehta’s two models) separately and superimpose
the results at the end. If we are polishing a flat, there are no low-frequency domain effects
to be considered and we can concentrate on the high-frequency domain. Mehta’s high-
frequency model can be tested independently of his low-frequency model. Additionally,
by determining the effect of the low-order bending separately, we can subtract those

modes out and whatever is left is “worked on” by the high-frequency bridging model.

3.1.1 Analysis of Thin Plates and Shells
Thin plates and shells are important in many fields of engineering and a complete

treatment is quite complex. Some definitions are needed before we can even begin an
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analysis of these classes of objects. Most material for this section comes from a recent
text on thin plates and shells (Ventsel and Krauthammer, 2001).

A plate is an initially flat structural member bounded by two parallel planes,
called faces, and a cylindrical surface perpendicular to the faces called an edge. A shell,
sometimes called a curved plate, is a body bounded by two curved surfaces. In each case

the middle surface is the surface whose points lie equidistant from the faces.

We will first consider plates, which have a constant thickness, h. The middle
surface is h/2 from each face. Let “d” be a typical dimension of the plate (for a circular
plate d is the diameter of the plate.) If the ratio d/h < 10, the plate is said to be “thick”. If
the ratio d/h > 80, the plate is called a “membrane” because it is very thin compared to
the diameter. According to this definition, our use of the term “membrane tool” is a bit
of a misnomer. The intermediate case where d/h falls between 10 and 80 is the so-called
“thin” plate. Thin plates can be further classified by the maximum deflection of the plate,
“w”. If w/h < 0.2 the thin plate is called a “stiff plate” and is flexurally rigid. If w/h >
0.3 it is called a “flexible plate” and is characterized by a stretching of the middle surface
as well as lateral deflections.

To define thin and thick shells, we look at the radius of curvature of the middle
surface, R, and the thickness, h. If the maximum value of /R < 0.05 the shell is
considered to be thin. If this inequality is not satisfied, the shell is considered to be thick.
Shells of revolution (spherical shells in particular) are very similar to their circular plate
cousins. Many of the same conventions, formulas, and ideas apply to shells as they do to

plates. For our purposes, a shell is different from a plate only in the fact that it has a
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curvature before deformation. Using plate theory on shells is only valid to a certain point
- but it is a good enough approximation for this first-order treatment.
Following the derivation presented in Appendix B.9, we find the following

relationship between deflection, applied pressure, and the flexural rigidity of the plate.

4 4 4
6»:1_‘_ 62w2+61:1_ 2wt L o V‘w(x,y)=M Eq. 3.1
Ox Oox“dy- oy D D

This result is a fundamental equation for thin plates, relating the deflection to
applied pressure distribution, where w is the vertical deflection, q is the applied pressure
and D, the flexural rigidity, is based on material properties, namely, the modulus of

elasticity and Poisson’s ratio, as well as the cube of the thickness of the plate.

3
po_ R _
12(1-v7)

The deflection, w, is the vertical component of the displacement vector. An
arbitrary point, Py, is displaced in 3-space to point P. This displacement has a vertical
component, w, and rotation vector (in the x -y plane) @, which has components @y,,.

This is shown in Figure 3.2.
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Displacement vector

Figure 3.2 The displacement vector and its components. The displacement vector is D,
while the deflection is w, and the rotation vector and its components are labeled .
Equation 3.1 is an approximate theory in Cartesian coordinates, but in many
instances, we are interested in using a thin circular plate, which lends itself to polar
coordinates quite nicely. This equation is also valid for polar coordinates if the
biharmonic operator is converted to polar coordinates, as shown Eq. 3.2, which is further

detailed in Appendix B.10.

V‘w_a‘w+36’w_L62w+£ o'w JLlow 2 o'w +iazw+_l_6‘w Eq. 3.2
oot ra’ Fot raedt ror rodd et et

If the plate is itself supported upon an elastic foundation, such as a layer of pitch
or foam rubber, the interaction between these layers can be approximated by assuming

the foundation is of a type called a Winkler-type foundation, which essentially acts as a
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continuous spring. The reaction of the foundation is a linear function of the deflection of
the thin plate. The proportionality constant, k, is called the foundation modulus, which is
similar to a spring constant, but applies to an area, not a point, and has units of pounds
per square inch per inch of deflection or (N/m?)/m in SI units. Equivalently, some people

use the units of pounds per inch per square inch of surface area.

Viw= Eq.3.3

Kirchhoff’s theory is a good approximation of many physical situations.
However, it does not take into account transverse shear deflection. A more refined theory
is needed. This theory changes the fourth order equation into a system of three coupled
second order partial differential equations, constituting a sixth order system. The
difference between Kirchhoff theory and this refined, or advanced theory can be seen in
Figure 3.3.

