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ABSTRACT

Manufacturers of optical glass strive to make a product that is homogeneous, isotropic,
and free of any bubbles or mechanical strain. Glass used in forming images is very
good, but the process of mixing the constituent materials, and melting them into
a glass is limited. The index of refraction varies based on the lack of uniformity
remaining after the manufacturing process. Transmitted wavefronts will have errors
due to this inhomogeneity.

The most common method currently used to quantify the homogeneity of a glass
sample is to measure in one direction through the glass. Variations along the test axis
are integrated resulting in loss of positional information in this direction. Homogene-
ity is then reported by using the peak-to-valley wavefront error reducing the three
dimensional nature of glass to a single value. Not only have we lost the longitudinal
information, but we have also lost any knowledge of the transverse texture of the
sample.

We present in this research a method for retrieving three dimensional information
about the inhomogeneity of a glass test piece. Computed tomography provides a
well developed methodology for constructing a three dimensional measurement from
two dimensional data. Common interferometric measurements, or projections, taken
at multiple angles has sufficient information to estimate the full three dimensional
structure of the test piece.

Important differences from computed tomography used for medical diagnoses are
explored. Refraction at the interfaces of the sample limits the number of angles
over which projections can be made. The angular distance between projections also

influences the accuracy of the reconstructed object.
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Chapter 1

INTRODUCTION

Homogeneity is the most important requirement for glass intended to form images[1].
Refractive index inhomogeneities are inherent errors remaining from the manufactur-
ing process. Even though a great deal of effort is exerted in making very homogeneous,
isotropic optical glasses, this perfection is never quite achieved|2, 3]. Mixing mechan-
ics is the dominate process for this phenomenon as several materials come together
simultaneously. Component ingredients of a glass will be in particulate form initially
before melting into an amorphous conglomerate. The grains of each material will vary
in size to some degree, and may have a different average particle size than the other
ingredients. The result is a variation of index with position in the final product. A
purely homogeneous piece of glass will allow light to propagate without any change in
direction as it traverses the glass. Small changes in index will bend the light during

its journey through the glass, culminating in degradation of the final image.

1.1 Manufacturing Errors in Optical Glass

In addition to random phase errors introduced by inhomogeneous glass, other man-
ufacturing errors can be more dramatic. Striae and bubbles cause sharp changes in
the phase as a wavefront encounters them in a glass element where the inhomogeneity
has a much smoother variation in index. Striae is where a part of the glass has a local
difference in index compared to the surrounding glass [4]. A small string of internal
glass may have a different index, or it may be a layer of the glass that has a different

index. Methods for measuring and quantifying the errors will be presented.
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1.2 Power Spectral Density Applied to Index Variations

The Power Spectral Density (PSD) can provide information on the spatial fluctuations
in the measured quantity. Taking the PSD of a phase map can give the size of
the variations that are the source for errors present in the glass. This has been
applied to the measure of the surface roughness and figure for optical glass and other
materials [5, 6, 7]. The mid-spatial frequencies, in which glass usually falls for surface
quality, is very well suited to PSD measurements [8]. This frequency range falls

between the regions normally measured by figure errors and surface roughness [9)].

1.2.1 Analysis

We want to characterize an entire random process by its spectral distribution. In-
homogeneity is treated as a random variation of refractive index with position. We
will outline the steps to obtain the PSD in terms of averages over the entire random

process [10]. We begin by showing one definition of the Fourier Transform:

U) = / " uz)e™ dg, (1.1)

—00

where z is our distance variable. Spatial frequency is represented by v, and we
see that the area under |U(v)|? is equal to the total energy in u(x). This is expressed

in the form:

/_oo lu(z)|? dz = /_oo U2 dv (1.2)

o0 o0

so that the energy can be written:

E(v) = U@ (1.3)

and has the units of energy per unit frequency with £(v)? being the energy spectral

density (ESD). If the function of interest is not Fourier transformable, but has finite
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average power, then we can truncate the function to a finite period in space. If the

ESD is then normalized in space, the normalized energy spectrum becomes:

Gy(v) = (1.4)

and has the units of power per unit frequency. The power spectral density is then

realized as the normalized energy spectrum tends to the limit of an infinite distance

period,
Gx(v) = xi)rrolo ‘ij(—;{/ﬂ?— (1.5)
In practice,
G(v) = R{U@W)} +S{UW)}? (1.6)

where this is just the modulus squared of the complex fourier transform. The
PSD is then straightforward to calculate using any computer method.

Once a reconstruction of the test sample is calculated, we can take a closer look
at subsections within the full volume. Smaller volumes within the larger data set can
be compared to find the best portion of a sample. Using the PSD on smaller sections
of the glass would differentiate the best suited section of the glass sample to be used

for the application.

1.2.2 Image Degradation

Once many inhomogeneity measurements have been taken of a single glass (e.g. BK7,
ULE, etc.), a PSD model can be made that represents a typical sample from that
glass. Such a model can then be used to determine the necessary tolerances on an
element of the modelled glass being used in an imaging system. The advantage is
that the inhomogeneity is now built into our tolerances during the design process,

instead of being a surprise after the system is built.
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A specific band of frequencies may be much worse for an imaging system than
other spatial frequencies, and efforts to improve quality could be focused in that
area. Correlating spatial frequencies of error in the glass to the effect at different

wavelengths will provide additional information as well.

1.3 Applications

Inhomogeneity in glass can cause a significant error in any application where light
must traverse several centimeters of glass. Even though the surfaces may have figures
better than %, the internal inhomogeneity can still cause several waves of error if
the glass contributes an erratic phase distribution to the wavefront. Some specific

examples are discussed where this effect is known to be a problem.

1.3.1 Telescope Correctors

A telescope will often be refitted for duties that it wasn’t designed for during initial
construction. Often, this is a very cost effective way to do new science, and is a
great way to take advantage of an existing installation. An example of this may be
to convert a Cassegrain system for duty at prime focus. Larger fields can be viewed
this way for sky survey work. Aberrations corrected by the secondary now have to
be handled by a lens assembly which for a 90inch telescope would require 60 cm
diameter lenses each of which may be several inches thick.

While the thickness can introduce variations along the transmitted direction, the
lateral dimension is also a problem. A transmissive optic as large at 60 cm may have
very different index profiles at different locations in the field of view. Thus, different
parts of the object may be presented with refractive index that varies with position.

