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Coherence and Fringe
Localization

T. D. Milster and N. A. Beaudry

A simple plane wave is sometimes used to describe a laser beam’s electromag-
netic disturbance, such as

Uz, 1) = Aexplj(kz—on)] , 8.1

where the disturbance is known over all time and at every location in space. In Eq.
(8.1), k =2m/A is the propagation constant, ® is the radian frequency and ¢ is time.
Many theoretical formulations in physical optics assume this ideal form of a
monochromatic electromagnetic wave. In fact, much insight is gained and many
phenomena are adequately described using ideal waves. While an ideal wave can
be a close approximation to a very good laser beam, it is never a completely true
representation of nature. Real wave fields exhibit phases, frequencies and
wavelengths that vary randomly with respect to time. The random nature may be
a very small fraction of the average frequency, as in a high-quality laser beam, or
it may be much more significant, like the field emitted from a tungsten light bulb.
Due to this random nature, the statistical description of light plays an extremely
important role in determining the behavior of many optical systems.

While it is clear that some form of statistical description is necessary, in most
cases a complete statistical description is not required, and a second-order model
is sufficient [5.1]. The second-order average of the statistical properties of an
optical field is referred to as a coherence function. The field of study known as
coherence theory is simply the study of the coherence function. A large amount of
information is derived from these second-order statistics, including the ability of
the optical field to create interference patterns.
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2 Chapter 8

As a simple example, consider the interference pattern created when a screen
is placed in a complex-valued optical field U(r, t), as shown in Fig. 8.1. The
screen has two small pinholes that transmit light, but it is otherwise opaque. The
pinholes are spaced by distance d. Cartesian vectors s; and s describe the
positions and distances of the pinholes from a point on the source. Pinholes P1
and P2 are small enough so that they act as point sources on transmission, and an
interference pattern is produced on the observation plane. The interference pattern
consists of bright and dark fringes, where the irradiance of the total field is the
measurable quantity. The optical path length s; between P1 and (x,,y,) is vzy,
where v is wave velocity in the observation space and ¢, is the time required for
the wave to travel from P1 to (x,,y,). Similarly, the optical path length s between
P2 and (x,,y,) is vt,. The optical path difference OPDj is the difference in optical
path lengths, or OPD,, = v(t, —t,) . If the source is point-like and limited to a
small band of wavelengths around X, a bright fringe is produced where
OPD, = mA and m is an integer. A dark fringe is produced where
OPD, = (m+1/2)A.
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Fig. 8.1. General geometry for coherence analysis. A fringe pattern is produced
when a light source illuminates two pinholes in an opaque screen. Properties of the
fringe pattern depend on the type and location of the source.

Characteristics of the fringe pattern on the observation plane depend on the
type of source used to create field U(r, t) . The most dramatic characteristic of the
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Coherence and Fringe Localization 3

fringe pattern that changes as a result of the type of source is the fringe visibility.!
The fringe visibility is measured locally, and it is given by

V = Imax_lmin (8 2)
Imax+1min

and 1

min

where I, are the maximum and minimum irradiances of the local
fringe modulation, as shown in irradiance profiles along (0,y,) in Fig. 8.2. A high-
visibility fringe pattern has V= 1, where I,,;, is much smaller than /,,, . . Fringes
are clearly observed for V> 0.5, while it is difficult to discern the bright and dark
portions of a fringe for V<0.2. Note that V = 0 does not imply zero local
irradiance, but it does imply that the irradiance in the region is void of modulation
along y,.

If the source of the optical field U(r, t) is a high quality laser beam, the two
pinholes in Fig. 8.1 produce high-visibility fringes along y,. The analysis of this
problem is identical to the analysis of the fields radiating from two coherent point
sources, where a hyperboloidal fringe field is generated at the observation plane.
If the laser beam illuminates the pinholes symmetrically (lengths s, = s, in Fig.
8.1), the fringes are hyperboloids that simplify to straight, equally spaced fringes
along the central region of y, when z, » d, as shown in Fig. 8.2(A).

If the source is extended but nearly monochromatic, like light from a highly
filtered tungsten light bulb, the fringe pattern exhibits a significant reduction in
visibility, as shown in Fig 8.2(B). The visibility is inversely proportional to the
source size. That is, as the source size increases, visibility reduces. Notice that
fringe visibility is not a function of y,. The behavior of visibility reduction as a
function of source size is a result of the effect known as spatial coherence.

If the source used to create field U(r, t) is a centered polychromatic point
source, like a distant arc lamp, fringe visibility varies as a function of y, as shown
in Fig. 8.2(C). Notice that fringe visibility is higher near y, = 0 and decreases as
Y, increases. Behavior of fringe visibility as a function of the wavelength distri-
bution is the result of the effect known as temporal coherence.

In this chapter, the characteristics of both temporal and spatial coherence are
explored. Also, derivations for basic coherence formulas are provided, which
usually result in simple Fourier transform relationships. Scalar representations of
the wave field are used, in order to simplify the discussion. No polarization-
dependent analysis is provided. The medium in which the fringes are observed is
linear, stationary, homogeneous, nondispersive and isotropic.

The chapter is divided into three sections. Section 8.1 is an introduction to
coherence theory with a simplified development. Section 8.2 discusses the topic
of fringe localization, which concerns the spatial location of high-visibility fringes

1. Fringe visibility is also called fringe contrast in some reference material.
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Fig. 8.2. Various characteristics of fringe visibility. A fringe pattern is produced
when a light source illuminates two pinholes in an opaque screen. Properties of the
fringe pattern depend on the type and location of the source.

in different interferometers. Section 8.3 extends the mathematical development of
coherence theory. For further reading, suggested references are [5.2,5.3, and 5.4].

8.1 Basic coherence

8.1.1 The mutual coherence function

Mathematically, the instantaneous electric field arriving at some position
(xo,Yo) in the observation plane is given by

©2008 Tom D. Milster



Coherence and Fringe Localization 5

Ups(Pis P 1, 11, 1) = JKU(ry, t+ 1) + JK Uy, 1+ 1) (8.3)

where K| and K, are constants that describe the fraction of the energy transmitted
by each pinhole measured at the observation plane, Cartesian position vectors r,
and r, correspond to the pinhole locations, and ¢, and ¢, are transit times
required for the optical wave to travel from the pinholes to the observation point.
Irradiance of the field U, on the observation screen is

1 2
I(ri,ry;t,t,) = Ecne()(]Uobs(rl,rz, tt, tz)‘ Vs

1 2 2
= seneg{K (U 14 1))+ Ky([Ulry 1+ 1), B

+ 2, /K KRe[(U(r, t+ 1) U*(ry, t+1,)),1}

where (), denotes a time average, c is the speed of light in vacuum (approxi-
mately 3 X 10° ms-1), n is the medium’s refractive index and ¢, is the permittivity
of free space. The subscript ¢ that represents a time average is suppressed
throughout the remainder of the chapter and plain angle brackets ( ) imply a time
average. Notice that the first two terms in Eq. (8.4) are simply values of irradiance
at the observation point from each pinhole separately. The third term modifies the
total irradiance and is called the cross term or interference term. If we assume that
the constants K; and K, do not vary appreciably over the observation region, it
is the cross term that, when minimum, determines I_;, . When at maximum, the
cross term determines [, . Therefore, the cross term is a primary factor in deter-
mining the fringe visibility. Notice that the cross term can take on either positive
or negative values.

The primary quantitative expression in the cross term of Eq. (8.4) is the mutual
coherence function. Expressed in its most general scalar form, the mutual
coherence function is given by

L@, ryt, 1) = (U, t+t))U*(rp, t+ 1)) . (8.5)

The mutual coherence function is a statistical property that, expressed in
words, is the temporal correlation of the electric field at two positions in space
with respect to time.

Consider the case of stationary fields, which are fields that do not change their
properties by a shift in the time origin.[5.5, 5.6] Stationary fields do not include
any transient response that occurs when the source is turned on, and it is required
that the average power of the source is not fluctuating on time scales comparable
to the temporal period of the optical field or the measurement time. In this case,
statistics of the optical field only depend on a time difference. That is, ¢ + ¢, and
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6 Chapter 8

t+t, in Eq. (8.5) are replaced by 7 + t and ¢, respectively. The mutual coherence
function becomes

I(ri,ryt) = (U@, t+1)UR(ry, 1)) (8.6)
which is hereafter abbreviated by I'j,(t) . Note that
Iy = (U(r, t+0)Us(r, 1), (8.7)

and similarly for I'y,(t) . The irradiance is given by

I(r,ry; 1) = %Cnﬁo[K1<|U(r1,t)|2> +K2<|U(r2, t)|2>]

+ cney JK K,Re[(U(r, t + 1) U%(ry, 1)) ]
I, + 1, + cngy, JK K Re[T(T)]

(8.8)

where I; and I, are the irradiance values at the observation point from the
separate pinholes. In general, I, and I, are functions of r.

The time difference © = f, — ¢, corresponds to the optical path difference
OPD, = vz in the observation space of the pinhole interferometer. In Fig. 8.1,
OPD,, is a function of (x,,y,). The interferometer in Fig. 8.1 is called a Young's
double pinhole interferometer (YDPI). It is used throughout this chapter to refine
concepts of coherence.