Consider a square plate under a uniform transverse load. If concentrated comer
forces are properly modeled, we see that the comers of the plate tend to rise under a
uniform load. By comparing the transverse shear force distribution along one of the
edges of the plate for both Kirchhoff and refined theories, we can easily see how large the

difference between theories can be.
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Figure 3.3 Transverse shear force distribution along edge of square plate comparing
Kirchhoff (approximate) theory to refined (advanced) theory (Courtesy McFarland,
Smith, and Bernhart, 1972).

This sixth order theory is sometimes called the Midlin-Timoshenko model. It will

be investigated in Section 3.1.3.
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3.1.2 Bending Mode Model

The mathematical model for low-order bending follows Mehta and Hufnagel
(1990) and uses the following assumptions:

1.

2.

The viscous effects of the pitch are ignored.

The composite plate (polishing pad) is isotropic and linearly
elastic.

All material thicknesses are constant resulting in a constant
flexural rigidity for the composite plate.

The optical surface is a rigid invariant boundary.

Inertial and frictional forces of the moving tool are
negligible.

The applied tool force is constant and uniformly distributed
over the upper surface of the composite plate.

The compliant foam layer is much less stiff that the
metal/pitch composite layer and, therefore, its contribution to
the composite plate flexural rigidity is negligible. It is solely
a uniform loading mechanism.

Table 3.1 Bending model assumptions (courtesy Mehta and Hufnagel, 1990).

There are a large number of variables in this model and they are listed in Table

3.2. Some of these variables can be visualized in Figure 3.1.

D = composite plate flexural rigidity
D, = thin metal plate flexural rigidity
E, = thin metal plate Young’s modulus
E; = Young’s modulus of the pitch

a =tool radius

b = a constant of proportionality

k = local compressive spring constant of  the composite
plate = E,E>/(E t;+Eat;)
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k, = local compressive spring constant of the pitch = Ex/t;

m = number of nodal circles in a mode shape (eigenfunction)

n = number of nodal diameters in a mode shape

p = polishing pressure = p(r,0)
q = driving pressure = q(r,0)
r =radial coordinate

s =optical surface relative to the flat tool = s(r,0)
t; = thin metal plate thickness

t, = thickness of the pitch
w = tool deflection in bending = w(r,0)

v = Poisson’s ratio of thin metal plate
v, = Poisson’s ratio of the pitch

A =a free circular plate eigenvalue

¢ = the corresponding eigenfunction
0 = angular coordinate

V" = Laplacian operator

Table 3.2 Bending model variables (Courtesy Mehta and Hufnagel, 1990).

Initially, Mehta excluded the flexural rigidity of the pitch and the transverse
compressibility of the thin plate and found a solution. He then included them and

determined how they modified his first solution. We will do the same.

Referring to Figure 3.1, the net transverse compression of the pitch (or polishing
pads) is directly proportional to the polishing pressure. The difference between the

surface error and the deflection of the plate is assumed to be taken up by pitch
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compression, so the compression of the polishing interface times the foundation modulus
gives us pressure.
p=k,(s—w) Eq. 3.4
The bending deflection of the membrane is directly proportional to the net
pressure (polishing pressure minus driving pressure.)
p—-q=bw Eq.3.5
The bending of a thin circular plate is a well-known problem (see Appendix B.9)
involving the fourth partial derivative of the tool deflection, w.
VV*w=(p-q)/D, Eq. 3.6
There are two ways of solving this problem. The first begins by substituting Eq.

3.4 into Eq. 3.6.

Vvt P o 4y, kG- W) _ o, oW ks
Dl Dl DI Dl Dl
12 k, k,s ~
v-v-w+—1-)"i= 2‘;) 9 Eq. 3.7
1 1

Since we know the applied pressure and Young’s modulus of the pitch (or
polishing pads), then if we know the surface error, s, we know the pressure (kis-q).
Knowing this pressure, we can solve Eq. 3.7 as a boundary value problem with constants
of integration determined from appropriate regularity and boundary conditions for a free
circular plate without a hole. Knowing w and s, the polishing pressure is obtained from

Eq.3.4.
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The second method to solve this problem involves substituting Eq. 3.5 into Eq.
3.6. This transforms the “plate on an elastic foundation” problem into an eigenvalue
problem for a free circular plate. The solution for this problem is well known, as shown

in Appendix B.13.

