Appendix B: MATHEMATICAL REVIEW

Analysis of physical optics phenomena often involves the use of the Fourier
transform. This section provides a brief summary of some important relation-
ships involving Fourier transforms. In general, the Fourier transform provides a
linear relationship between a function of variables in one domain to an equivalent
function in a second domain. For example, a function of time can be decomposed
in to a collection of sinusoidal frequencies. The sinusoids are basis functions of
the transformation. In optics, a useful mapping is from the spatial domain to the
spatial frequency domain, where the basis functions are complex exponentials
that can be interpreted as plane waves traveling at various angles in space. The
details of these mappings are more fully developed in Chapter 5, but both the
temporal and spatial Fourier mapping operations have the same mathematical
foundation. In this section, basic properties of the Fourier transform and elemen-
tary Fourier transform pairs are meant to serve as a quick reference. A more com-

plete development of Fourier mathematics can be found in various reference

materials. ">

B.1 Definitions:

One-dimensional Fourier transform:

F:lg(0)] = G&) = [gx)e” ™ ax (B.1)

Two-dimensional Fourier transform:

F,F.le(rn 0] = GEM) = [ [glxy)e? ™ Waxdy (B.2)

—o0—00

One-dimensional inverse Fourier transform:

F[GE)] = g(x) = [GE) ™ (B.3)

Two-dimensional inverse Fourier transform:

oo oo

—1 -1 _ _ i2n(Ex +My)
FIF[GEM] = gxy) = [ [GE e dedn (B.4)
1. J. W. Goodman, Introduction to Fourier Optics, 2nd Ed., McGraw-Hill, San Fransisco (1996)
2. R. Bracewell, The Fourier Transform and Its Application, McGraw-Hill, New York (1978)
3. J. Gaskill, Linear Systems, Fourier Transforms. and Optics, John Wiley and Sons, New York (1978)
4. http://mathworld.wolfram.com/FourierTransform.html
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Note that the subscript of the bold capital letter indicates the transform variable.
B.2 Properties of Fourier transforms:
The following are some of the important properties of Fourier trans-

forms. The proofs of these properties can be found in Appendix A of Goodman’s
Introduction to Fourier Optics, 2nd Edition.

B.2.1 Linearity:
Filoag(x) + Bh(x)] = oF[g(x)] +BF[h(x)] (B.5)
B.2.2 Similarity:

If the Fourier transform of g(x, y) is given by F F.[g(x, y)] = G(§,n), then

1
F Fe[g(ax, by)] = |Cl_b_|G(<6§l’ %) (B.6)

B.2.3 Shifting property:
If Fan[g(x’ y)] = G(§7 TI) > then

F,F lg(x—a,y-b)] = G(&n)e ™), (B.7)
B.2.4 Rayleigh’s property (Parseval’s theorem):

If F,Fe[g(x,y)] = G(§,n), then

—o0—o0 —oo—00

[ [leeylaxdy = [ [1G(& )l dgdn. (B.8)

o oo oo oo

The integral on the left-hand side of this theorem can be interpreted as the total
energy contained in the waveform g(x, y), whereas the integral on the right-hand
side signifies the energy in the frequency domain. Thus, Rayleigh’s property
states that the total energy in the spatial domain is equivalent to the total energy
in the frequency domain. In other words, energy is conserved (Parseval’s theo-
rem).

B.2.5 Convolution theorem:

If F,F[g(x,y)] = G(& ), and F,F[h(x, )] = H(En) then
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F,F.lg(x, y)##h(x, )] = Fan[ﬂg(a, B)h(x— o, y - B)(da)dp

—oo

= GEMHE M) .

B.2.6 Autocorrelation theorem:

If F,F.[g(x.y)] = G(&, 1), then

FF[g(x,y)#4g" (x,y)] = FHF{H g(o B)g” (o —x, p—y)dodp

(B.10)
= G,
where the superscript asterisk (*) denotes complex conjugate.
Similarly,
2 Y
F,Fellg(x, 1] = [[G(a, B)G™ (0 -& B—m)dodp . (B.11)
B.2.7 Fourier integral theorem:
At each point of the continuity of g(x, y),
—1y-1 “1y-1
FF.F F. [g(x,y)] = F, F F Fg(xy)] = g(xy). (B.12)

At the points of discontinuity of g(x, y), the two successive Fourier transforms
will give the average value of g(x, y) in a small neighborhood of that point.

B.2.8 Fourier transform of separable functions:

A function of two independent variables is separable with respect to a
specific coordinate system if it can be written as a product of two functions, each
of which depends only on one of the independent variables. Thus, the function
g(x, y) is separable in rectangular coordinates (x, y) if

8%, y) = gx(x) - gy(¥)
and similarly, in polar coordinates (r, 8) if

8(r,0) = gp(r) - go(6)

Separable functions are easier to handle, in that in most cases separability often
allows all two-dimensional manipulations to be reduced as a product of two one-
dimensional manipulations. If the function g(x, y) is separable, then its Fourier
transform is given by
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o

F Flg(x, )] = [[2(xy)e” & Waxdy

- i _ X (B.13)
[ exme”™ax] gy(me”™ay

Felgx()F, [gy(¥)] .

B.3 Circularly symmetric functions:

A function g(x,y) is said to be circularly symmetric in polar coordi-
nates (7, 0) if g(r,0) = gg(r). The Fourier transform of such special functions
can be conveniently simplified, as shown below.