8.1.2 The two-wavelength point source

Now consider a point source that contains two wavelengths. An implemen-
tation of the Fig. 8.1 YDPI two-pinhole screen is shown in Fig. 8.3 with an on-axis
(s; = s, ) point source. The source emits spherical waves with wavelengths A,
and A, . Since the point source is exactly halfway between the two pinholes, light
emitted from the first pinhole is exactly in phase with light emitted from the
second pinhole. Pinholes are separated by distance d with z,» d. The large
separation between the pinhole plane and the observation plane, along with
restricting the observation to a region close to the z axis, implies that the inter-
ference pattern from each wavelength contains straight-line, equally spaced
fringes, as described in Chapter 4. The electric field at the observation point from
each pinhole and each wavelength has the form

aoﬁexp [jks'— ot + )]
Aexpljks'—ot+09)] ,

UObS(S" t) (89)
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Fig. 8.3. An on-axis dual wavelength source in a YDPI, where z, » d and the range of
yo in the observation plane is small. (The drawing is not to scale.) The source produces
two independent straight-line cosine fringe patterns in the observation plane with

different periods A, and A, . Irradiance values of the independent fringe patterns are
added to produce the total irradiance.

where ag is a constant and k, ® and ¢ depend on the wavelength. For the purposes
of this discussion, assume that K is not a function of observation-plane location or

wavelength.!

Light from the source arriving at each pinhole exhibits a complicated
modulation due to the combination of the two wavelengths. Media on both sides
of the pinhole plane are non-dispersive, so the modulation components exhibit the
same velocity v. Therefore, behaviors of waves emitted by P1 and P2 and
observed at (x,, y,) have fixed temporal relationships. The time-varying real-

valued wave components at the observation point are

1. This expression is an approximation of an expanding spherical wave that is valid in the
observation region, as long as the pinholes are small and the distance s' is very large

relative to the diameter of the pinholes. A more accurate description of the wave field after

the pinholes is governed by diffraction, which includes a % amplitude factor.
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U, (s, 1) = Aexp[j(k,s,’-0,t+o¢,)],

U,p(s,, 1) = Aexplji(k,s,” — ot +9,)],
U,, (s, t,7) = Aexp{jlk,s, -0, (t+1)+¢,]} and
U,, (s, t,7) = Aexp{jlkys, —o,(t+1)+ 0,1},

(8.10)

where the first two terms result from P1 and the second two terms result from P2.
Subscripts a and b refer to the first and second wavelengths, respectively. Equation
(8.10) is written in terms of s,”, which is a function of d, zg and (x,, y,) .! The
square magnitude of the addition of components in Eq. (8.10) results in

Square magnitude of addition of field components: (8.11)

%\Uml(sl', fo)|” = A7+ A% cos(0,7) (8.11a)
+A”+ A% cos(w,T) (8.11b)
+ A% cos (kys, ~ut + @) (8.11¢)
+ AP0 (koS | —0pf + ©,7 + @) (8.11d)
+ A cos (kys, —p + @, T+ Q) (8.11e)
+ A cos[kys, —0A(f+1) + @] (8.11f)

where terms (8.11a) and (8.11b) simply result from the two wavelengths indepen-
dently, and terms (8.11c) through (8.11f) are inter-modulation beat terms. The A
subscripts in Eq. (8.11) imply modulation frequency ®, or modulation wave
number k,, where w, = o,—o, and k, = k,—k, . The constant  is the
difference in the phase terms of the original optical fields, where

¢pr = ¢,— ¢, . Notice that arguments of the cosines in Eqs. (8.11a) and
(8.11b) do not depend on absolute time ¢. They depend only on wavelength,
insomuch as wavelength is related to optical frequency by A = 2nc/®, and t,
which is a function of y,. Conversely, inter-modulation phase terms in Eqgs. (8.11c)
through (8.11f) are functions of absolute time .

1. The variable s, is not used in Eq. (8.10) because it is replaced in the argument of the

exponential by ks, = k,s-o0,7 , and likewise for wavelength b terms.
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Coherence and Fringe Localization 9

In order to find irradiance I = lcmsO(|Umtal|2) in the observation plane, a
time average is performed over Eq. (8.11). A general relationship for averaging the
sum of variables is

(C1+Cy+Cs+...) =(CH+(Cy+(Cy)+.... (8.12)
Application of Eq. (8.12) to Eq. (8.11) results in the first two terms of Eqgs.

(8.11a) and (8.11b) remaining unchanged, because they are not functions of
absolute time . For example, averaging Eq. (8.11a) yields

(A% + (A%cos(w,1)) = A>+A%cos(w,1) . (8.13)
A different result is obtained when time averaging is performed on the
remaining terms in Eq. (8.11). Since the cosine arguments are functions of

absolute time, integration over the full temporal period [ nA A,/ (c|la - l,,|) ]of
the modulation yields a zero net result. For example, averaging Eq. (8.11c) yields

A (cos(kys’ |~ +@,)) = 0 . (8.14)

The result of time averaging Eq. (8.11) is

1 2 2, 42 2, 42
§(|Utota]] Yy = A"+ A cos(0,1) +A” + A cos(w,T)
(8.15)

A2[2 + cos(m,T) + cos(w,T)]

Equation (8.15) shows that the irradiance pattern in the observation plane is effec-
tively the sum of irradiance patterns from individual wavelengths.

Physically, the time average represents the integration time of the detector used
to measure the energy at observation point y,. If the integration time 7 » 2n/®,,
inter-modulation and high-frequency terms in Eq. (8.11) average to zero. For
example, if A, = 550 nm and A, =570 nm, 7 » 5.2x10""* seconds in order to
satisfy the integration-time requirement. It is usually a safe assumption to approx-
imate the total irradiance by adding individual irradiance patterns produced from
individual wavelengths, unless a detector is used for the measurement that has a
short time response. For example, cones in the human eye exhibit a time response
of around 10-2 seconds, and a fast silicon detector exhibits a time response of
10710 seconds. Both of these simple detectors exhibit integration times much
longer than 10-'* seconds.

1. Even if the integration time is not equal to the modulation period, the statistical average
of the time-dependent terms in Eq. (8.11) approaches a zero limit.
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In the limit where A, > %,, w,=®, = o, and Eq. (8.11) reduces (before
averaging) to

%|Utouﬂ|2 = 24°(1 + cos,)(1 + cosot) . (8.16)

The leading factor (1 + cos¢g,) defines coherent addition of the wavelengths
based on their phase difference. No phase shift with ¢, = 0 produces a coherent
sum, which is equivalent to the result obtained by simply increasing the source
amplitude by a factor of two.

If the wavelengths are derived from physically distinct phenomena, like the
beams from two laser cavities, the phase ¢, is random in time. The time average
of Eq. (8.16) with a zero-mean @, is

2A2(1 + (cos@,))(1 + coswr)

1 2
2 ¢Vl ) : (8.17)

2A%(1 + coswr)

because the time average of (cos¢,) = 0. Again, the total irradiance pattern of
Eq. (8.11) is simply the addition of two irradiance patterns produced separately
from the individual wavelengths, which both have equal amplitudes in this case.
This argument can be expanded to apply to any two wavelengths in the spectrum
of a polychromatic source.

In the remaining sections of this chapter, total observation plane irradiance is
derived by summing irradiance patterns resulting from each wavelength of the
source. Distance A between adjacent fringe maxima corresponds to a change of
one wavelength of optical path difference OPD, = vt.Equation (8.15) is written
in these terms as

%<|Uml|2> = A’[2 + cos(k,OPDy) + cos (k,OPD,)]
8.18)

= AZ[Z + 2cos (2—_7—tOPDO) cos(—E—OPDOH ,
iy heq

where A, = A,A,/|A,— L, and L = (X, +2,)/2 . Note that the cosine terms on
the top right side of Eq. (8.18) have slightly different spatial periods A, and A,
for the same range of OPD,,, due to the different wavelengths. The first cosine
term on the bottom right side of Eq. (8.18) exhibits high-frequency fringes with
period OPD,, = X . The second cosine term on the bottom right side of Eq. (8.15)
exhibits a slow modulation corresponding to 2, .

The central region of the observation screen at zg along (0,yq), which is
important in the development of coherence functions in following sections, is
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Coherence and Fringe Localization 11

defined where z, » y,, with the constraint that z;» d. As shown in Fig. 8.4,
OPD,, = s{—s)=dsin® = (-d)y,/z,, where lengths s] = v, and 57 = vr,
define distances from the observation point to P1 and P2, respectively. Under
these conditions, OPD,, is a linear function of position along y,. The period
between bright fringes is A = zyL/d . The cosine terms in Eq. (8.18) produce
straight and equally spaced fringes in the central region for wavelengths A, and
A, with periods A, and A, , respectively, as shown in Fig. 8.3.

0
W o
d < 5} / g
20
Pinhole Plane /"1
d OPD0=sl'—52'z—d)Z—}9
1 0

OPD,

Fig. 8.4. When observation is made with | y0| small, d<<z,and zy>> A, the optical
path difference in observation space OPD, can be approximated by
OPD, = —dy,/z, .Fringes are straight and equally spaced with period Az,/d .

Figure 8.5 is a gray-scale illustration of fringes in the x,y, observation plane for
a two-wavelength source. The observation range is restricted near y, = 0. Notice
that the fringe modulation washes out periodically along y, . Figure 8.6 shows line
profiles of the component fringes, the combined fringe pattern and the fringe
visibility curve as functions of OPD, = —dy,/z,. In the exact center of the
pattern where y, = 0, © = 0 and OPD, = 0, the cosine terms are in phase, and
V=1. As y, increases away from zero, fringes become out of phase, and visibility
reduces. Fringes are 1 out of phase and V = 0 when mA, = (n+1/2)A;, =

OPD,, where m and n are integers. The relationship between m and n at this
OPD,, is
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Coherence

Length
Xo

Fig. 8.5. Fringes in the YDPI observation plane for small y, with a dual-wavelength
on-axis source. Fringes are straight and equally spaced. Regions of low V are easily
observed. Notice that low V regions contain significant irradiance, but they do not
contain clear modulation. The coherence length /, is defined as the distance in OPDy
units from the central fringe with maximum V to the first region of minimum V.