V*V*w=(p—q)/D, =bw/D,

viw-_0 letp=ip -£L"9__P"4
D, w s—plk,
(v*v2 —b/D, Jw=(V?V -2 w=0 Eq. 3.8

p-q= Z.‘D,(s -kﬂ) =A'Dis-A*D, kﬂ

2 2

DAls. +q.
p+2D, L - #Ds+q npy =it Eq. 3.9
k, DA
: 1+—2L
k,

The A; are the eigenvalues of this problem. They are found by the methods
described in Appendix B.13. A small number of eigenvalues is given in Table B.6, but a
more extensive listing can be found in the literature (Leissa, 1969), or calculated

numerically. The eigenfunctions in terms of the radial coordinate, p, are:

s= isj¢j and p = ipj,», where ¢, = (J, (pij)+an(plj)1n(plj)(:;):](n9) Eq. 3.10
(o} a,04) +a-v)(A,0, (04)) -2, (0R,))

Where a, = (plj)zl,,(Pl,-)"(l_V' )(,ljl'n (pllj)_nzl,.(plj)) .

Eq. 3.10 has modes similar to the circular polynomials. They have the form of a

number times the cosine or sine of an integer times theta, Acos(n@). The Zemike
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polynomials (cosine terms) are linear combinations of the general form p™cos(n6). An
exampie of how different the Zemike set is from the eigenmode set is shown for trefoil in

Figure 3.4.

Zernike Trefoil Minus 1.7 Times Eigenmode Trefoil
015 i _ . .
01
005

-005

015

A \1 15

1 05 0

Figure 3.4 The mismatch between the Zernike trefoil term and a scaled (by 1.7)
eigenmode trefoil term.

To determine the relationship between the eigenmodes and the Z ernike set, we
note that since both sets depend upon the azimuthal coordinate in the same way, we can
equate like modes and simply solve for the radial dependence of that mode. The lowest

order modes for both the Zernike set and the eigenmodes are shown in Figure 3.5.
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Figure 3.5 Low-order modes for the (a) Zernike set and (b) circular plate eigenmodes.
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In Chapter 4, a finite element analysis is used to determine a matrix to convert
misfit (bending) to a pressure distribution. A similar transformation matrix could be
produced based upon the theory presented here. A fundamental problem is that we have
expressed the bending in terms of the Zernike set, but as we have just seen, the “natural”
modal structure for a circular plate is a function expressed as a Bessel series. To connect
these two we need to figure out how to express the Zernike terms as a series of the

eigenmodes. The basic steps are as follows:

Misfit (Zernikes)

Bending (Zernikes)

Bending (eigenfunctions)

Pressure distribution (eigenfunctions)

Pressure distribution (Zernikes)
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The result w e are u ltimately interested in i s the p ressure d istribution u nder the
tool. The final step in this chain is only necessary to compare the theory with the FEA
medel. To simply visualize the pressure distribution, we can have a computer display the
distribution directly from the eigenfunction theory. To accomplish this chain of events
takes some work. The first step is easy - we calculate the misfit of the tool in terms of the
Zemmike modes (which are a linear combination of the circular functions derived in
Chapter 2). Then we assume that the tool is in complete contact with the surface, which
means that the deflection of the plate plus the compression of the polishing interface
equals the required bending. We now have the bending of the plate as a function of
Zernike polynomials. To convert Zernikes to the eigenfunctions requires that we either
have: an exact analytic solution, an approximate analytic solution, or a best-fit least-
squares solution. We will examine these possibilities in Appendix B.14.

Assuming that we have successfully converted the bending into the
eigenfunctions, we then calculate the pressure distribution using Eq. 3.9. This pressure
distribution can then be calculated and displayed on a computer monitor. To convert the
eigenfunctions to Zernikes again either requires an inverse matrix or for the entire
problem to be solved in reverse.

If we attempt an exact analytic solution, we need to start by looking at the
definition of the Bessel functions in terms of a power series. As seen in Appendix B.14,
an exact solution is not obvious at best and unsolvable at worst. An approximate solution

may be possible, but even that would take an enormous amount of mathematical
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manipulation. T he least s quares solution d escribed in A ppendix B.14 is the preferred

method at this point.

3.1.3 Bridging Model

From the flat plate equation derivation in Appendix B.9, we have:

=4
D
Viw=td--L
DS
2D
V2 - BN =0 where g° = s
v -p N B =50

Our derivation assumed that the applied pressure was from the top surface of the
plate, which is at z=h/2, since the +z direction is down in our coordinate system.
Unfortunately, Mehta chose a coordinate system in which +z is up, with the applied
pressure still from the top surface, at z=h/2. This means that the deflection and applied
pressure in Mehta's coordinate system are negative when they are positive in the
coordinate s ystem o f our derivation. To compensate for this, we set w=-w and q=-q.