B.3.1 Fourier transform of circularly symmetric functions:

The Fourier transform of g(x, y) in a rectangular coordinate system is given by

_i2 )
GEn) = [[axy)e?™ ™ Waxdy .
Transformation of the rectangular coordinates into polar coordinates is accom-
plished using the following relationships and definitions:

[2 2 .
r=Ax+y,y =rsinb, x = rcoso

0 = atan@—)), y = rsin®
p = A/§2+n2,§ = pcosH
o = atan(%), N = psind

Let the Fourier transform of g(x, y) in polar coordinates be given by G(p, ¢).
Applying the above transformation to the Fourier transform of circularly sym-
metric function g(x,y) = gg(r) in rectangular coordinates, we have

2n oo . . .
G(p, ¢) - J‘ dej‘ drrgR(r)qunrp(cosecosd)+ sin@sin¢g)
0 0

271 oo P «
G(p.9) = [ do drrgg(re?* 7Y,
0 0

or equivalently,
G(p,0) = Gplp) = 2nJ:gR(r)Jo<2nrp)rdr = Ble(n]. (B4

where J, (a) is the Bessel function of the first kind (zero order), where

2n .
) = [
0
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Thus, we see that the Fourier transform of a circularly symmetric func-
tion is itself circularly symmetric. This particular Fourier transform is referred to

as the Fourier-Bessel transform, or Hankel transform of zero order.’
Similarly, the inverse Fourier transform of a circularly symmetric spec-
trum Gp(p) is

« -1
gr(r) = 2n] Gp(p)Jo(2rrp)pdp = B, [Gp(p)]. (B.15)
0
B.3.2 Properties of the Fourier-Bessel transform:

This Fourier-Bessel transform is equivalent to a two-dimensional Fou-
rier transform of a radially symmetric function. Thus, any property of Fourier
transforms has an equivalent counterpart in Hankel transforms. Using B [ ] to
represent the Fourier-Bessel transform, it follows from the Fourier integral theo-
rem that at the points of continuity of g,(r)

B,B, [gx(r)] = B,'B [gx(1)] = B,B,[gp(r)] = gx(r). (B.16)

Using the similarity theorem, it can be shown that,

_Le~(p
B [gr(ar)] = |Cl|2GP(a)- (B.17)

B.4 Functions and their Fourier transforms

The following sections provide a few function definitions and their cor-
responding Fourier transforms. Section B.4.1 lists one-dimensional functions.
section B.4.2 lists non-separable two-dimensional functions.

B.4.1 One-dimensional functions and their Fourier transforms

Several one-dimensional functions and their Fourier transforms are
listed in Table B.1. These functions include the rectangle, sinc, gaus, delta, trian-
gle, sinc square, sine, cosine, comb, decaying exponential, Lorentzian and sgn

-a

and it’s Fourier transform. The shifted and scaled function Ilgrect(xT) is

shown in Figure B.1. Detailed graphs of sinc(x), sinc*(x), gaus(x), decaying expo-
nential and Lorentzian are shown in Figures B.2 through B.5, respectively.

5. Read more about Hankel transforms at http://mathworld.wolfram.com/Hankel Transform.html
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Table B.1 One-dimensional functions and their Fourier transforms

g(x) F.[g(x)]
Rectangle
1 Jx< %
rect(x)=[1(x)= % x| =% sinc(x)
0 otherwise
| rect(x) sinc(&)
Sinc
sinc(x) = sin(zx) rect(x)
X
sinc(x) rect($)
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g(x) E[g(x)]
Triangle
-]y |x[<1 2
tri(x)=A(x)= i
() =A) 0 otherwise Sine”(x)
tri(x) sinc? (&)
Sinc squared
)
sinc2(x) = M%l trix)
(7x)
sinc?(x) tri($)
Gaussian
gaus(x) = X2 e_;;éﬁ
gaus(x) gaus(¢)
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g(x)

Flg(x)]

Delta function

o(x)= hm {bgaus( ﬂ 1
o(x) 1
Cosine
cos(27£x§0) [5(§+§0)+5(§ 50}
cos(27zx§0)
—— 5(.) i i §0. —
Sine
sin(27x§)) 5 105 +¢)) =5 =¢)]
sin(27rxc_.”0)
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g(x) F[g(x)]
Comb function
comb£=III[£j=‘b‘ Y O(x—nb) |b|comb(bS)
b b nE—oo
comb(%] b|comb(b¢)
XX XX
Decaying function
2
¢ 2
1+(27€)
o1 2
1+(27)?
Signum function
1 x>0
1
=0 =0 S
sgn(x) X TE
-1 x<0
1
sgn(x) nE
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Figure B.1

B.4.2 Non-separable two-dimensional functions and their Fourier trans-
forms

Two important functions are circ(r) and somb(r). Definitions of these
functions are given in Table B.2. circ(r) is sometimes written as cyl(r). These
functions are circularly symmetric and are functions of 7 (or p) only. The circ(r)
and somb(r) functions form a Fourier transform pair, where

B[circ(r)] = gsomb(p). (B.18)

The circ(r) function resembles a pillbox, and the somb(r) function is
similar to the sinc(x) function, except the zeros are not at integer values of r and
the extrema have lower magnitudes. Detailed graphs of the somb(r) and sombz(r)
functions are shown in Figures B.6(a) and B.6(b), respectively. A table of zeros for
the somb(r) function is given in Table B.3.

Table B.2 Non-Separable Two-Dimensional Functions

1 OSrSl
2
circ(r)=cyl(r)= ; rzi
0 otherwise

somb(r)= J—“Jﬂ_fr
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Table B.3 Zeros of the somb(»)function

Zero r
" 1.2196
2 22331
3" 3.2383
1
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— § x,,=087822
Z 04} \1/e IR
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202t [ \ager 00284
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0 B-S—eo o o
\\l/ 24590
02} 021723\ -0.0913 |
1 2 3
X
Figure B.2(a)
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