é_zu=n—m+1/2‘ (8.19)
Ay m
The examples in Figs. 8.5 and 8.6 are shown for m = 5 and n = 4. Notice that the
visibility is a smooth envelope that decays to zero at the point where
Yo = Zoheq/d . The OPD, corresponding to the distance between the maximum
fringe contrast at y, = 0 and the first zero of fringe visibility is the coherence
length [, . Beyond the point of minimum visibility, fringes become more in phase,
until V =1 again. The combined pattern in Fig. 8.6(b) has a periodic variation in
visibility, between V = 0 and V = 1, but the average irradiance is constant. The
high-frequency fringes occur with period A in OPD,, and change phase between
modulation lobes. The visibility curve in Fig. 8.6(c) is periodic and corresponds
to the modulation term in Eq. (8.18). The coherence lengthis [, = A, q/ 2, which
is approximately A /2AA in OPD,, units. As the wavelength distribution of the
source widens, the range of good visibility along the observation plane decreases.
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Out of phase, V,, 1(OPD)

—,
..... '
A) Component
fringe patterns OPD,
Visibility
¥ Envelope
Average
B) Combined Irradiance
fringe pattern _ > OPD,
Local A
value of V
C) Visibility
curve > OPD,

Coherence Length [,

Fig. 8.6. Fringe pattern analysis for a YDPI two-wavelength source. A) Line profiles of
the component fringes; B) The total irradiance, which is the linear sum of the
component fringe irradiance. Notice that the modulation envelope of this pattern is the
visibility function, and the high frequency fringes occur with period A in units of
OPD,, . (Vertical scale is 1/2 of A.); and C) The two-wavelength fringe visibility as a
function of OPD, shows a periodic variation. The coherence length is

I, = A,,/2 = M/20L.

For example, Fig. 8.7 shows the result of adding a third wavelength, and Fig. 8.8
shows the result for five wavelengths.

8.1.3 The power spectrum of the source

The discrete wavelength character of the optical sources considered in Section
8.1.2 is not found in nature. Thermal sources, like tungsten filaments, emit a
continuous distribution of wavelengths that vary as a function of the filament
temperature. Gas discharge lamps can provide a narrow spectrum of radiation
limited by the Lorentzian linewidth of atomic transitions, but separate molecules
in the gas emit energy independently at frequencies distributed over the linewidth.
Even with laser sources, a continuous description of the wavelength spectrum is
required. Stimulated emission, like that found in laser cavities, can exhibit a
narrow spectrum of less than one part in 10" , but mechanical instabilities in the
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Coherence and Fringe Localization 15

laser cavity and other sources of instability result in slight variations of phase
o(r,t) of the output. The phase variations cause tiny modulations of the
wavelength, which can influence interference measurements. Fortunately, these
wavelength characteristics can be described in a straightforward formalism called
the power spectrum.

Consider an optical wave that contains a continuous range of frequency
components with differential amplitudes given by a(r, v) and phases given by
&(r,v), where v is the temporal frequency of the vibration. The real-valued
electric field is

=)

E(r,t) = IEl(r, v)cos[Q(r,v) —2nvt]dv . (8.20)

0

Notice that Eq.(8.20) restricts the temporal frequency of the field to positive
frequencies. The analytic signal associated with E(r, t) isl

=)

U(r,t) = Id(r, vyexp{j[o(r,v)—2nvt]}dv , (8.21)
0
where
E(r,t) = Re[U(r,1)] . (8.22)

If real-valued E(r, ) is also represented by the Fourier transform

E(r,t) = j U(r, v)exp(—j2nvi)dv | (8.23)

—oo

its Fourier spectrum U(r, v) is Hermitian, so

Ulr,—v) = U (r,v) . (8.24)

After expanding Eq. (8.23) into the form of Eq. (8.20) and using Eq. (8.24), the
spectral components are found to be related by

1. This development closely follows that of Born and Wolf, Section 10.2.
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U(r,v) = za(r,v)explje(r,v)] for v>0
(8.25)

a(r,v)exp[—jo(r,v)] for v<O0

NI—= NI—=

The analytic signal in Eq. (8.21) can also be expressed in terms of the Fourier
spectrum by

oo

Ur,t) = 2 j U(r, v)exp(—j2nve)dv | (8.26)
0
which is the representation of the complex optical field used throughout this
chapter.

If measurement of the optical field occurs around time #,, over time span 7, the
sampled field amplitude can be defined as

Ep(r,t) = E(r,t) when |t—1t Sg ,

(8.27)
=0 when ]t—t|>z.
L)
The sampled Fourier spectrum is defined analogously to Eq. (8.23), where
E\(r, 1) = j U(r, vyexp(—j2mvt)dy | (8.28)
and the sampled analytic signal is
Uyr,t) = 2"- 0T(r, v)exp(—j2nvt)dv . (8.29)
0
By Parseval’s Theorem and Eqgs. (8.24) and (8.28),
| Ex(r, tydt = 2|0y, V)| v . (8.30)

—o0 0

The irradiance is calculated from
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Coherence and Fringe Localization 17

/2
I(r) = cnsO(Ez(r, 1)) = cngylim 1 j ETz(r, 1)dt
T*)ooT

172 (8.31)

p 2

U

= cngy | lim md\) .
T— oo T

—oo

Unfortunately, the limit in the integrand of Eq. (8.31) exhibits an oscillatory
behavior as T — oo with a single measurement of the electromagnetic field.
However, if several measurements are acquired with significantly long 7 in a
system that obeys ergodic statistics,! the average of |l7 r(r, v)]z/ 2T approaches a
definite limit called the power spectrum, which is defined as

& 2
G(r,v) = lim |U_T(2’T_")| , (8.32)

T— oo

where the bar denotes an ensemble average over many samples. Notice that
G(r, v) is symmetric in v, due to the Hermitian property of U(r, v) . In terms of
the power spectrum, the irradiance at point r is

oo oo

I(r) = cneoj G(r, v)dv = 2cneojG(r, v)dv . (8.33)

—eo 0

Note that G(r, v)dv is proportional to the contribution to the irradiance from the
frequency range (v, v +dv). Therefore, G(r, v) is the spectral density of the
optical field with units of V’m’s. The positive-frequency portion of a typical
power spectrum is shown in Fig. 8.9.

Just as in the monochromatic case, we can perform linear operations on the
multispectral U(r, ¢) analytic signal and take the real part at the end of the calcu-
lation to get the real-valued fields. Consequently, the irradiance is found from

IF) = cneg(EX(r, 1)) = %cns:o(IU(r, 0> (8.34)

1. Stationarity is defined in Section 8.1.1, and ergodic statistics imply that an ensemble
average is equal to the corresponding time average involving a typical member of the
ensemble.
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G(v)

—> — Av

\/

= —t

Fig. 8.9. A typical power spectrum for v=0.

8.1.4 Basic temporal coherence

Temporal coherence is the dependence of fringe visibility on the power
spectrum of the source. In Figs. 8.3 and 8.5 through 8.8, the power spectrum is a
simple combination of discrete wavelengths. In this section, the functional depen-
dence of fringe visibility for a continuous power spectrum is derived from a simple
argument.

Consider the YDPI of Fig. 8.3 in air. Instead of a dual-wavelength point
source, the source has a power spectrum given by G(v) . There is no spatial depen-
dence of the power spectrum, because the source is a point. The form of the
individual wave components arriving at the observation plane is similar to Eq.
(8.9), except that the spectral density must be included.

Following a development similar to Eq. (8.9), the complex fields for one
frequency arriving at the observation plane from the pinholes have the forms

U,(s}, 1) = agJK explj(ks}—2mvt+¢)] (8.35)
and
Uy(sy, 1,7) = ag.JKrexp{jlks| —2mnv(t+1) + 0]}, (8.36)

where ® = 2nv and the diffraction constant is separated explicitly from the
leading constant factor ay in order to better illustrate the dependence on pinhole
transmission. K’s are assumed constant over the observation region. Egs. (8.35)
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and (8.36) are written in terms of s}, T is associated with the wave from P2. In
terms of the power spectrum,

ay = 24G(v)dv (8.37)

The differential irradiance values arriving at the observation plane due to each
pinhole separately are

1 2
I,(v)dv = =cney|U, (s, t
1 (v) 5 ol Ui (s 1) 838)

K I,g(v)dv

and

1 2
L(v)dv = =cney|U, (s}, 1, T
»(v) > olUa(sy, 2, 7)) (8.39)

K, I,g(v)dv

where the fractional contribution to the irradiance from spectral components
between (v, v + dv) is given by g(v)dv, g(v) is the normalized power spectrum

g(v) = f(vi ) (8.40)
jG(v)dv
0
and
I, = 2cneojG(v)dv , (8.41)
0

With the effect of the spectral density, the interference term in Eq. (8.8) is

cney JK K,Re[ (U, (s}, HU,(s}, 1,7))]
21, /K K,Re{exp[j(2nvt)]}g(v)dv (8.42)
21, /K K,cos(2nvT)g(v)dv
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Combination of Egs. (8.38), (8.39) and (8.42) lead to the observation-plane
irradiance resulting from the spectral component between (v, v +dv) :

I(tv)dv = I)[K, + K, +2,/K,K,cos(2nvt)]g(v)dv , (8.43)

where 1 = OPD,,/ ¢ is a function of yg, as shown in Fig. 8.4.