This leads to the equations Mehta introduces in his paper (1999).

VO =-

o=

~Vw=d+-L or Viw=-0-L Eq. 3.11
D D

s 3

vy 22y
(1-v)D
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Eh i En’ .
Wh Ds =Gh= is the sh tiffness, and D = —~ is the
ere Dy 2+7) is the shear sti T e
flexural rigidity.

D = flexural rigidity

D, = transverse shear stiffness

E; = thin metal plate Young’s modulus

E; = Young’s modulus of the pitch

a = half-period of surface error in x

b = half-period of surface error in y

k = local compressive spring constant of  the composite
plate = E,\E;/(E t;+Eat;)

k. = local compressive spring constant of the pitch = Ex/t;

p = lap contact pressure = p(x,y)
q = pressure distribution acting on the plate

qo = applied pressure on the polishing lap

s = optical surface error = s(x,y)
t; = thin metal plate thickness

t, = thickness of the pitch

w = tool deflection = w(x,y)

w, = pitch compression = w(x,y)
x,y = Cartesian coordinates

v = Poisson’s ratio of thin plate
@,V = generalized rotations

¢ = rotation vector

V" = Laplacian operator

Table 3.3 Bridging model variables (Courtesy Mehta and Hufnagel, 1999).

Combining these equations by taking the Laplacian of the second equation gives:

vvw=vio-v: L _9_ Lo,
D, D D,



69

- P ~ 8
Let 0=v.5=22:.% y_yu5| =% _0%2. Eq. 3.12
Ox : ox Oy

To maintain contact between the lap and the surface, either the plate must bend
and/or shear to fit the surface, or the pitch must compress and expand to maintain contact.
In reality, it is some of both effects: the deflection is non-zero, but does not perfectly
match the surface, so the difference between the surface must be filled by pitch

compression. The compression is the pressure divided by the compressive stiffness.

c

w, =s-w=k£ Sp=k(s—w) Eq.3.13

The applied pressure is being transferred to the polishing surface, so the pressure
distribution coming from plate dynamics is simply the polishing minus applied pressure.
9=pP—q=k(s-w)—q,

Substituting this expression for q into the fourth order equation gives:

k(s—w)- 1 oo ks-q, kw k Vg
V2V2W=_b—q°“D—‘V (k.(s-w)~-q, =—_D—()'__D_—EV2(S-W)+_5,_O

We now multiply by D, and since qo is a constant, its derivative is zero,

simplifying the equation somewhat.

s

DVZVZW—kB—DVZW+ kw=ks-q,- kéb Vis=—q, + k‘.[l —g—Vz]s Eq.3.14

3 s s
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Also, substituting q into the second order equation gives:

Vw0 5= W 4 Eq. 3.15
DS
SO = —Vzw—ﬁ—_q().*.,c"_w:_vzw_’_iw_ kcs_qo
D D D D

3 s 3 s

So far, we have derived an equation which is fully three-dimensional. If we allow
the surface to be a summation of Fourier series components, we can examine each spatial
frequency independently, with the following a typical term. By defining the surface in
this manner, we can simplify the problem by making one of the dimensions of the surface
error zero. For now, we will maintain the 2-D (two independent variables) form and

carry the math through and see what that gives us.

s= (ucosﬁ+ vsinﬁ)cosﬂ+(u' cos = +v' sinﬂ]sinﬂ Eq.3.16
a a b a a b

If we substitute Eq. 3.16 into Eq. 3.14. we have

\
€D D (ucosﬁ+vsinﬂ)cosi—g—
DVVw-5Z V2 k w=—g, +k |1 -2V e e
D, D, ( . m . zzx) . ny
+|u cos—+v sin— |sin—
a a b
e D (ucosﬁ+ vsin’—u—)cos—’g—
DVViw-52 Vit kw=—q, +k|s— 2V ? ?
D, D, ( . M .. mc) .y
+|u cos— +v sin— |sin —
a a b ]