Resulting wavefronts can contain up to several waves of error across the field of view.
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1.3.2 Lithography

Lithography systems today work at very short visible wavelengths [11] pushing below
100 nm. Few glasses transmit well in this part of the spectrum leading to lens systems
with only one or two glasses being used. Over a finite bandwidth, this requires much
more glass to correct for dispersion and still achieve the desired optical performance.
The amount of glass used in lithography systems can be large, often being measured

in feet of glass that the light must propagate through.

1.3.3 Prism Spectrometers

Prism based spectrometers use a large glass prism as the dispersing element in the
system. Once again, the large thickness of glass can cause unexpected errors due to
inhomogeneity alone. Accurately testing the glass to be used could avoid wasting a

very costly and possibly lengthy polishing process.

1.4 Measurement limitations

Currently, interferometry is used to analyze the refractive index variations in which
measurements are integrated along the test beam. Any changes along the optical
axis are averaged along the length of the glass piece. It is common to use index
matching fluid and polished windows of known surface figure to reduce the error
during refraction of the test beam into the sample. Inhomogeneity is then specified
using a single number - the peak to valley change found within the glass sample. Not
only have we lost the longitudinal information, data about the texture of the two
transverse axes is also gone. An inclusion, or defect, may have a small volume, but
will be shown to extend the length of the sample along the test axis. The magnitude
of the index change caused by the inclusion has been averaged with the other values

along the test axis.
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A series of interferograms is taken along this direction such that the surface errors
of the sample can be subtracted from the measurement. Windows of known surface
quality are used with index matching fluid so that the only unknown contributor to the
wavefront variation is the change of refractive index as a function of position within
the sample. Homogeneity is then reported by using the peak-to-valley wavefront
error reducing the three dimensional nature of glass to a single value. We want to
measure the homogeneity, but retain information along the test axis, building up a
three dimensional profile of the sample.

Having three dimensional information on the refractive index is the first step in
compensating for imaging errors contributed by the inhomogeneity of the glass. A
glass block could be tested before being made into a lens to ensure that no section
has a large index variation. The measured inhomogeneity can be used to determine
a boundary for the best quality image that can be made. The power spectral density
(PSD) will provide the spatial scale at which those errors will be introduced into the
imaging system. If a large sample population is available, a statistical model of these

errors could be mapped for a particular type of glass.

1.5 Improved method

Computed tomography is a technique that uses multiple measurements to provide
three dimensional information on the test sample, solving the problem of integration
along the test axis. The same interferometric data, that currently integrates one di-
mension, will be used to gather the necessary projections for a glass sample. However,
many more measurements are to be taken as the glass is rotated. The set of optical
path data will be used to build a three dimensional array that corresponds to the
refractive index at any point in the bulk sample of glass.

This is significantly different than computed tomography as applied in the medical

industry and comparison is given in Table 1.1. Important differences arise when the
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TABLE 1.1. Comparison of select medical and refractive variables.

| l Medical | Refractive Index |
Limited Angle | Imaged Through 180° 60° or less
Angular Step ~ 0.33° 1.00° or more
MTF-Filtering Associated PSF Flat Response Required
Ray Bending Negligible Refraction at Interface

methodology is applied using visible wavelengths with a refracting object. Medical
scanners take evenly spaced measurements while rotating about the patient. Trans-
missivity for x-ray wavelengths is then measured. For a refracting sample such as
glass, only a few angles can be measured before the geometry limits the angular ex-
tent of the measurement. The result is large blank spaces in the measurements needed

to reconstruct the object.
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Chapter 2

COMPUTED TOMOGRAPHY

Tomographic techniques provide a methodology to rebuild three dimensional infor-
mation using two dimensional projections. This information is lost when taking a
single measurement, but can be restored such that the magnitude and location of
index changes within the sample can be determined. Here we outline the idea behind
computed tomography and give several methodologies. Detailed procedures are given

on the specific approaches used and the motivation behind them.

2.1 Basic Reconstruction Theory

Tomography techniques involve reconstructing a picture of the object by measuring
the transmission of the object. Data are taken with the sample rotated through
many different angles. The rotation angle is recorded for each measurement, and
will identify the angle at which that measurement was taken. The most common
method today is known as Computed Tomography (CT). More accurately, it is called
computed trans-axial tomography. In medical imaging where people are the objects
of importance, the source is commonly x-rays or gamma rays. Similar methods are
used for emission tomography [12]. The reconstructed plane is parallel to the beam
of rays, and three dimensional images are made one slice at a time [13].

The first implementation of tomography was a longitudinal reconstruction. This
analog method is most commonly referred to as classical tomography [14], and is still
in use today. Related approaches such as tomosynthesis [15, 16], and Ectomogra-
phy [17] will not be discussed here.

In its simplest form, line integrals are taken for all straight lines through the region

of measurement [18, 19, 20, 21]. At first glance, one would think that just taking the
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perpendicular projections would be sufficient, but that is not the case. Figure 2.1
shows the ambiguity when just the orthogonal projections are used [12]. Medical
applications of tomography measure the density of an object based on absorption

information while we want to measure small changes in the optical path [22].

- <
N ~
N N N

Pt Pt 1~ Tt

FIGURE 2.1. Three different objects can appear the same if only two projections are
used. Additional information is needed (i.e. more projections) to uniquely reconstruct
the object. Notice that the diagonal projections are different.

In practice each line integral is over a finite area. Each line becomes a strip that
has a finite width. Instead of having a line of infinitesimally small points, we have a
strip made up of pixels with a length and width larger than zero [23]. Two problems
are now intertwined. The infinite number of intensity points along the line are lumped
together in discreet buckets, and there is a local blurring caused by the width of the
strip. Compensation for the local blurring has been referred to as restoration while
building an image from projections is called reconstruction. For purposes presented

here, restoration will be ignored as we focus on techniques for reconstruction.

2.2 Advanced Methods

In the early 1970’s Hounsfield [21] demonstrated a practical application of computed
tomography techniques. This spurred work on specific algorithms, many of which

dealt with a particular geometry for making the projections. Differences between the
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early algorithms is subtle as even small gains in computing time were very important.

The projection array, or sinogram, is a very good diagnostic tool. It visually
can clarify if projections are oriented and organized correctly. Fourier transforms,
filtering, and other operations can be done at this step in the algorithm. Importance

is then placed on the accuracy and validity of the projection array.