Following the discussion in Section 8.1.2, addition of the individual irradiance
patterns from each spectral component produces the total fringe pattern. If Eq.
(8.43) is integrated over the bandwidth of the source, the description of the
irradiance in the observation plane becomes

I(7)

I| (K, + Kz)jg(v)dv +2 /Klejg(v)cos(2nvr)dv}

0 0
= [ K, +K,+2,/K,K,Re J.g(v)eﬂn”dv}

0
(8.44)

— oo

K,+K,+2,/K,K,Re j g(v)step(v)e‘ﬂ“”dv}

I}
~
o

—oo

I,(K, + K, +2,/K,K,Re{F _[g(v)step(v)]})
I{K, + K, + 2 /K, Kym,(t)cos[D,(T)]}

where

>0

step(v) = v=0 (8.45)

S NI =

v<O0

The new factor multiplying the interference term is

(1) = [FLgv)step(v)]] . (8.46)
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which is the Fourier transform of the normalized positive-frequency source power
spectrum, and

®@y(1) = arg{F [g(v)step(v)]} (8.47)

is the phase of the Fourier transform.! Fringe visibility is

Imax_lmin 2 KIKZ
V(r) = et K’V1+K2m12(r). (8.48)

max min

Notice that m ,(t) is the primary factor in determining visibility as a function of
© at the observation position. Usually,

g(v)step(v) = flv—-v) , (8.49)

where V is the mean frequency of the power spectrum, as shown in Fig. 8.9. In this

case,
mp(t) = [F ()] (8.50)
and
D,(1) = 21Vt + B5(7), (8.51)
where
Bia(v) = arg{F [f(v)]}. (8.52)

With these simplifications, Eq. (8.44) becomes
I(t) = [{K, + K, +2 /K, K;m,(t)cos[2nVT + B, (T)]} . (8.53)

Equations (8.44) through (8.53) imply that integration of cosine fringe patterns
from individual wavelengths in the power spectrum yields an aggregate fringe
pattern with small-scale oscillations having period 1/v = A/c and a visibility
that depends on the Fourier transform of the power spectrum of the source. Fringe
shift B,,(t) is observed if the power spectrum is asymmetric about the mean
frequency v.

1. Subscripts “12” on m, ® and B are a reference to the sampling points of the source field

U(r, t) from which the coherence is measured. For example, the pinholes P1 and P2
define the sampling points of a YDPIL.
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Example 8.1: Temporal coherence with a simple rectangular power spectrum

Consider a point source with a power spectrum given by a simple rectangular
function, with a mean frequency v and a bandwidth Av. The source is used on
axis in a YDPI, like the geometry of Fig. 8.3.

Mathematically, the positive portion of the normalized power spectrum is
given by

g(v)step(v) = irect( AD . (8.54)

Calculation of the Fourier transform of Eq. (8.54) yields
F [g(v)step(v)]= sinc(Avt)exp(—j2nit). (8.55)

Using Eqs. (8.46) and (8.47) with the result from Eq. (8.55), m,(t) and
@ ,(t) are found to be

m,(t) = |sinc(Avt)| (8.56)

and
®,,(t) = 2nvT + arg[sinc(Avt)] , (8.57)
respectively. Substitution of Egs. (8.56) and (8.57) into Eq. (8.44) with

t© = OPD,/c = dy,/cz, in a YDPI yields the following interference pattern in
the observation plane

) (Avdyo)
Sinc COs
cz

0

I(y,) = 10{1 + [23;?0 °+ﬁ12(Ade Oﬂ} . (8.58)

CZy

or

I(y) = Io{l + sinc(Adeo) cos (Zn‘ﬂ(—)) } , (8.59)
€2y €z,

where the cosine term creates fringes with period A = c¢z,/dv as afunction
of yg and the sinc term is the bipolar modlgat don in visibility. The phase of the
sinc function is formally included in B, , as shown in Eq. (8.58), but
it i often convenient to write the form shown in Eq. (8.59). A gray-scale illus-
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tration of the fringe pattern is shown in Fig. 8.10, and plots of the irradiance
and visibility along the y-axis are shown in Fig. 8.11.

Yo

Coherence ~

Length Ay, y

0

Fig. 8.10. Fringes in the YDPI observation plane for the rectangular power spectrum of
Example 8.1.

In this example, visibility reduces as t (and, thus OPDy) increases from
zero, as evidenced by the form of the sinc function in Eq. (8.59). When
visibility drops to zero, there is no fringe contrast. The OPD( between
maximum fringe visibility at OPD, = 0 and the first zero in visibility is the
coherence length [, = ¢/Av. Coherence time, which corresponds to
coherence length, is given by ¢, = [./c = 1/Av. In the observation space,
the coherence length corresponds to the physical distance Ay, = =0 Al
two-beam interferometers exhibit similar behavior, with the general fesult that
coherence time is approximately the inverse of the width of the power
spectrum. In practice, coherence length may not be defined where visibility
reaches an absolute zero, but rather where visibility reaches some minimum
value, like V=0.2.
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A I(y 0)
A) Fringe pattern Lax ' " Y Visibility Envelope
_ Average
Irradiance
¥ _ %
S T dv
™
A V()’())
Local value of V | |
B) Visibility curve
€Zg > Yo
IQ—)| Ayc = —=

dAv

Fig. 8.11. Line profiles of the fringe pattern in Fig. 8.10, where the envelope of the
fringe pattern is a sinc function.

Example 8.2: Temporal coherence properties of a Twyman-Green
interferometer with a narrow Gaussian power spectrum.

Consider the power spectrum of a HeNe laser (A = 632.8 nm) with a
Gaussian power spectrum and Av = 300 kHz. The application is for a Twyman-
Green interferometer, where the flatness €(y,) of a mirror is to be tested, as
shown in Fig. 8.12. What is the maximum distance that can be set for the
mirror separation |d, —d,| if the minimum resolvable visibility is V = 0.2?

By the peculiar property of a Gaussian function, the Fourier transfor-
mation of the Gaussian power spectrum is also in the form of a Gaussian
function. If we express the normalized power spectrum g(v)step(v) =
1/Av gaus[(v —v)/Av] where gaus(v) = exp(—nvz) , the calculation of its
Fourier transformation yields

[F.[g(v)step(v)]| = |gaus(Avt)exp(—j2nit)| . (8.60)
From Eq. (8.46),
mp,(t) = |gaus(Avr)| , (8.61)
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Reference Mirror M1
4
d;
Yo M2
U(r, t) Y
| 7
HeNe Laser — < > £
: d; 5
S
=
e(yg) > || =
Beam
Splitter
il OPD, = 2(d; —d,)—2¢&(y,)
U,(r, t+ OPD)/ ¢) emmrmfrrm—
(J1 (r’ [) ..........................
Observation Plane

Fig. 8.12. The Twyman-Green amplitude division interferometer uses a collimated
laser beam that is divided by a beam splitter. Each split beam reflects off a mirror and
recombines at the observation plane. The two beams form an interference pattern in the
observation plane that is determined from OPDy. Distances d| and d, are measured
from the beamsplitter to the mirrors.

and the fringe visibility V(1) is
V(t) = gaus(Avr). (8.62)

. 2 . .
After replacing T = OPDy/c = —|dl —d2| (because light in a Twyman-
. c . . .
Green interferometer passes each arm twice) and manipulating the contrast to
be larger than 0.2, we obtain the maximum mirror separation:

4=y = 7,2 =358 m, (8.63)

For V > 0.5, where the fringes can be clearly observed, the maximum mirror
separation is 235 m. Due to the long coherence length originating from the
narrow spectrum width of the HeNe laser, the fringe visibility does not change
significantly over the small OPD( changes associated with the mirror imper-
fections e(y,) -
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Example 8.3: Temporal coherence properties of a multiple-mode laser diode

Consider the power spectrum shown in Fig. 8.13 of a typical laser diode with
a mean wavelength A = 649.2 nm (¥ = ¢/ = 4.621x10" HZ) where
parameters of the diode laser 1nclude ncavny =3.5,L =200 um,

Av= 3¢/ 2n g L = 6.4x10''Hz and Av,= 25 MHz. Av,is the
bandwidth of an individual laser mode. A mathematical description of the
power spectrum is

gW)step(v) = Aorect( Av_) [comb (C/Zn%)*gaus(ﬁﬂ ,  (8.64)

cavity nt

where (*) denotes one-dimensional convolution and A is a normalization
constant. Hence,

my,(t) = |F [g(v)step(v)]|
(8.65)

sinc(Avt)* [comb

gaus(Av,, r)}‘

cav1ty

Figure 8.14 shows the visibility curve versus OPD, = ct , and Fig. 8.15
shows the irradiance.