DV*Viw -

DV*Vw-

DV*Viw

DV3Viw -

£B—QV2w+kcw=—q0 +k,

%2V2w+ktw =-q, +k,

3

—Z%QV2W+kcw=—qo +k,

k—él-)—Vzw+kcw= -q, +k,

s

[ ( o .o ny
, || #cos—+vsin— [cos =~
0 a a b
ox? « M .. mY. ®y
+| u cos—+v sin— |sin—
D a a b
s———-
D x . X
! , | |ucos—+vsin— cosZ.
a a b
2
©
+[u” cos ™ +v"sin ) n
\ a a b
( x o
usm—+vcos-— cos—
ol a a
x| & ~© ny
+=| —u'sin=+v’ cos— in—
D a a
S——
D, T P25
(ucos—+vsm— sm—
+ 0 a
| =n o~
+— (u cos—+v’ sm—
\ a b
[ ([ #? o o~ o )
~—| ucos— +vsin— |cos —
a a a b
x’ o o) .
-7 cos oy sin ™ )smﬂ
D a a a
s—_
D x’ © p o4
s -—-| ucos—+vsin— cosﬂ
b a a b
& ) .
—2 cos—+v sin — smﬂ
a b J_
(1 o~ . om v )]
— | 4cos— +vsin— |cos—
a a a b
1 >\ . Ay
,n| +—5| ¥ cOs—+v sin— |sin—
+;:D a a a b
s
1
y +—| ucos—+vsin cos’—'y—
b a a b
1( . ™ ... ny
+—|u cos—+v sin— |sin—
\ b a a b)J
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1y A

( 1 1 J( o mc)
_2 '—2' U Ccos— + vsin C0S —
2D a a a b

J(u cos£-+v sin mr)sin—’z
a a b )_

DVZVZW—kI‘)—szw-i-kcw =—q, +k,

\
kD R (ucosﬁ+ vsin’—u-)cos%
DVViw-"ZVwikw=—q, +k i D(L LJ a a
D, ‘ D, \a® ¥ ( o3 mc)zzy
+|u cos— +v sin— |sin—
a a b)

This equation is simplified by recalling that the surface error, s, is exactly the final

term in this equation.

kD 2
DVszw—é—V2w+kcw= —q, +kt[s + ”DD (-l—z‘f'blz)S]
s < a
k.D D[ 1 1
2¢72 ¢
DV‘V W—Tsvzwi-k‘.W:—qo +k‘.|:l+ D: (a—2+b—zJ:,S Eq. 3.17

This gives us three equations with which to continue our analysis.

DV St k= =g, +kc[l V20 (i,+i)]s

s 1 a ) b2
®O=-ViwsKe kS—% Eq.3.18
DI DI
( )‘F =0 where g’ = =T D‘)D 1 (diffusion equation)

From Eq. 3.13 we have, w=s - Zp— Substituting this into Eq. 3.17 gives us:

¢

2
DVv?Ys-£ kDV2 +k, s-£ =—q, +k, 1+Z D1 +L2) s
k. D, kc k. D, \a*> b
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DV3*V3s

D a

c s 3 4

272 2 2
_DV’V’p kD, DV Poks—pm—gyrk|1sZ D(Lﬁ__l’_)s
k D D, \a® b

2

From the derivation of Eq. 3.17, we see that Vis = —g where € = ”2 + :2 .
a

DV*(-¢5)- DV-V-p+k‘Dm+DV-p+kcs—p=—qo+kc 1+2 £
kt D: s D;
2¢72 2
—Dast—DVVp+k‘D5+DVp+kcs—P=‘qo+kc[l+£-£Js
c Dx s D’
2¢72 2
Dels—DVVp+k‘Das'+DVp+kts—p=—qo+kcs+k‘Des
c D, s D,
272 2
pe2s -2V VP DVip_ =-q,
[4 DS
1 2 b l 2 l q
—VV'p-—Vp+— =—°+gzs Eq. 3.19
k. P7p " P'DPTD 9

Working on the second equation of Eq. 3.18:

(D:—Vzw-f._kc_w_k"s__qo
DS D:
o=_V|s_ Pl K|, P kS D
k. D, k, D, D,

O=-VisstvipeksS_p kS G0
k D, D, D D

c 3 s L 4 s

1 P 4 lo: p . g
O=—(-g)+—Vp-L_ 470 _ i  Vp-L 10
( ) k(' p DS D.\' w k(' p DI DS
Rearranging this gives us:
Vip=k|O-s+L2 o Eq. 3.20
p C[ D-\' D.l q

Substituting this into the Eq. 3.19:

1 q 1 1 q 2
Vid-s+—p-2|-—Vip+—p=L0igls
( =%, ° D] b, "o D

3 s
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V2®—£Vls+bl—V2p—V2q—°—LV2p +lp=%+825

3 DS D.\’ D
2 2 1 9 2
V®+e's+—p=2+¢'s
D D
DV:®+p=g,
And finally, p=q,-DV'®=¢q,-DVV.p Eq. 3.21

Unfortunately, @ is unknown, so this simple formula does nothelp us. Inhis
paper, Mehta gives a solution to this problem, but does not give the details about how he
arrived at his solution. I can verify that his is a valid solution to the first equation, but I
am unable myself to derive a closed form simultaneous solution to the three differential
equations. After long deliberations with some of the top mathematical thinkers on
campus (thanks again to those mentioned in the Acknowledgements) it was determined
that these equations are not truly coupled to each other. The diffusion equation is totally
unrelated because it is based on the curl of a vector field. The second equation contains
all three variables (which can be simply thought of as the three components of the
displacement vector). The first equation only contains information about the deflection,
w. Since the curl and divergence are fundamentally unrelated, we have to conclude that

there are two equations and three unknowns.