2.2.1 Filtered Backprojection

We start by defining the process of backprojection. It is just the reverse of the
projection operation [24]. The one dimensional projection is smeared across the re-
construction array such that the projection is copied along one dimension within the
two dimensional array as illustrated in Figure 2.2. If a small number of projections are
available, it is advantageous to smear a single projection across several angles. Trial
and error is necessary to determine the most effective angular spread. The recovered
original object is less blurry if each one dimensional transform is filtered before the
backprojection [25]. The simplest inverse filter will be discussed further in the next

section.

2.2.2 Summation Image

A summation image is formed if we have multiple projections that have been backpro-
jected onto the reconstruction array. Figure 2.3 demonstrates three projections taken
for a simple object. To backproject we uniformly smear the projection across the
reconstruction plane corresponding to the original angle used to make the projection.
Figure 2.4 shows how the backprojections overlap more completely at the center of
the array. When the values are added at each location to form a new reconstruction,
a summation image is formed. Often these operations are lumped together in the
term backprojecting.

Concentration at the center causes a spike to form that is inversely proportional
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j i X~ projection

FIGURE 2.2. Single projection being backprojected.

in magnitude to the distance from the center of the array. Filtering the summation
compensates for the large central spike. The most common filter is to divide by %,
or simply multipy by p in frequency space. For this method of filtered backprojection,
where p is the distance from the center to any point in our reconstruction array. We
can think of the summation image as having a point spread function (psf) of  with
a Fourier transform equal to %. To properly compensate in the frequency domain we
multiply by p as mention above. Our frequency response is then flat so that we have
uniform reconstruction with respect to spatial frequency.

Filtered backprojection, is often referred to as rho-filtered layergram reconstruc-
tion [26, 27]. Note that the filtering step can be done before or after the backpro-
jection. We choose to follow Barrett here in keeping the concept of summation and

filtering of the backprojections separate [12].
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FIGURE 2.3. Phantom object shown with three projections.
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FIGURE 2.4. Image formed by summing the backprojections to form a reconstruction.
2.2.3 Direct Inversion

Direct Inversion simply inverts the projection matrix directly. Starting with a pro-

jection matrix, p;, where

bi = Zwijfj (2.1)

and we want to solve for the solutions f;. Rows are indexed by 7, and the colums

of the projection matrix are indexed using j. Inverting the matrix w;; as shown below
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J

fi = Z(w_l)ijpi (2.2)

j=1

will provide a solution. Noise or errors in the data may keep this method from
having a solution. It is also likely that w;; may have a prohibitively large number
of elements. Often, 75 in which case the inverse of the matrix does not exist. A
psuedo-inverse, or singular value decomposition, however, may exist [28]. Iterative

methods described next provide a solution without actually inverting the matrix.

2.2.4 Tterative Methods

Iterative methods are an alternative to the more analytic approach previously men-
tioned. Some metric is used as a measure of how close the current reconstruction

iteration is to the original object. A weighted least-squares method is shown here [29]:

>k (S FE X5 — Do 2
X2(X) — k ( J 012 J ) (23)
km

= (X-MX)-2(v-X) (2.4)

where X is the intensity matrix that we are trying to reconstruct. The parameter
Prm is the projection taken at the rotation angle m = 6, and array location k; ok,
is the uncertainty in the measurement of pgn; X, is the intensity at pixel location
i,J to be reconstructed; and FZ;"‘ represents the model used to describe the inten-
sity distribution across each pixel and also contains any attenuation compensation.
Equation 2.4 is shown rewritten in matrix form.

Once the problem has been properly defined, the task is narrowed to finding an
efficient method of calculation [30]. Often, a few iterations are run to improve noise,
but rarely to convergence. The nature of the problem determines the best approach,

but these issues will not be discussed here.
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Algebraic Reconstruction Techniques (ART) treat each projection as an equation
in a set of simultaneous equations [31, 32]. The unknowns are represented by each of
the pixels in the projection. The number of equations is almost always different than
the number of unknowns, but iterative techniques have been developed to overcome
this difficulty in solving the equations [33]. In this case, a set of equations can be

written as follows:

Amngn — pm (2.5)

A set of z values are then found:

oF = 2F 4 Ay(b; — AdzR)| A (2.6)

where the value of A is the relaxation coefficient, generally between 0 and 2, and
controls how fast the routine converges. The projection being acted upon is indexed
by . When A is very small we have a method equivalent to a conventional least
squares approach, which can also be applied to the image after the reconstruction to

increase detail [34].
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Chapter 3

APPLIED CT FOR MEASURING BULK INDEX VARIATION

3.1 Fourier Synthesis Simulations

Shift invariance has given the Fourier Transform a dominant role in the reconstruc-
tion of an image from projection data [35]. Successive images can be registered by
removing any shift, in the test beam, caused by the hardware. We will describe the
two dimensional procedure for ease of understanding. To expand to three dimensions
only requires taking several two dimensional measurements at once. The measure-
ments are just stacked one on top of the other to build up the third dimension of our
projection array. Of course, this implies that the layers are far enough apart that
they don’t interact with each other. In cases where the layers interact, a full three
dimensional approach must be taken [36, 37, 38]. This is a large field of study, and
will not be detailed here. Three dimensional reconstructions for purposes here will

be made from a series of two dimensional reconstructions.

3.1.1 Two Dimensional CT

The test beam, from a collimated source, goes through a plane, or slice, of the sample.
The irradiance detected exiting the sample is one projection as shown in Figure 3.1.
We then build up an array of projections, each at a different angle as shown in
Figure 3.2. Each row in the matrix corresponds to a specific projection angle. The
length of the columns is dependent on the number of projections taken, and the
resolution in angle.
Each projection is an integration through the test piece. This can be represented

by Equation 3.1 as a summation through the sample where ¢ is the angle rotated in
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FiGURE 3.1. Geometry for making a single measurement, or projection. The inte-
gration along the projection axis is perpendicular to the rotation axis.

z, and y:

p(z,¢) = /Oo g(z,y,¢) dy. (3.1)

—00

Each projection in our array will correspond to a specific angle of rotation, and
is placed into an array where the row index relates to the rotation angle, and the
column index is the spatial location within the projection. We then perform a one

dimensional Fourier transform row by row as shown in Equation 3.2:

H@wz[lﬁgu@@amwmewﬂmmwy (3.2)

All Fourier transforms discussed are based on the following formula:

F@mr=[ffumm*M&M%m. (3.3)

A new two dimensional array is built by taking each row of our transformed array,
and placing it at the proper angle in a blank array. The row is placed at the equivalent
angle as recorded during the measurement. Each row is placed on top of the previous
row, but at its own corresponding angle illustrated in Figure 3.3. Overlapping cells

are replaced with the most recently placed projection.
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FIGURE 3.2. Rotation of sample between projections as needed for computed tomog-
raphy. After each projection, the sample is rotated by a preset angle.