If a single-mode version of this laser is used in a Twyman-Green interfer-
ometer, the visibility only depends on Av,,, which leads to a 12 m coherence
length. However, the multiple-mode nature of the power spectrum in Fig. 8.13
dramatically shortens the coherence length to under 0.5 mm. The visibility
returns periodically at OPD, = 2mn L, where m is an integer.

cavity

Example 8.4: Fourier Transform Spectroscopy

Often, it is necessary to measure the power spectrum of a source. A
detailed description of the power spectrum can yield information about the

chemical composition of a star, energy levels of atomic transitions,
atmospheric pollution and other applications. A device often used to measure
the power spectrum is a Fourier Transform Spectrometer. A simple Fourier
Transform Spectrometer is shown in Fig. 8.16, which is basically a Twyman-
Green Interferometer with the path length of one arm adjusted with a movable
scan mirror. d; and d; are the lengths of each arm, respectively. Thus, the
optical path difference (OPD,) ) is

OPD, = 2(d, - d,). (8.66)
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2n., .. L
cavit
O '
- >
Av’n

%/ T T T T T >
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|l< >

[ Av >

Fig. 8.13. Power spectrum of a multiple-mode laser diode. Multiple laser modes are
common in laser diodes. Modes are spaced by ¢/ (2n.,,,L) and are centered at v; ‘s
determined by other laser properties. Four laser modes are illustrated with
approximately equal power, each having width Av,, . Overall width of the power
spectrum is approximately Av centered at ¥ .

When observing a distant point source, the fringe visibility is recorded as a
function of OPD,,. For example, Fig. 8.17 shows a hypothetical fringe pattern
measured by the detector current i(OPDy) that is characteristic of astronomical
observations. The fringe pattern is described mathematically by Eq. (8.44).
Assuming that K| and K, do not vary over the observation space, subtraction
of the constant offset from the detector current gives a function proportional to
the interference term in Eq. (8.44). That is,

i(OPDy) = igprey = Agip(T)c0s[@5(T)]

AoRe{F [g(v)step(v)]} (8.67)

LRI

where 1 = OPD,/c and Ay is a constant. The power spectrum is found from
the inverse Fourier transform of Eq. (8.67), which is

g(v) = ;f;F;l[i(rv) Ciged (8.68)

©2008 Tom D. Milster



28 Chapter 8

Full width of envelope (at 0.043
amplitude) ~2¢/Av,, = 24m

N

T V(OPD,)

1 1 1 -

—4nL  -2nL 0 2nl 4nL OPD,

—> |<— 2c = 0.93mm
Av

Fig. 8.14. Visibility function associated with Fig. 8.13 and the parameters of Example
8.3, where n = negyiry-

I(OPD,)

" OPD,

Fig. 8.15. Profile of the fringe pattern observed for Example 8.3.
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The power spectrum calculated from the data in Fig. 8.17 is shown in Fig. 8.18.
For more information on Fourier Transform Spectroscopy, the reader is

directed to References 5.8 and 5.9.

Fixed Mirror

Source

*

d; e
dp
Beam Splitter Scanning
Mirror
Detector —

Fig. 8.16. Twyman-Green interferometer used as a Fourier Transform Spectrometer.

Detector Current i(OPD,))

Visibility Envelope
ioffsel
Fringes
"~ OPD,

Fig. 8.17. Fringe profile used in Example 8.4, which describes Fourier Transform

Spectroscopy.
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8v) )

_ Frequency v
35 4 45 5 55 6 65  (10Hz)

Fig. 8.18. Power spectrum calculated by the inverse transform of data displayed in Fig.
8.17.

8.1.5 Basic Spatial Coherence

Section 8.1.4 assumes that the electric field reaching the observation point
from P2 is simply a delayed copy of the electric field reaching the observation
point from P1. This condition occurs only if the two electric fields originate from
precisely the same position in space, i.e. a perfect point source. However, if the
electric field originates from a source of finite size, there are additional spatial
fluctuations in the electric field.

Spatial coherence is the dependence of fringe visibility on the spatial extent of
the source. In this section, distributed sources are treated as a collection of point-
like sources that vibrate independently. The spread in wavelengths among the
sources is small enough so that the coherence length is much greater than the range
of OPDy in the measurement. Therefore, fringe visibility is not affected by the
bandwidth of the power spectrum. Although the sources have nearly the same
wavelength, the temporal beat frequency resulting from combination of light from
the sources is beyond the temporal bandwidth of the detector used to measure the
aggregate fringe pattern. These conditions serve as an informal definition of a
distributed quasimonochromatic incoherent source. A more formal definition of a
quasimonochromatic source is developed in Section 8.3.2.

For example, consider the effects of two quasimonochromatic point sources
located at yg, and ys,, which are used as separate sources in the Young's double
pinhole experiment shown in Fig. 8.19. Because the sources are independent, the
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interference pattern from one source adds in irradiance with the pattern from the
other source. This behavior is similar to the result found in Section 8.1.2, where
the irradiance patterns from different wavelengths are added independently,
except that now the irradiance patterns resulting from displaced source points are
added.

Y
A s Pinhole Plane A Yo

_______ ~
YS2 ges T T / RS
~ T = - ~
e ~
Ysi1 = - = =

A

Fig. 8.19. The effect of adding a second quasimonochromatic point source at yg, is to
create a second fringe pattern in the observation plane that is shifted by Ay, . Note that
a positive value of yg, produces negative Ay, .

The on-axis source at yg, generates a centered cosine fringe pattern on the
observation plane. The off-axis source at yg, generates a shifted fringe pattern due
to the additional optical path difference in source space

d
OPD, = 5, -5, ~ 2825 | (8.69)

s

where d is the spacing of the pinholes, z, » d and z, » yy, .! The shift Ay, of the
fringe pattern caused by OPDy is given explicitly by

Ay, = %)OPD S (8.70)
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which is independent of source wavelength and pinhole separation. In fact, the
shift is simply found by applying similar triangles to the geometry of Fig. 8.19.
The shift of the fringe pattern is also described as the change in position of the total
OPD between light emitted from the source point passing through the pinholes to
the detector plane. That is,

OPD,,,; = OPD,+OPD, = 0 (8.71)

at the center of the fringe pattern.

The component fringe patterns and the combined fringe pattern are shown in
Fig. 8.20 for two source points, where OPD, = L/5 and X is the mean
wavelength of the quasimonochromatic source. Notice that the combined pattern
has reduced visibility, and the visibility is not a function of observation-space
optical path difference OPD,,. Also, the center of the combined pattern is slightly
shifted off axis. If more point sources are added to the source distribution, this
trend continues. For example, in Fig. 8.21, the combined fringe pattern from three
equally-spaced point sources exhibits significantly degraded visibility. Like with
two point sources, the visibility is not a function of OPD,,. If the source distri-
bution is wide enough such that the fringe centers fill one fringe period, the result
can be V =0, as shown in Fig. 8.22. Note that, although V =0 in Fig. 8.22, there
is significant irradiance across the observation region.

Figures 8.20 through 8.22 illustrate basic properties of spatial coherence with
the YDPI. Firstly, visibility is not a function of location in the observation space.
Secondly, visibility is inversely proportional to the source size. These properties
differentiate spatial coherence from temporal coherence in a YDPIL.

The idea of adding irradiance patterns from individual source points is now
extended to a continuous source distribution. Assume that the source power varies
over the source plane. We define the local radiant exitance M(x,, y,) as the power
per unit area (in units of Wm-2) from differential area dx,dy,. Fringes in the
observation plane created by M(x,, y,) over area dx dy, are derived by assuming
that light emitted from dx,dy; acts like a point source. Since light from neigh-
boring differential areas do not interfere, the total irradiance pattern is found by
integration of differential fringe patterns created by each dxdy, .

Like the analysis of the power spectrum in Section 8.1.4, we define a
normalized radiant exitance

1. In this section, it is necessary to differentiate between source-space optical path
difference OPD; and observation-space optical path difference OPDy. The approximation

in Eq. (8.69) is also valid for source locations across the plane of the source, as can be
determined by taking the first two terms of the Taylor expansions of s; and s5, as long as

2
Zy» xé,2+<ysi9 .
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I(OPD)
A.) Component
Fringe Patterns
1(OPD,) OPDy
B.) Combined
Fringe Pattern V=0.84
0 OPD,

Fig. 8.20. The component fringe patterns from an on-axis source point and an off-axis
source point are shown, where OPD, = A/5 . The total irradiance is the sum of the two
fringe patterns. Notice that visibility is reduced uniformly across the observation plane,
where OPD, = —dy,/z, . The center of the combined pattern is slightly shifted, but it
retains the same period as the component fringes.

M(x,y,)

me(x,y,) = (8.72)

oo oo

[ [ M(x,,yo)dx,dy,

—o00—o0

The differential irradiance pattern created by my(x,, y,)dxdy, has the same form
as Eq. (8.43), except g(v)dv isreplaced by my(x,, y,)dx.dy,, with the following
result

I(At;x, y)dxdy,

I[K, + K, +2,/K|K,cos(2rvAt) |mg(x,, y,)dxdy
(8.73)
I[K, + K, +2,/K,K,cos(kcAt)Img(x,, y,)dx,dy,

I{K,+ K, +2,/K ,K,cos[k(OPD, + OPD)) |} mg(x,, y,)dx.dy, ,

where At = (OPD, + OPD)/c, k = 2m/A,and A is the average wavelength of
the quasimonochromatic source. The factor /;is the irradiance incident on the
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Fringe Poterns / | ’}" , |
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I(OPD,)

1(OPD,) OPDy
B.) Combined
Fringe Pattern V=055
0 OPD,

Fig. 8.21. The component fringe patterns from three distributed source points are
shown, where OPD, = /5 between the source positions. The total irradiance is the
sum of the three fringe patterns. Notice that visibility is reduced uniformly across the
observation plane, where OPD,, = —dy,/z, . The center of the combined pattern is
slightly shifted, but it retains the same period as the component fringes.
pinholes, where we have assumed that both pinholes receive the same irradiance
from the distributed source. Integration over the continuous source spatial distri-
bution my(x,, y,) removes the dependence on OPDy and yields

1(OPD,)

- (8.74)
= Ip{ Ky + Ky + 2K K, | [ cos[k(OPD, + OPD)Img(x,, y,)dx,dy,

—00 —co

If we apply the approximation for OPD; from Eq. (8.69), the irradiance becomes
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(OPD ) OPDo
B.) Combined
Fringe Patt V=0
0 OPD,

Fig. 8.22. The component fringe patterns from five distributed source points are shown,
where OPD, = 1/5 between the source positions. The total irradiance is the sum of
the five fringe patterns. Notice that visibility is reduced to zero uniformly across the
observation plane, where OPD,, = —dy,/z,. However, zero visibility does not imply
zero irradiance.