The diffusion equation can be solved separately, as shown in Appendix B.11.
Additionally, there is no natural tendency for the plate to twist, so the displacement field
is irrotational and the curl is zero. Therefore, ¥ = 0, thus, in the end, making the

diffusion equation trivial for other reasons.
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IfT were to solve this equation for the pressure distribution, I would make the
assumption that the pressure distribution can be represented by a Fourier series. A more
specific assumption is that since the surface error is what is causing the pressure
distribution, we can say that the frequency spectra and phase are the same for both

Fourier series, which means that for both series, there is a single ¢ for a give component.

The Laplacian of the Fourier series is identical, also. V’p=—-g.

1 2 1 1 do 2
— ' p+—egp+—p="24g’s
PP D

c

[282 +D£s+lJp =q, + D¢’s,

k. ;
%o 4 g%
or, solving for p: p= D Eq. 3.22
LI
k= D, D
Mehta’s solutionis p =g, +k{l 4 Js Eq.3.23

"~

2 2 2\?
where ¢, =kc[l+BD—(12-+:, )] and a, = q, +D(-’z—,+7r ) s
a 3 ERRS

s

or a, =kc[l+l—l))—eJ and a, =a, + De’.

3

To validate Mehta’s solution, we will substitute it into Eq. 3.19:

klszzp—Dvap+%p =%+£2s.

[4 3
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Lowe g e f1-2)s |- 1w g+ k| 1-F)s |+ Ll g, 4k 1-%]s |= Lo s g2
k. a, D, a, D a, D

(12 iy k(1 \grg s o e[ @) 4o, g
D D D D

\ &) s a, a,
/ \
a a a
—Llgls+=|1-L s +=|1-"L|s=¢s
\ @) s a, a,
(74 a k a
gzs__'.gzs+ < e 71 + -5 _"_lszgzs
a, A D, a, D a,

6%

Now, grouping terms which contain a and factoring out “s™ gives us:

e 1 _afe e 1 D a (D ,
—+—== —+—+—| 80, —g+l=—|— +—e+1
Dx D aZ kc Ds D s aZ c s
D a, D , D
—ec+l|[—==—¢"+—ce+1
s al kt D:

Another part of his solution says that (@, = a, + D&*|.

D a,+De* D , D D De*
—E&+l|V—=—¢"+—s+l=|—¢c+1 +1
D a k. D D a,

5 s s
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a = kc(l + -g—e) This is the same as the final part of Mehta’s solution. This shows that

5

it is consistent and meets the requirements of the differential equation. Therefore, [ am

. .. . . 24
going to assume that it is the solution to this problem. |p =¢, + k,(l - )s

2

If p=qo+tys then the pressure variation is a linear function of s, the surface error. It

2,

scales by y = kt(l - J, which isa function of k., D, D, a,and b. Mehta uses the

2

convention that the surface is inverted. @ This means that for the 1-D case,

> o . ©
s =u(l —cos—) =u —ucos—, where we had been considering s =ucos—,we now
a a a

have (s-u)=-u cosZ. So, p=qo+y(s-u). For -90° to 90°, s-u is negative, so the
a

polishing pressure is less than qo. For 90° to 270° s-u is positive, so the polishing

pressure is greater than qo, implying that the peaks are worn down more than the valleys.
The variables a and b are half-periods of a sinusoidal feature in the x and y

directions, respectively. If one variable were made sufficiently large, we would

essentially be modeling a one-dimensional problem.

1 1
,§=_-

Looking in the spatial frequency domain, & = —
2a 2b

So a3 =é,b’ = 4;2 - =kt(1+4nzD£(;2 \»42)),“2 =q, +162*D(E* + ¢ )

If we were to let the surface be essentially flat in the y-axis, then the spatial

frequency would approach zero, so we could say for a 1-D case that £=0, which gives us
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2 D .
a,(cj’—O)—kc(l+4ﬂ F{ j

]

(5 =0)=a, +167"D¢* =kf(l+4erD£§2)+l6z‘D§‘

s

5

k((l +4r’ BD—gzj
Eq. 3.24

y=k|1-
2 D 2 4 4
kc[1+4zr H;’ )+l67r D¢

s

The polishing pressure is a linear function of the surface error, scaled by y. For
example, if we assume that the thin plate is aluminum and the polishing surface is
composed of pads (as opposed to pitch), we can define all of the variables except the
spatial frequency.