This new array, G(&,7), is a sampled version of the two dimensional Fourier trans-
form of our object, but some data points are zero since we don’t have samples at an
infinite number of angles.

We can illustrate the validity of taking the one dimensional transform of the
projections, and using them to build a two dimensional array that will be inverse

transformed. Start with the expanded form of G(&,7):

Gle,n) = / / oz, y)e 2T drdy. (3.4)

The substitution, £ = pcos¢ and 7 = psing , can be made to get Equation 3.5

G(pcose, psing) = / / g(z, y)e2rilorcosttpysing) oy (3.5)
—00 J —00

Setting ¢ = 0 in Equation 3.2 and Equation 3.5, we can see the similarity:

PEO) = [ glaye e (3.6)
G(p,0) = / " gle,y)e TN dg (3.7)
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FIGURE 3.3. At left is a projection array made from individual measurements. At
right is the resulting Fourier array after transforming each row of the projection
array, and placing it into a blank array based on their corresponding angle. All blank
locations will be filled in with the nearest non-zero value.

In fact they are equivalent operations. In Equation 3.6 the sample is rotated, and
in Equation 3.7 the linear array has been rotated an equal but opposite angle before

being placed into the two dimensional Fourier array.

3.1.2 Filling the reconstruction array

Sections of the two dimensional Fourier array will have blank values. We must fill in
the rest of these points in the array, or they will adversely bias the inverse transform
for the reconstruction. Methods to compensate for zero values will be discussed later
in this chapter.

A simple way to fill blank values is to step through the Fourier array. Every time
a blank is found, just fill it with the value to the left in the same row. This works,
but causes a noisy reconstruction. A slight improvement is to find the nearest value
in the same row. Better to find the absolute closest non-zero value, such as with a
nearest neighbor sampling, regardless of its direction from the blank location.

Both steps can be done at once using a true nearest neighbor approach working

from the Fourier array back to the projection information. Step through each location
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in the Fourier array, calculate the distance from the center, p, and the associated
angle, ¢. Find the nearest ¢ value in the projection array, then find the £ value of
that projection closest to p, and place that value in the Fourier Array. Keep in mind
that here, p can be negative. This stems from the fact that only rotation through 180°
is used to completely fill the two dimensional transform space. Only stepping through
half of the 2D array is necessary. Since we have a projection value for this point, and
its complimentary point directly across the center, why not fill both points now. So
for every point we step through, we fill it, and its complimentary point resulting in
G(&,n) as in Figure 3.4. Perform the 2D inverse Fourier Transform on the final array

to reconstruct the object.

Fourier Array G(&, n)

= =
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FIGURE 3.4. The Fourier array resulting when a nearest neighbor approach is used
to fill each location.

The two methods differ in the direction that you fill the Fourier array. The first
works from the projection array. Each projection is placed, adding the values that
overlap, p filtering, then inverse transforming. We choose to work in the opposite
direction by starting at the blank Fourier array. We then find the best value from the

projections for each location. Then inverse transform to get the reconstructed object.
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3.1.3 Filtered reconstruction

When the next projection in sequence is written to the Fourier array, it may overlap
locations that already have non-zero values from a previous projection. The simplest
approach is to overwrite the value each time a new projection overlaps a previously
written location. This works very well, and if coupled with a nearest neighbor method,
is almost the same as our current method. A small improvement in accuracy, and
complexity, adds the values that overlap. As new projections are added into the
Fourier array, the central location becomes a large value. A p filter is used to adjust
the values back to the correct order of magnitude[12, 39]. We simply multiply each

value by its distance from the center.

3.1.4 Linear Interpolation

Our specific method of reconstruction fills the array by interpolating between projec-
tions in the angular coordinate. The two closest projections are found based on the
angle from horizontal of that array location. The two values are then averaged and
weighted by the angular distance from the two projections. We still do a true nearest

neighbor in the radial coordinate.

3.1.5 Gridding

The nature of sampling the object during tomography produces a projection array
that is defined in polar coordinates. Gridding is one way to improve accuracy when
returning from a polar grid to a cartesian array [40], and has the same accuracy
as filtered backprojection. Essentially, a convolution is used to more fully fill the
reconstruction array. The convolution window is often a two dimensional Gaussian
function. The spatial content corresponding to index variations is heavily weighted
at lower frequencies. A density weighting function is used to compensate such that

the spatial frequency response is flat.



33

3.1.6 Limited Angle

Our biggest problem, and a huge hit on accuracy, occurs when the number of projec-
tions are limited in angular extent. Geometry dictates how many projection angles
are valid for a given refractive media. No convenient geometries are available in glass
to allow all angles.

In medical tomography there are no refractive properties of the subject to compli-
cate the measurement. Time limitations may force a limited angle problem, or a dose
limitation constraint. The heart, or other moving objects, will limit the amount of
time available for making projections [41]. Even if the geometry allows any angular
position, the time over which those projections must be made again introduces this
€error.

Using visible light, and a sample that is not circularly symmetric, will not allow
360° of rotation. A subset of measurements must be used as shown in Figure 3.5 for
our square geometry. This is known as the limited angle problem, and can reduce the
amount of information available to make an accurate reconstruction. The decrease
in information that directly transfers to the Fourier array is not as disastrous for our
object geometry as one might assume[42]. Many other sample types don’t give good
results with this error. An example of how the reconstruction degrades is shown in
Figure 3.6.

Extrapolating into the missing projection area can improve the reconstruction
if done intelligently. Using a priori information can be beneficial and is one ap-
proach [43, 44, 45]. An assumption is made that the index will vary slowly over the
sample. Such foreknowledge aids us in choosing the best algorithm. Much of this
work falls under the topic of superresolution [46], or analytic continuation.

Fourier transform iterative methods can improve the reconstruction as well. If
feedback is provided on the finite extent of the object, the projections can be im-

proved [47], and the noise in the reconstruction reduced. This is one method of
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Rotation Angle
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FIGURE 3.5. A sample with a limited range of angles available over which a projection
can be made. The cones represent angles over which we can make measurements.

FIGURE 3.6. Degradation when limiting the measurement angle. From left to right
we have a total view angle of 180°, 120°, 60°, 20°.

regaining a portion of the large amount of information lost from the limited number

of projections.