= 1{1{ +K,+ 2ﬂj’j [ (— OPD )]m (xs,ys)dxsdys}

= I, (K, +K,

+ 2./K,K,Re! exp(jkOPD, )j jm (x,,)e p[Jk( dﬂd dy, H 8.75)

= I,(K, +K,

+ 2,/K,K,Re exp(jkOPDO)Fd/z'@[ me(x,, ys)dxs} ” .
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Notice that the Fourier transform operates on the projection of the x; axis onto the
y, direction of the normalized source distribution. Due to the pinhole orientation
along the y axis, the source distribution in the x, direction is integrated to produce
a one-dimensional function, which is then operated on with a Fourier transform to
obtain the complete fringe distribution in the observation plane. The Fourier
operation is a direct result of adding individual cosine distributions from each
differential area of the source. Instead of individual fringe patterns with different
periods, as discussed with temporal coherence in Section 8.1.4, the individual
fringe patterns have the same period and are simply shifted with respect to each
other.

Equation (8.75) is now simplified with several substitutions. First, the result of
the Fourier transform is recognized to exhibit an amplitude and a phase, which can
be combined with the exponential containing OPD(. The magnitude is

oo

d
le(—_) =F. {J‘ mp(x,, ys)dxs} s (8.76)
Z N S
and the phase is
d
B 12(?‘) = ag\ k. x D me(x,, yx)dxs} . (8.77)
7\,23 S

—oo

By applying the real part of the bracketed expression in Eq. (8.75), we obtain
I(OPD,)

= Io{Kl + K+ 2 KleMz()—Td‘) cos[kOPDO+ Blz(i_d—n} , (8.78)

s A

or

I(t)= IO{K1+K2+ 2mp12(%)cos[2nvr+BIZ(Xiﬂ} . (8.79)

s < N

as a function of 1 = OPD,/c . Notice that Eq. (8.79) is very similar in form to Eq.
(8.53), except the leading factor in front of the cosine and the fringe shift inside
the argument of the cosine are not functions of observation-space location t.
Finally, substitution of the angular subtense of the pinholes as seen from the
source 0, = d/z, into Eq. (8.79) results in
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0, )

I(1)= IO{K1 + K+ 2JITI(2u12(’—’) cos |:2TC\_)’C + [312(’—”1”} . (8.80)

) )
Note that the fringe visibility,

0,0 2JKK, (9,
i=) = Hio

: Tt (8.81)

A

is not a function of position y, in the observation space. Fringe spacing

A = 207_\/ d in the observation plane is identical for any point in the source. This
development results in a similar mathematical structure to that found in Section
8.1.4. However, although Eqgs. (8.48) and (8.81) are similar, Eq. (8.81) does not
depend on t.

8.1.6 Interpretation of the van Cittert-Zernike Theorem

Equations (8.76) and (8.81) are elements of the van-Cittert Zernike theorem,
which can be stated for a YDPI:

If a quasimonochromatic source is a considerable distance from the aperture
plane and pinhole separation is small, fringe visibility from an extended source is
proportional to the inverse Fourier transform of the source's spatial distribution.
The transform variable is the angular separation of the aperture-plane sampling
points divided by the wavelength.

Example 8.5: Spatial coherence from a one-dimensional line source

Consider the quasimonochromatic one-dimensional line source as shown
in Fig. 8.23, which can be described by

mi(e, ) = prect(2)acx,), (3.8

where,if K|, = K, = 1,

o) - %) - i)

A plot of Eq. (8.83) is shown in Fig. 8.24 with ,, = d/z,. A reference line
at L®,,/L = 0.6 is drawn to help illustrate variable dependencies. A
complete understanding of the van Cittert-Zernike theorem is obtained by
recognizing how visibility changes for each variable separately.

sinc (L

> |’B®
=

(8.83)
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Fig. 8.23. One-dimensional source distribution with length L and angular substance for
Example 8.5.

Increasing z; or decreasing L has the effect of decreasing the maximum
fringe shift and increasing visibility. The contrast is increased because the
range of shifts in the component fringe patterns is reduced compared to the
fringe period. (Remember, the fringe period does not depend on z; or L.) Thus,
decreasing the angular extent of the source as seen by the pinholes increases
visibility. Increasing pinhole separation d or decreasing A has the effect of
reducing the fringe spacing, which decreases visibility, because the range of
shifts in the observation area does not change.

Example 8.6: Spatial coherence with a lateral shearing interferometer

Consider a lateral shearing interferometer (LSI), as shown in Fig 8.25.
This type of interferometer is typically used to test collimation of laser beams
and other optical systems. The LSI forms an interference pattern from two
reflections off a plane parallel glass plate. The first reflection interferes with
the second reflection, which is a shifted version of the same wavefront. The
shift is the shear distance S, which is a function of the tilt angle, the thickness
T and refractive index n of the plate. The incident wavefront must exhibit good
spatial coherence over the shear distance in order to observe high visibility
fringes.
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Fig. 8.24. Visibility for an extended source. Visibility is shown as a function of the
normalized variables Lep »/ A for the one-dimensional extended source in Example
8.5. In order to increase visibility from the starting point, 8, or L must be decreased,

or A must be increased.
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Fig. 8.25. Spatial coherence for a lateral shearing interferometer (LSI).
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If the extended quasimonochromatic source in Fig. 8.25 is collimated by
a lens of focal length f, the angular distribution of the light exiting the lens
determines the spatial coherence properties. OPDg between points interfering
in the shifted wavefront vary, due to the angular difference between the waves
from on-axis and off-axis source points. OPD; due to source points distributed
along the y; axis is

OPD, = Ssin0,, (8.84)

where
. Vs
sinf; = — . (8.85)
f

The OPD; in Eq. (8.74) is now OPD, = —y.S/f instead of —y.d/z .
Therefore, p,, becomes

oo

“lz%c) = /Lf'|:ij(XS’y.s)dx.s:| - (8.86)

For a rectangular source distribution,

le(}%) =

The extent L of the incoherent quasimonochromatic source must be smaller
than Af/S to obtain good visibility. For example, if 7= 12.5 mm, n = 1.5 and
the tilt angle is 45°, S = 5.2 mm. If f = 100 mm, the source size that first
produces a minimum in visibility is

sinc(L):f})‘ . (8.87)

- 3 9
=L - (00xI0 m)(330xI0 m) _ ) 107 m = 11pm .
§ 5.2x10"m

Example 8.7: Michelson Stellar Interferometer

The Michelson stellar interferometer is shown in Fig. 8.26. The fringe spacing
on the observation screen depends on d, the separation of the pinholes.
However, the visibility depends on h, the separation of the collection mirrors,
because, like in Example 8.6, OPD,; = hsin®, . However, the source
radiance is specified in terms of the angle as viewed from the center of the
telescope, not as a physical distance in a plane. In this case, the development
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of Eq. (8.80) is modified to use my(6
variable. that is, p,, becomes

0,,) with h/\ as the transform

sX?

“12(%) = U (05 esy)dem} (8.88)

—T

Thus, the observer maps the fringe visibility by changing 4. The angular
radiance distribution mg(6,,, 6,,) is calculated by taking the inverse Fourier
transform of measured visibility.

Mirrors
Distant
Binary A0 Telescope
Fringe
Star Lens g
- Observation
h A Plane

(A'ex d

<%

Pinholes

|4

Fig. 8.26. Michelson Stellar Interferometer for determining properties of distant
stars.

One application of the Michelson stellar interferometer is to measure the
angular separation of binary stars. For this problem, the radiance distribution is

Agﬂ ®,,) . (8.89)

A
mp(8;,, 0;,) = %[6(9”,+ 2“) +8(6W—

where A8, is the total angular separation of the stars. Thus, the visibility is
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b1

= F‘h/{ [ mr(o,,, esy>desx}

—T

<

N\

Sis

N—
I

| (8.90)

2
|cos (nhAe, /)|

Jj2mhA® /2L —j2mhA8 /2]
e +e

Therefore, if the separation of mirrors and wavelength are determined, and the
visibility is measured, the angular separation A6, can be obtained. In the
example above, if & is the mirror separation that produces the first zero in
fringe visibility, A8, is given by

AB, =

s

(8.91)

S

For example, consider when the first zero of fringe visibility occurs at &
=27 m with A =500 nm, AO = 9.2><10_9 radians, and the angular separation
of the binary stars is about 2 milli-arc-seconds (mas), where 1 mas = 4.6
nanoradians (4.6 X 10”° radians). For comparison, the angular resolution of
the human eye is about 12.5 arc-seconds or 58 microradians (58 X 10°°
radians). The Hale observatory has a resolution of about 25 mas, and the Naval
Observatory Michelson Stellar Interferometer has a resolution of about 200
micro-arc-seconds.! In simple terms, this capability is like resolving the width
of a human hair at a distance of 25 miles. The optical schematic for the Mark
IIT Stellar Interferometer at the Naval Observatory is shown in Fig. 8.27.