As shown in Appendix C, for aluminum plates with polishing pads, we have D =
(950000 PSIy*t*, D, = (3700000 PSI)*t, k. = 4900 Ib/in.

Looking at Figure 3.6, it seems to make some sense. At a given spatial frequency,
let’s say 1 in™', as the plate gets thicker, there is more polishing pressure since it takes
more force to bend the plate by a given amount. Also, as the plate thickness increases a
given frequency is more likely to be compression dominated, since it cannot bend at such
a large spatial frequency. If the period of the error is on the order of the thickness of the

plate, it cannot be bending dominated.
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. Polishing Pressure Scaling Factor vs. Spatial Frequency and Plate Thickness
10 S —rrer S —— — —rrrr

10°

Polishing Pressure Scaling Factor (PSVin) 'Y

ForAluminum Piate with Polishing Pads

‘0"2 j. sad 1 I " 1 " sl

10° 10 10 T 10’ 10 10
Spatial Frequency (14n) é

Figure 3.6 Polishing pressure scaling factor, on a logarithmic scale, as a function of
spatial frequency for aluminum plates with polishing pads for several plate thicknesses.

Perhaps an easier way to visualize the polishing pressure scaling factor is:

vk (l-a')=k (az—a,J=k [a,+l67t‘D¢"—a,]=k[ 16z*Dé&? J
c < a, c ¢

A a, +16x*DE? a, +16x*DE?
(
1 1 1
}' = k‘_ = =
al 2 D 2 4k 22 2
\16”4D§‘ kc[l+47r "D_Sf ) l kc . t‘” Dlg +l‘
l6kz'De* k. 16kx‘DE*  16k.m'DE k.
= l Eq. 3.25
=T 1 ] a4

+ +—
167*DEY 4x*DE? &k,
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Upon first seeing Eq. 3.25, it may appear that there is a phase reversal for the
shear component, however, upon further reflection, we can see that the function is
entirely in phase. To determine the phase of a function, you look at the four-quadrant
inverse tangent of the imaginary part divided by the real part. Our equation is entirely
real and moreover, entirely positive since D, D; and K. are all real positive constants and
& is a positive real coordinate. Therefore, the imaginary part is zero, and that leaves only
two possible values for the phase: 0° or 180°, on the plus and minus real axis,
respectively. How do you tell if it is 0° or 180°? If the amplitude of the transfer function
is positive, it is 0° and if it is negative, the phase is 180°. OQur function cannot possibly
take on negative values, therefore it is never out of phase.

To determine the relationship between the second and fourth power terms, let’s
see when they are equal.

1 1 D

If =————,then 47°D¢* =D, and &7 = —
167Dz~ axipge hen 4w Dt =D, and &7 = np
I |[D, .
When [§ =; D then the flexural deformation equals the transverse shear

deformation. In the case of aluminum, we have & = 1 3700000: - 1.97 =g3—1.
27 Y950000t° 2m

For example, if t=0.1 inches, then the spatial frequency where flexural and transverse
shear deformations are equal occurs at 3.1 in™'.

More generally, we can show that
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1 [sa=v) 1 [6=v)i+v)
2m\ (+v) 2m (t+v)

'3 = 6(1-v) Eq. 3.26
27t

Eq. 3.26 gives us the frequency where the flexural and transverse shear
deformations are equal. Note that the modulus of elasticity is not a factor in this
equation, since it cancels out between the flexural rigidity and transverse shear stiffness.

The only parameters are Poisson’s ratio and the plate thickness.

Spatial Frequency Where Flexural and Transverse Shear Deformations are Equal

15 T T T T T T T
14 A\ d
“'.
\
121 b
)
- \
c ‘ .
= w0k For Aluminum Plates 4
»
o
: \
3
o 8k -
2
1’
=
]
a 6 -
[
~
a4 \\ .
—
2k T .
‘\_
0 1 - i 1 N 4. 1 4 1
002 004 006 008 01 012 014 616 018 02 022

Plate Thickness (Inches)

Figure 3.7 The spatial frequency at which the flexural and transverse shear deformations
are equal, for aluminum plates, as a function of plate thickness.
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The point at which the compressive stiffness of the polishing pads (or pitch) has
an equal polishing pressure as the thin plate is a little more complicated to determine.
Figures 3.6 and 3.8 shows a realistic situation where the shear stiffness is not observed in
the polishing pressure scaling factor. By allowing the plate to be more flexible and the
polishing pads to become very stiff, we can see the break-point between flexural rigidity
and shear stiffness as seen in Figure 3.7. Figure 3.9 shows this situation, where we can
see two separate slopes, corresponding to flexural rigidity (lower frequencies) and shear
stiffness (higher frequencies).