3.1.7 Region of Interest

When the available measurement aperture is smaller than the extent of the sample,
only a portion of the sample can be measured[48, 49] for each projection. The test
setup can often be changed to avoid this problem, but in the spirit of using instru-
mentation that is at hand, we would expect to see region of interest errors. Figure 3.7
shows how a reconstruction can degrade. A small feature in the sample can rotate

into the measurement beam, and back out of it so that only a fraction of the projec-
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tions have measured the feature in question. This can be compounded further as a

limited angle is probably required if a region of interest problem is present.

FIGURE 3.7. Effect of limiting the measurement aperture. The left is a full recon-
struction while the right image has a region of interest imposed on the measurement.

We can also benefit from this phenomenon. If we limit the extent of our mea-
surement beam, a larger range of angles can be measured. A small center region can
be reconstructed more accurately at the expense of information closer to the object’s
boundaries. Figure 3.8 shows how the maximum angle of rotation increases as the

test beam decreases in size.

Rotation Angle
' TN
0
7 Yz

FIGURE 3.8. Increase in angular projections available when a smaller test beam is
used. A large beam on the left allows fewer rotation angles where the smaller beam
on the right permits a larger maximum angle.

If we consider a sample of size, s, and a test beam with radius, r, we can calculate
the maximum projection angle. Equation 3.8 gives a simple relation to find the beam

radius for a given projection angle.
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r= ; * (1 — tan(f)) * cos(0) (3.8)

At 45° we lose exactly half of the beam. To get any useful data from a larger angle
would require multi-sided detection. Some potential ways of increasing the angle will

be discussed under Future Work.

3.1.8 Object Contrast

Applications where the density is measured require only that the aperture in question
be bigger than the sample. Using an interferometer such as a laser fizeau that is double
pass can introduce unwanted information in the measurement. When the aperture
is bigger than the sample, the portion of the beam that doesn’t intersect the sample
is reflected by the reference flat and becomes part of the measurement. The optical
path contributed by the flat must be removed from the measurement.

Simulations so far have used a background of zero, and an internal feature having
a magnitude equal to one. Object contrast is then equal to one, and we get the
reconstruction as before. If we change the contrast of the object to %, or %, then the
feature of interest starts to fade into the background of the reconstruction as shown
in Figure 3.9. This decrease in contrast of the reconstruction is much closer to the
internal structure of our object type. The measured refractive index will result from
the reconstruction of our sample.

Revised algorithms have eliminated this problem, and are given in Appendix A.
Padding the input by increasing each dimension to three times the original size, and
adding linear interpolation eliminates the artifacts shown in Figure 3.9 down to a

1
contrast of below o6
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FIGURE 3.9. Our reconstruction for an object contrast equal to one is on the left. In

the center we see the effect of decreasing the object contrast to 1, and on the right

29
of decreasing to % No noise has been added to the object.

3.1.9 Effect of sharp change in values

If values in the Fourier Array vary by a large amount pixel to pixel, this approach still
leaves a step between the two projections used. Artifacts result that are a function
of the high spatial frequencies created by the sharp transition. The magnitude of
such artifacts presents a problem if they are larger in magnitude than the spatial
frequencies of interest.

As mentioned before, large changes in index over a small distance will not be
discussed here. Such a problem does arise in practice as in the case of measuring the

index profile of a fiber optic [50, 51, 52], or capillary tube [53].

3.2 Circular Harmonic Decomposition

By decomposing the object circularly, we can provide much better correction of the
limited angle problem. In Fourier space the lack of a small range of angles shows up as
a blank wedge. Using a nearest neighbor routine in Cartesian coordinates to fill in the
missing area fills the blank spaces, but leaves a sharp transition where the values of
two adjacent projections meet. Some interpolation methods reduce the effect of sharp
transitions, but introduce distortions if based on a Cartesian coordinate system. Since
the missing projections are based on the angular coordinate in the Fourier domain,

it makes sense to use a method that is based on the rotational nature of the missing
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data. A method of circular decomposition and filtering will be presented next.

3.2.1 Filling Zero Projections

Blank projections can occur in the data in very different ways. The limited angle
problem, as described before, can show up as a set of opposing wedges in the recon-
struction array. For large areas, it will introduce large errors to interpolate or select
values from adjacent projections. We would only expect to reach a few angles into the
blank space before the values became unrelated to the data. This would decrease the
sharp transition that could introduce high spatial frequency artifacts into the recon-
struction by making a smooth shift to the empty space. This can be accomplished by
extrapolation, or using a Fourier technique to smooth the data into the blank areas.
Smoothing methods will be discussed in more detail later.

Zero projections can also occur by having the available projections separated by
a large angle. A projection array built up from 180° range of projections may have
zeros at every other angle. This could be an experimental constraint, or an intentional
decrease in data to lower the time needed for analysis.

To simplify the model, we treat the glass as if no gradients in index are present
such that the index is slowly varying compared to our sampling frequency. The slowly
varying object is mapped to a rectilinear projection array. We then gain an advantage
when we start our polar reconstruction routine. At the center of the new array, the
missing projection values cease to be a problem. Depending on the sparseness of
the projection array, within a known radius the array values are not blank, and the
missing angle problem disappears for these low spatial frequencies.

For values of p, in our reconstruction array, that are not angularly oversampled,
linear interpolation along the theta coordinate can help. Instead of choosing the
closest value out of the projection array, pick the two closest values in 6. To find the

correct value to place in the two dimensional Fourier array, do a linear interpolation
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weighted by the distance between the two valid points.

Three dimensional reconstruction from an incomplete data set can be overcome [41].
Using available prior information, and iterative techniques, a reasonable reconstruc-
tion can be created. In a method like this, two dimensional data is used to build the

three dimensional reconstruction.

3.2.2 Projection Smoothing

Each projection is written into an array by labelling the row according to the rota-
tion angle. Such an arrangement is exactly the starting point to calculate the circular
harmonics. Before the reconstruction starts, we take the one dimensional Fourier
transform in the é coordinate. Simply calculate the transform along the columns
instead of the rows. The Fast Fourier Transform (FFT) built into the IDL! program-
ming environment is the specific tool used for these operations.