8.1.7 The Concept of Coherence Area

The van Cittert-Zernike Theorem of Section 8.1.6 applied to a two-dimen-
sional quasimonochromatic source distribution provides insight into the coherent
nature of the light field. The concept of coherence area suggests that there is some
area over which the light field behaves coherently at various distances away from
the source. For example, the sketch in Fig. 8.28 shows the outline of a source
distribution and the outline of its associated Fourier transform in an
aperture/pinhole plane. The aperture/pinhole plane could be the pinhole plane of
a YDPI, the input aperture of an interferometer or the object plane of a micro-
scope. The distribution of the Fourier transform, appropriately scaled from Eq.
(8.76), determines the visibility of interference fringes for separations d of points
in the aperture plane. The coherence area is defined by a region representing

1. See http://www.mtwilson.edu/Tour/NRL/mark3.html for more information about the
Naval Observatory's instrument.
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Fig. 8.27. The Mark III Stellar Interferometer at the Naval Observatory.

separations of points in the aperture plane that can interfere with high visibility.
The maximum extent of this region is the boundary determined by the minimum
visibility acceptable to the optical system of interest. Usually, the zeros of the
visibility function are the easiest limits to consider, but a value of V = 0.2 is often
used for experimental data.

For example, the source in Fig. 8.28 is longer in the y; dimension than in the
x, dimension. The source distribution can be roughly approximated with a
rectangle with sides of length L, and L. The Fourier transform of the rectangle
is separable, and the zeros of the resulting sinc visibility function are used to
define the coherence area. For example, the maximum width for good coherence
(zeros of V) in the y-dimension is Ay = z,A/L, . Note that, because of the rectan-
gular shape in the source plane, the coherence area is also wider in one dimension
than in the other. The wide dimension of the coherence area corresponds to the
narrow dimension of the source. That is, a narrow source dimension presents a
wide coherence area in the pinhole/aperture plane. In the example of Fig. 8.28,
the coherence area is

2 =2

z, A

L.L,

Coherence area = AxAy = (8.92)

Example 8.8: Coherence from a small, round distributed source.

A 1 mm diameter Gaussian incoherent extended source of average wavelength
500 nm is to be used in a diffraction experiment, for which it is desired to
illuminate a distant 3 mm diameter aperture coherently. Calculate the
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Fig. 8.28. The concept of coherence area is an extension of the Van Cittert Zernike
Theorem.

minimum distance between the pinhole source and the diffracting aperture for
good coherence. State any assumptions being made.

The spatial coherence at the aperture is obtained by applying the van
Cittert-Zernike Theorem. The visibility is proportional to the Fourier
transform of the projected source distribution, which can be described by

oo o

dxs = [ L gaus(=) gaus(2)a 8.93
J‘mR(xs,ys) xs = jrzgaus ) gaus{—"jdxs (8.93)

—oco —oo

and p,, is

)

d ) (rd)
— | = gaus| — | , 8.94)
le(MS 8 . (

where r is the diameter of the source at approximately the 4% radiant exitance
level, d is the diameter of the distant aperture and z; is the distance from the
source to the aperture. Assume illumination is coherent for V = pn;,>0.2.
The minimum distance for good coherence is
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3 3
Z = ir__d _ —n (0.5x10 ")(3x10 7) —42m (8.95)
Nlog0.2 & Alog0.2 0.5%10°°

8.1.8 Combination of Temporal and Spatial Coherence

The complete description of coherence properties resulting from a multiple-
wavelength, extended source is provided in Section 8.3. However, it is possible to
understand the basic character of coherence from a heuristic argument. For
example, consider the off-axis polychromatic point source pictured in the YDPI of
Fig. 8.29. With reference to Fig. 8.19 and with the results of Section 8.1.4,
maximum fringe visibility is observed at the point on the observation screen where
OPD,,,;, = OPD,+ OPD, = 0. The decrease in V away from this point is
governed by the bandwidth Av of the source. Narrow Ay implies good V over a
wide distance along y, . The fringe pattern associated with the single source point
is the point response of the YDPI system. Shifting the source point simply shifts
the point response along the observation screen. In the central region of the obser-
vation screen, the relationship is linear and shift invariant in y,, . The relationship
is always linear and shift invariant in OPD, .

y
A s Pinhole Plane “)’0

A
/

Fig. 8.29. The point response of an off-axis polychromatic source.

If more than one source point illuminates the YDPI, the point response fringe
patterns are summed to produce the total fringe pattern. In the limit of a
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continuous source distribution, the total fringe pattern is found by convolving the
point response with the appropriately scaled source distribution.

For example, consider a line source distribution of length L along y;, like in
Example 8.5. If L is small, the shifts of the point responses are less than the width
of a fringe period. Therefore, the convolution results in a uniform loss factor in
visibility across observation screen, but the basic shape of the point response
remains. At the point on the screen where OPD ., =0, the loss in visibility is due
only to the spatial extent of the source, and not the temporal bandwidth. As a rough
approximation, the total visibility is governed by the relationship

0 0
v(r, %’) oc plz(%h)mlz(r) . (8.96)

8.1.9 Terminology Used in Coherence Theory

Equation (8.8) can be written in the following form

I(r,ry;v)=1,+1,+2,/[,1,Re[y,, ()] , (8.97)

where I, and I, are irradiances at the observation point from each pinhole
independently, and v,,(t) is the normalized mutual coherence function (also
called the complex degree of coherence), which is given by

Y12(T) = _Te® ) (8.98)

NE 1 (0T (0)

It is understood that t is a function of the observation-space location. The normal-
ization limits values of y,,(t) sothat 0 < |ylz(r)| < 1.Equation (8.97) can also be
written as

I(r,ryst) = I+ L+ 2 [ L]y, (1) cos[o,(1)] (8.99)
where
a(1) = argly;,(1)] . (8.100)

When working with temporal coherence problems, the complex degree of
coherence is related to the terms in Section 8.1.4 by

m(1) = |yp(7)] (8.101)

and
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Bo(1) = arg[y;,(1)] . (8.102)

When working with spatial coherence problems, the complex degree of coherence
is related to the terms in Section 8.1.5 by

J12

Hip = [12(0)] = m‘ , (8.103)
and
B = argly;,(0)] , (8.104)
where
Jip = T'p(0) (8.105)

is the mutual intensity. In this case, |, is the normalized mutual intensity. Notice
that, if pinhole positions P1 and P2 are coincident, J,; = I';;(0) is the irradiance
at that point in the light field before the pinholes. Also, the self coherence of the
light field is given by I'} (1) .

The complex degree of coherence, mutual intensity and self coherence are not
functions of pinhole transmission or propagation loss from the pinholes to the

observation point. They are extremely important measures of the property of a
light field.
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8.2 Fringe Localization

Waves traveling through space interfere and produce visible fringes if the
conditions are right. In particular, the waves must have some degree of spatial and
temporal coherence over a region of space. Fringe localization defines the region
of space where interference occurs and fringes with reasonably good contrast are
observed. There is a wide variety of methods for producing fringes — ranging from
a simple parallel plate to complex interferometers, and each has an associated
region in space where high-contrast fringes may be observed. The location of this
region relative to the components of the interferometer depends on properties of
the source and geometry of the interferometer. In this section, basic properties of
fringe localization are illustrated for various types of sources and interferometers.

There are several different categories of fringe localization in interferometers.
Some of the more common categories are:

1) Localized everywhere: The fringes have high visibility everywhere in the
observation space. (Also called non-localized or unlocalized.)

2) Localized: The fringes have high visibility over some surface in the
observation space. The fringe localization surface can be curved.

3) Localized at infinity: A lens is used to transform the angular distribution of
fringes into a spatial distribution of fringes on an observation plane with
high visibility. The observation plane is usually at the back focus of the
lens. Otherwise, fringe visibility is too low for observation. (Also called
Haidinger’s fringes or fringes of equal inclination.)

4) Fringes of equal thickness: Localized fringes, where fringes correspond to
contours of constant thickness between two surfaces.

8.2.1 Discussion of sources for illumination

Several types of sources are used for illumination in interferometers and other
optical systems. This section discusses basic coherence properties of four different
types of sources: monochromatic point source, polychromatic point source, quasi-
monochromatic extended source and polychromatic extended source.

8.2.1.1 Monochromatic point source

Any interferometer using an ideal, monochromatic point of light as a source
produces high-visibility fringes everywhere in observation space. In this case,
two-point-source interference produces a hyperboloidal fringe field, as shown in
Fig. 8.30. The fringes occur where OPDy is an integer number of wavelengths.
These fringes are nonlocalized or localized everywhere or unlocalized. Of course,
there is no truly ideal monochromatic point source of light. However, a good
approximation is found by using high-quality laser sources, where the coherence
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length due to the temporal bandwidth of the laser is much greater than the
maximum OPD,,. That is,

< 5 (OPD)

8.106
nAv ( )

max ’

where n is the refractive index in observation space.