We can calculate the point at which the compressive stiffness dominates by

setting the term for compression equal to each of the other terms.

r__ v 1 [k,
k. ar'DZ’ %= 2:\D

Eq. 3.27

. 1 [k
k. 162Dz " 3.4D

c

Obviously, only one of these frequencies can be the breakpoint to compressive
stiffness. Depending upon the specific variables in question, it may be either one. To
determine the actual breakpoint, we calculate both frequencies and use the larger of the
two.

We can further identify which frequency is greater by setting the two frequencies

equal.
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2 2 3
=L kt‘ =L‘ k" L. ktz =£, Dsz =krD or Et = kc —E-t_z
2r\D, 2x\D D; D 2(1+v) 12(1-v7)
2,2 3 _
E% - k Et .= 3Ed-v) Eq.3.28
41+v): 12(1-v Y1+v) k.(1+v)

For plates thicker than this value, the shear stiffness is the dominant factor at the
crossover to compressive stiffness.

Why is this important information? We can think of this scaling function as a
high-pass filter (it is actually a low-pass filter since higher frequencies are preferentially
polished over lower frequencies.) In an analogy to an electronic filter, we can say that it
is a two-stage filter (with two poles.) We can quickly estimate the filter transfer function
with a Bode plot by knowing the pole frequencies.

To construct a Bode plot for this system we would use the following steps:

1. Determine whether the flexural rigidity or shear stiffness dominates at the

crossover (which we will call &) If the plate thickness is greater than

M then the shear stiffness dominates and ¢, =¢, = l .lf;. ,
kt.(l +v) 2r Ds
otherwise we use &, =&, = Lk
275 T oD
2. We draw a straight horizontal line at y=k. from an infinite frequency (§=<)

to &, on a log-log scale.
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3. Ifweused &, =¢, = ZL ’% , then we draw a straight line from (&, k) to
” s

& = —‘“‘z(l—v) with a slope of two decades per decade (slope = 100 PSI).
Tt

4. We then draw a straight line from &, towards £=0 with a slope of four

decades per decade (slope = 10000 PSI). If we used &, =¢, =2L4 g‘ ,
nv

then there are only two line segments in our Bode plot, where we draw a
straight line from (&, k:) towards £€=0 with a slope of four decades per
decade.

S. This completes our Bode plot. It is only an approximation. The true curve

lies slightly (3 dB) below the approximation at the corners (poles.)

This procedure will be illustrated by way of two examples, one which has only one
pole and one in which there are two poles.

For the first example, let k.=5000, E=250000, v=0.25 and t=0.1".

We first calculate %11———‘:)2 to be 90”. The plate thickness is not greater than
(1+v
" 1 [k . E? .
90", so we use &, =&, =—4/—=. We calculate this using D = —————=22 in-Ib.
2=\ D 12(1-v7)

This gives us a frequency £=0.62 in™". Since we used the flexural rigidity to define &,

we simply draw a line from (&, k;) down with a slope of 10,000 PSI.
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104 Polishing Pressure Scaling Factor vs. Spatial Frequency
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Figure 3.8 Bode plot approximation of single-pole filter.

For the second example, let k.=5E10, E=250000, v=0.25 and t=0.1".

We first calculate 2?_(1%")1 to be 9 microinches. The plate thickness is greater than 9
. | 4
o 1 [k . .
microinches, so we use ¢, =¢ = > D‘ . We calculate this using
T

s

_ Et
o2 +v)

=10000 Ib/in. This gives us a frequency £;=360 in"'. Since we used the

shear stiffness to define &, we need to determine the second pole, where

£ =-—‘“‘2(1—V)=3.4 in". We then draw three line segments from infinity to (&, k) and
zt
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then from (&;, k¢) to &, with a slope of two decades per decade and then from &, towards

&=0 with a slope of four decades per decade.

Polishing Pressure Scaling Factor vs. Spatial Frequency
T T
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Figure 3.9 Bode plot approximation of double-pole filter.

Continuing the analogy of the thin plate as a filter, with a transfer function which
acts upon the amplitude of the spatial frequencies presented to the input of the filter, we
can see that since polishing is a slowly evolving process, requiring many strokes over the
surface to remove the desired material, we can treat the system as a feedback loop. This
is a negative feedback loop which is in phase and stable. By creating a loop in a
computer program which feeds the output back into the input again, we can simulate the

process of polishing surface features. I wrote such a simulation in Matlab™, making use