The Fourier Series is one method to fill in areas left blank in experimental data [54,
55]. In general the Fourier Series of the projection would be approximated by Equa-

tion 3.9 and Equation 3.10 [56]:

9(r,0) = > gm(r)e™ (3.9)
M=-00
where the coefficients are given:
1 2 .
9m g(r,0)e™™ d6. (3.10)

=5 i

The center columns of the transformed projection array represent the lower fre-
quencies, and are sampled more than the outer columns as a result of rotating the
glass sample about its center. The smoothing can be done by either a Gaussian filter,

or by any method that decreases the contribution from high spatial frequencies. Just

'Research Systems Inc.
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multiply the transformed columns by an appropriate filter, then inverse transform.
The new projection array is now ready for use in reconstruction.

Figure 3.10 shows one example where the circular harmonics were calculated by
transforming the columns, filtering, then inverse transforming. Here, we replace the
nonzero rows with our original data. An approximation is now in place where blank
projections were previously located. Only high spatial frequencies have been rebuilt
in this example. No improvement was measured in reconstructions of our objects.
The objects are primarily of low spatial frequency content to more closely match the

slow variations typical in glass.
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FIGURE 3.10. The left plot shows blank projections that are replaced by approxima-
tions at right.

3.2.3 Windowing

Filtering can take place at two likely steps in the process of reconstruction. The cir-
cular harmonics can be manipulated as discussed above, or the final two dimensional
array can be filtered before the inverse transform is performed. Filtering the final
array is more effective since the act of reconstruction is also a sampling process. Any
filtering done before, will be compromised by the reconstruction process, and limit

the resulting accuracy.
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Artifacts in the resulting image can be created by sharp gradients as a result of the
missing data. Even with a combination of nearest neighbor and linear interpolation,
the gradients aren’t completely smooth. Applying a Gaussian filter, or Hanning
window [57], rounds off the remaining sharp transitions.

Figure 3.11 shows an example of applying a Hanning window. Pictured is a
two dimensional reconstruction immediately before performing an inverse Fourier
transform. Notice the high frequency contributions in the corners of the array. These
are extrapolated from our projections. This increases the noise in the reconstruction
resulting in high frequency artifacts. As mentioned earlier, our objects are taken to
be smooth and slowly varying. Any high frequency components are not physically

representative in our model.

FIGURE 3.11. The left plot shows the reconstruction without using a windowing
function. The plot at right is multiplied by a Hanning window.
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3.3 Measurement Quality

It is important to have a metric with which to grade the quality of our algorithm.
We strive to quantify how closely the reconstructed image is to the original object.
Implementations of the root mean square (RMS) difference and the cross correlation
are discussed next. Numerical and Fourier methods of calculating the cross correlation

are given.

3.3.1 Root Mean Square

Now we calculate the RMS of the difference between our original object and the
resulting reconstruction. We get a measure of how much noise and other information
is introduced by the reconstruction process. Subtract the two bias-corrected images
by finding the difference after subtracting their respective means. Calculate the RMS
of the resulting array. This should give some measure of how close the reconstruction
is to the original. However, at a large enough limited angle, or sparseness of the
projection angles, the reconstruction gets artificially flattened. The RMS value of the
difference will then asymptotically approach some value. The RMS is calculated in

the following way:

RMS(z) = Z_iv(f?]\[“_f)? (3.11)

Where N is the total number of points used. Figure 3.12 shows the improvement when
the projections are split. For the dual axis case, the projections are split as if they
had been taken through two different sets of parallel faces. We have the same number
of total projections as in the single axis, but they are in two perpendicular sections
instead of one. Angular sampling is better in the case of splitting the projections into
to separate sections.

We can see that more projection angles is better. Using the dual axis method, 60
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degrees total of available angles produces a useful reconstruction. At 40 degrees we

can visually recognize features of the object, but our confidence in the accuracy goes

down. Figure 3.13 shows an object with full angular sampling, and at 60 degrees and

40 degrees. Here the full sampling consist of 360 projections traversing 180 degrees.
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F1GURE 3.12. RMS is given comparing single and dual axis placement of the projec-
tions. The dual axis method increases the accuracy even when the same number of
projections as the single axis are used.

FIGURE 3.13. The original object is shown at left. As we go right, we have images
with limited angles of 60°, 40°, and 20°.

3.3.2 Correlation

The correlation is used to quantify how accurately our reconstruction recreates the

object. Correlation gives a measure of how much information is lost by measuring
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the covariance of our two arrays. This is the ratio of the observed covariance divided
by the highest possible covariance. When the observed covariance is equal to the
largest possible covariance, the correlation will have a value of 1.0, indicating a perfect
match. In the context of imaging, the highest possible covariance is the magnitude of
the autocorrelation which is the normalization factor mentioned above, and discussed
below.

Equation 3.12 shows a numerical method for calculating the cross correlation.
When the correlation is 1.0, our object is perfectly returned. A perfect reconstruction
is never achieved as the pixels have a finite size. If each element in our Fourier Array
was infinitesimally small, and our interpolation was perfect, then an exact replica of
the object would be returned. The jitter from the finite pixel size introduces a small
error. We have to pick a value to put into each array location, and it may not be the
ideal value for that location. Blur is visible in the reconstruction when the nearest
neighbor is used, but with linear interpolation in the angular coordinate the effect

isn’t visible.

Y (i v)
C = d (3.12)
VI @) 2 )2

Equation 3.13 shows the normalized complex cross correlation.

yn(@) = I, f@)h*(z - )de
\/ffooo |f(£17)|2da:\/fi’°Oo \h(z)|2dz

In analytic form, the correlation is a projection, or dot product, in a Hilbert

(3.13)

space. This complex vector space requires that any function, f, be square integrable
and finite [30, 58]. Equation 3.14 defines the requirements for any function on the

real interval [a, b].

b
/ |f(z)Pdz < oc. (3.14)
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If it is required to find the correlation in Fourier space, the calculation is easily
done. The correlation is the product of the transform of the first function and the

complex conjugate of the second function’s transform [59, 60]. The result is Equa-

tion 3.15.

F(§)H"(£)

IS f@)da []%, Ih(e)do

The normalization factor is the same for both calculations. Normalization of the

ru(§) = (3.15)

complex cross correlation is done relative to the maximum value of the unshifted self
correlation, more commonly referred to as the autocorrelation where f(z) = h(z).
Equality of the square integrals, for the special case of the autocorrelation, is given

by Parseval’s theorem shown in Equation 3.16

INEES " \Fo)de (3.16)

-0 -0

Using the Fourier method, we separate out the component of the reconstruction
attributed to noise from the component that represents the input object. The idea
is to calculate the cross correlation of the output with the known input to find the
amount of the object present in the output. A scaled version of the input is the first
component needed in the comparison, and the scale factor is given by the maximum
value of the inversely transformed cross correlation. The second component is the re-
sulting reconstruction. Figure 3.14 shows an example where 540 projections were used
with no limited angle constraint imposed. In this case, only single axis reconstruction
is used. We find the correlation value, then multiply it by the object. The recon-
struction is subtracted, and the result is the error remaining after the reconstruction
has taken place.

Figure 3.15 shows an example where 540 projections were used when 120° limited
angle constraint is imposed resulting in a correlation coefficient of 0.8566. In this

case, only single axis reconstruction is used.
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FIGURE 3.14. At left, the original object is shown as created with a Gaussian filter
width of 40 pixels for a 256 pixel array. The center image is the reconstruction with
a correlation coefficient of 0.9814, and the right image is the difference. Only a very
small component of the reconstruction is error.

FIGURE 3.15. At left, the original object is shown as created with a Gaussian filter
width of 40 pixels for a 256 pixel array. The center image is the reconstruction with
a correlation coefficient of 0.8566, and the right image is the difference. A 120 degree
limited angle constraint has been imposed.

We can see some change in the correlation as the spatial scale of the object changes.
Objects with lower spatial frequency content are less tolerant at severe limited angles,
such as restrictions to less than 20°. Figure 3.16 shows the decrease in reconstruction
accuracy. The lower frequency objects are made by applying a smoothing function of
a specific width in frequency space.

Error bars are present on the object data to give a feel for the variation in the
data. We choose to use the built in standard error calculation used by Excel as shown

in Equation 3.17

Do Qg1 Tig
(ng — 1)(ng)

where 7 and j are the array locations, and n, is the number of elements in the

Standard Error = (3.17)

array.



47

Correlation Comparison at Different
Spatial Scales
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FIcURE 3.16. Correlation change with spatial scale are shown. The object is 256
pixels wide. We can lower the spatial content by filtering with a Gaussian. The width
given is the width of the Fourier space filter.

3.3.3 Number of Projections

We start with a square grid with N? total points, and the physical spacing between
points is Az. The radius of the array can be defined by drawing a line from the
center of the array to the center of one edge. Label the distance as R, and we see

that R = %N Az. An angle, Af can now be defined such that RAf = z. By solving

for Af, and substituting for R, we can show that Af = % To get full projection

coverage by sampling over 180 degrees, we can see the number of angular samples
needed in Equation 3.18.
6 T

T
G~ N N =157 (3.18)

For an array that is 256 by 256, we should have 402 angular samples. The corre-

Np

lation value is then 0.980. If we only use 180 projections we still have a correlation
value that is 0.975. Even going to 540 projections, the correlation value only in-

creases to 0.981, but the total calculation time is markedly increased as shown in
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TABLE 3.1. Calculation time versus the number of projections.

| Number of Projections | Time (sec) | Correlation Value |

540 315.240 0.9814
450 254.065 0.9811
360 197.721 0.9806
180 130.504 0.9748
90 71.845 0.9528
60 96.106 0.9331
30 42.701 0.8528
20 37.594 0.7836

Table 3.1. Figure 3.17 shows the correlation as the number of projections is changed.
One projection per degree results in 180 projections, and we can see that using more
projections only offers a small increase in accuracy. We use 360 projections to ensure
good reconstruction in our analysis. A cutoff of 60 degrees of total projection angle

is reasonable, and provides the minimum information needed for most uses.

Correlation versus Projection Number
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FIGURE 3.17. Correlation as a function of the total number of projections used in
the reconstruction.
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3.3.4 Signal to Noise Ratio

We can use the Signal to Noise Ratio (SNR) to characterize the quality of our recon-
structions as well. A ratio of the standard deviations is used to calculate the SNR.
The signal is the output of our system, or the reconstruction, and is the best estimate
of our original object. To get the noise, we subtract a scaled version of the object
that represents the portion of the output that is correlated to the object from the
output. Equation 3.19 shows the fractional form of the SNR.

SNR = Osignal

Onoise

(3.19)

We expect the SNR. to change as the spatial content of the object changes. Spatial
content of the object is varied by multiplying by a filter in Fourier space whose width
is given in the chart. A filter of width, 6, will smooth the object much more than a
filter of width, 80. Figure 3.18 illustrates the different trends as the object’s spatial

scale is varied.

Signal to Noise Ratio vs. Limited Angle
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FIGURE 3.18. Signal to noise change with spatial scale is shown.

If we expand the region around SNR = 1, we can better see how the signal to

noise varies with the spatial content of the object. Figure 3.19 shows that coarse
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objects are more tolerant to a smaller limited angle. The coarsest object doesn’t drop
below SNR = 1 until 30°. An object with more high frequency information must
have nearly 45° to get the same quality reconstruction. Objects with the highest
frequencies used in our analysis, require a minimum of 60° of projections to reach the

same level of output.

SNR vs. Limited Angle
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FIGURE 3.19. Signal to noise change with spatial scale is shown. A smaller amount
of data is shown to emphasize crossing points for SNR =1

A signal to noise ratio of one was chosen as a breakpoint since the noise is equal to
the signal at that point. The reconstruction below that point has become little better
than a guess, and does not increase our confidence that the object has been recon-
structed. Systems that are limited so as to produce such low quality output should
be modified to increase the information available for analysis. We present the SNR as

an additional metric for quantifying the quality of our tomographic reconstruction.
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Chapter 4

EXPERIMENTAL

In practice, we calculate the wavefront surface and use that as the optical path (phase
difference) through the sample. This is the optical path difference(OPD) of the test
beam through the glass. When we make a measurement, we are finding A¢ in equa-

tion 4.1:

Phase Object = "¢ (4.1)

= ¢tfnds, (4.2)

The difference in phase is calculated from the interferogram using phase shift
interferometry [61]. The phase map becomes one projection in the set of projections
used in the tomographic analysis.

As a method of checking the measurement technique, medical scanners use a sim-
ulated object of varying densities. More accurately, it will have some known variation
in transmission at the operating wavelength in x-rays, and is called a phantom. It is
much more difficult to make a phantom for our use as the geometry of the sample
will affect our measurements due to refraction of the test beam. If we keep the same
geometry, but decrease one dimension of our cube, we can eliminate one degree of
freedom in order to check our method. A good sample is a microscope slide. It should
be possible to reconstruct it as a small portion of the field of view. Another possibility
is to use an opaque object with a complex shape, such as a bulk letter 'C’.

Reconstructions will give some feedback on the surface quality, although not as
accurate as direct interferometry of the surface. Various errors will be discussed later
in Chapter 4, and show that the surface errors alone create deviations smaller than

our pixel size.
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4.1 Sample Geometry

The test setup is a laser Fizeau' used in a double pass transmission configuration as
shown in Figure 4.1. Such a setup is typical for an optics shop, but a single pass
system will be considered in the future. The detector has a maximum resolution of
512 by 480, but we normally use 256 by 240 to keep the time needed for data analysis
manageable. A six inch cross section gets mapped to 256 by 240 pixels. Each pixel

then represents a .59 mm by .625 mm area of measurement.

Interferometer Reference
Sample Flat

¥ N\

FIGURE 4.1. Double pass configuration used for transmission testing of glass samples.

As the sample is rotated, Figure 4.2 shows how large angles from perpendicular
cause TIR at the receding surface and scattering at the approaching surface. Ray
bending isn’t a problem if the surface pair has good parallelism. A displacement will
occur as the ray exits the glass which then shifts it back to its original angle on the
second pass through the sample. The deviation in the output angle is a result of the
homogeneity change we want to measure. The change appears in our interferogram
as a optical path variation.

At large angles, the beam as it goes through the sample will be foreshortened.
This dimension can be scaled to compensate for the smaller volume of the sample

that is measured. The beam size as it hits the detector will be too large, and we can

'WYKO 6000 six inch laser Fizeau interferometer operating at A = 632.8 nm
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Rotated Sample

KTIR

Scatter f z

FIGURE 4.2. Some problems appear for large angles of incidence. At large angles,
total internal reflections occurs for the transmitted rays, while rays missing the front
surface are scattered out of the test system.

scale one axis of the output data to accurately reflect the volume of glass that was

tested.

4.2 Background compensation

Background information can be present in the measurement when rays are returned
into the system, but did not go through the test piece. Here, we define the background
as the portion of the measurement that doesn’t go through the sample at all. This
can be eliminated by taking a null measurement at the start if the setup allows for

it. Subtracting the null from each measurement eliminates the error.

4.3 Multiple axis information

The limited angle problem creates such a huge hit in accuracy that anything we
can do for an improvement pays big dividends. If we look at a cube of glass, the
limited angle shows up by limiting the measurement to a finite number of angles
over which a projection is possible. This pair of parallel surfaces presents a classic
limited angle geometry [43]. We can include additional angles in our reconstruction
by incorporating measurements through the other set of parallel surfaces. Fewer

projections are zero, and the reconstruction increases in accuracy.
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Moving to three dimensions, each set of parallel surfaces can provide two sets
of limited-angle data. For one set of surfaces, we average the two data sets in an
intelligent way. A total of six sets of the original limited angle information is now
available for use in our reconstruction array. By rotating about two different axes,
we double the information acquired about the sample, and reduce the error in the

measurement.

4.4 Demonstration

The experimental setup is shown in Figure 4.3. Some care must be taken to se-
curely mount such a large piece of glass especially when doing the vertical rotations.

Rotation stages that can handle the weight of large samples were used.

FIGURE 4.3. A cube glass sample is shown at left, and a thin glass plate is shown at
right.

Typical interferograms are shown in Figure 4.4. The left image is rotated 15°
clockwise, and the right image is rotated 15° counter-clockwise. At zero rotation,
the incident face of the sample is perpendicular to the aperture test beam from the
interferometer.

Figure 4.5 shows interferograms from transmission through a different pair of faces.
Foreshortening of the sample can be seen where the vertical sides have moved inward

from the left and right of the measurement.
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FIGURE 4.4. Interferogram at left has been rotated 15° clockwise from where the face
is perpendicular to the interferometer. At right, the interferogram has been rotated
15° counter-clockwise.

FIGURE 4.5. Interferogram at left has been rotated 15 clockwise from where the face
is perpendicular to the interferometer. At right, the interferogram has been rotated
14° counter-clockwise.
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4.5 Result Comparison

There are two different ways of comparing images, visual and numerically. The eye
is very sensitive to changes in brightness and contrast. A simple calculation can
often overlook some changes spatially or in gray level. The content of the image will

determine how the reconstruction should be compared to the original object.

4.5.1 Visual

When comparing two images visually, the perceived difference may catch the eye and
overwhelm a more subtle artifact [62]. The idea is to process the reconstructed image
based on the spatial distribution of the gray scales in the original image. A simplified
method of standardizing the two images is to use a selected histogram as a reference.
Equal probability quantization [63] is the common method, but does not factor in the
spatial arrangement of the gray values.

We can also adjust the reconstructed image by making both means zero to remove
any bias. Take the ratio of standard deviations to force the processed image to have
the same magnitude variation as the original. This is one way of scaling the processed
image. Then add the mean of the original back into the processed image. In essence,
the brightness and contrast has now been matched to the original image allowing for

a much better visual comparison.

4.5.2 Numerically

The Root Mean Square (RMS) is often used to fit data, do estimates, and measure
errors. It is a good first analysis on how well two data sets compare [64]. More detailed

analysis information concerning the quantification of errors is given in section 3.3.
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4.5.3 Initial Reconstructions

Preliminary results have severe artifacts present that have a much higher magnitude
than the features of interest. Figure 4.6 shows the lines that seem to overpower the
any other information in the reconstructions. The artifacts have the same shape as
those seen in Figure 3.6 that arise as a result of having a limited angle data set. A
limited data set in Fourier space is two long and thin wedges, and zero at every other
location. The steep transition these wedges create are responsible for the line shape

of the artifacts.

FIGURE 4.6. A slice perpendicular to the rotation axis at its midpoint from the 3D
reconstruction for the cube glass sample is on the left. The slice shown at right is
also perpendicular to the rotation axis a quarter of the way from the top.

4.5.4 Final Reconstructions

Surface maps, as shown in Figure 4.7, are made from interferograms in our double
pass test system. Wavefront tilt is removed from all of the measurements. Tilt along
the vertical axis of our interferograms can result from a small error in the position of
the sample. Current measurements are made by rotating in azimuth, but at present
the elevation isn’t changed. As a result, the vertical direction is parallel to the
reference surface at all times. Small deviations from perfectly parallel will introduce

tilt that we know isn’t contributed by the homogeneity of the glass. The trade-off