Symmetry
Line

Fig. 8.30. Hyperboloidal fringe field generated from a pair of coherent point sources.
Fringe surfaces are hyperboloids of revolution around the symmetry line that passes
through both points. The fringe order m increases or decreases away from the plane of
zero OPDy, W}rlriz%»h is the m = 0 fringe. Asymptotic lines are given by

tan®,, = —————.
Jd—m*\

8.2.1.2 Polychromatic point source

With a polychromatic point emitter in the source space, two-point-source
interference produces hyperboloidal fringe fields in observation space for each
frequency component of the source’s power spectrum. Portions of the fringe field
in the observation space with high OPD( between the two sources exhibit reduced
contrast due to wavelength-dependent fringe variations. Fringe visibility depends
on where the observation is made. For example, if Av= ¢/ 4% andn =1, fringe
visibility near and beyond the m = +/- 4 fringes in Fig. 8.30 would be very poor.
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8.2.1.3 Quasimonochromatic extended source

Quasimonochromatic extended sources can be treated as a collection of
independent emitters oscillating with wavelength A .! This ideal case might be a
good approximation for a highly filtered tungsten lamp or a spectroscopic lamp.
The total fringe field in observation space is simply the addition of fringe fields
from individual source points. The net effect is usually a decrease in fringe
visibility, but the characteristics of the visibility reduction depend greatly on the
geometry of the interferometer.

8.2.1.4 Polychromatic extended source

Analysis of systems with a polychromatic extended source must take into
account both the temporal bandwidth of the source and its finite extent. In the
simplest case, the polychromatic nature can be considered separately. That is, first
consider the source as a collection of point emitters at X, then estimate the
additional visibility reduction due to the temporal bandwidth. However, some
complicated sources may not be well described in this way. A more complete
discussion of this topic is provided in Section 8.3

8.2.2 General procedure for determining fringe localization

There are three basic steps in assessing fringe localization for most interferom-
eters, which are:

1) Determine the fringe period and position in the observation plane given an
ideal, monochromatic point source in the source plane;

2) Integrate fringe patterns resulting from positioning the point source over
the spatial extent of the distributed source, and/or from the separate
frequencies in the power spectrum; and

3) Define regions in the observation space where V is large enough (V > 0.2)
to detect fringes.

Usually, results from Step (2) produce a relationship that can be expanded into
a closed-form solution for fringe visibility in observation space as a function of
source properties and interferometer geometry. If a closed-form solution can’t be
found, a computer simulation can provide the necessary information.

1. In order for the quasimonochromatic assumption to hold over the observation space, Eq.
(8.106) must be satisfied.
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8.2.3 Application of fringe localization techniques to specific
interferometers

In this section, several specific interferometers are analyzed with respect to
fringe visibility for different types of sources. The interferometers examined
include Young’s double pinhole interferometer (YDPI), the plane parallel plate
(PPP), a wedged plate, thin films, Fizeau interferometers, the Michelson interfer-
ometer, the Twyman-Green interferometer, Lloyd’s mirror and Fresnel’s biprism.

8.2.3.1 Young’s double pinhole interferometer (YDPI)

If a monochromatic point source is used with the YDPI displayed in Fig. 8.1,
pinholes produce a coherent pair of source points. The fringes are unlocalized in
the entire observation space, which is the entire region to the right of the pinhole
plane.

If the YDPI is used with an on-axis polychromatic point source, it produces a
region of fringe localization close to the optical axis, as shown in Fig. 8.31, which
is specified by Eq. (8.48). The region of fringe localization is bounded by the
fringes corresponding to +/- OPD that produce the minimum acceptable visibility
V.

AYs Pinhole Plane 40
On-Axis OPD,, = 2i
Polychromatic V<02 —
L _ Point Source d —_/»
AN C_
- = V>02
L7/ 1, = 2
, 0
—~—
s 20

Fig. 8.31. Localization of a YDPI with an on-axis polychromatic point source. A YDPI
is used with a polychromatic point source exhibiting a coherence length of [, = 2.
Fringes are localized near the axis where V > 0.2, which occurs until approximately
OPD( =2 . The gray region indicates where V < 0.2.

Spatial coherence of a YDPI with an extended quasimonochromatic source is
examined in detail in Section 8.1.5. Visibility of the fringes in observation space
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is a function of the wavelength, the size of the source and its distance to the
pinhole plane. Larger sources and smaller distances produce lower visibility.
Unlike temporal coherence with the YDPI, visibility due to an extended source is
not a function of position in the observation space. Equation (8.81) provides an
explicit relationship between the source distribution, interferometer parameters,
and visibility.

8.2.3.2 Plane parallel plate (PPP)

Perhaps the simplest form of interferometer is the plane parallel plate, as
shown in Fig. 8.32. Light from point source a, which is a distance / in front of the
plate, reflects from the two surfaces of the plate. The reflection from the front
surface appears to originate from virtual source point a; a distance / behind the
plate. Part of the wave refracts into the plate and reflects off the back surface.
When this wave exits the plate from the front, it appears to originate from virtual
source point ay. The coherent point-source pair | and a, that are produced by the
reflections are separated by the geometrical distance d = 2¢/n. They have a
symmetry line through aja, perpendicular to the surface of the plate, and they
produce a hyperboloidal fringe field that can be viewed from the front of the plate.

If a is a monochromatic point source, fringe visibility is unity everywhere in
the observation space to the right of the plate, and the fringes are unlocalized. (For
practical experiments, the point source is isolated from the observation region
with a beamsplitter or other component.) The glass causes an additional delay
between the two waves that must be considered if the source is not monochro-
matic. Instead of the geometric separation 2¢/n a delay caused by the maximum
OPD,= 2nt must be used in the coherence calculations. Therefore, fringes can
be observed everywhere in the observation region with good visibility if

2nt « ¢/Av , where t is the thickness of the plate, # is its index of refraction and
Av is the bandwidth of the source power spectrum. If a is a polychromatic point
source with 2nt > c/Av , visibility reduces as the fringe order increases, because
of increasing OPDy. Fringes of adequate visibility can be observed if the obser-
vation plane intersects fringes where OPD,= m\ < c¢/Av . Notice that, since the
maximum OPDy is along the symmetry line, lowest visibility is observed in the
center of the fringe pattern.

For a quasimonochromatic extended source, the PPP produces a reflection of
each source point for each surface of the plate, as shown in Fig. 8.33. Each virtual
source pair produces a hyperboloidal fringe pattern in observation space. The
individual fringe patterns are offset in the vertical direction according to the
position of the point of origin in the source. The fringe patterns add to produce
the total light pattern. If the source length is greater than the fringe spacing, the
hyperboloidal features wash out, and zero visibility is measured in observation
region close to the plate.
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Fig. 8.32. PPP with polychromatic point-source illumination. Point source a is shown
positioned a distance / in front of a plane parallel plate (PPP) . A coherent pair of virtual
point sources aja; is created from the two Fresnel surface reflections of the plate. The
coherent point-source pair produces a hyperboloidal fringe field in the observation
space to the right of the plate. If a is polychromatic, fringe visibility reduces as fringe
order number m increases.

In the particular geometry of Fig. 8.33, a useful characteristic of the fringe
patterns is that asymptotes for each fringe order m are parallel. This condition
exists because the virtual images of the source, a;b; and a,b,, are parallel to each
other. If the observation plane is displaced far enough to the right of the plate so
that the distance between adjacent fringe orders is larger than the length of the
source, fringes with acceptable visibility can be measured. A practical way of
achieving a long effective distance between the source pairs and the observation
plane is to use a lens positioned as shown in Fig. 8.34, where the observation plane
is at the back focus of a lens. In this configuration, the image of the observation
plane is at infinity with respect to the plate. Each fringe order at angle 0,, = asin
(mMd) = asin (mA/2nt) focuses to a circle in the observation plane, due to the
symmetry of the hyperboloidal fringe field. The radius of the circle is given by r,,
= fcotf,,. The combination of all circles yields a concentric fringe pattern. Like
with two-point-source interference, the maximum OPDy of this pattern corre-
sponds to the innermost fringe at the center of the circular pattern. Any significant
width of the source power spectrum washes out the fringe in this central region,
due to temporal coherence effects. The circular fringes shown in Fig. 8.34 are
called Haidinger’s fringes. Because the fringes are only observed at a sufficiently
large distance from the plate, the fringes are said to be localized at infinity. Since
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Fig. 8.33. PPP with quasimonochromatic extended-source illumination. Extended
source ab is shown positioned a distance / in front of a plane parallel plate (PPP). A
coherent pair of virtual point sources is created for each point in the extended source
from the two Fresnel surface reflections of the plate. Each coherent point-source pair
produces a hyperboloidal fringe field in the observation space. The hyperboloids are
shifted with respect to each other according to the source-point position. A reduction in
visibility is observed in the observation space, due to overlap of the fringes.

each fringe results from many source points, but only from a specific angular

range, the fringes are also called fringes of equal inclination.

8.2.3.3 Wedged plate, thin films and Fizeau interferometers

Closely related to the plane parallel plate is the simple wedge, as shown in Fig.
8.35 with polychromatic point-source illumination. The virtual point sources a;
and a, now exhibit a tilted symmetry line. When the wedged plate is illuminated
with an extended, quasimonochromatic source, as shown in Fig. 8.36, two source
images are formed. Each coherent pair in the images produces hyperbolic fringes.
Unlike the cases studied so far, the images are not parallel, and the symmetry lines
between coherent pairs are tilted with respect to each other. In addition, the
distances d between coherent pairs are not equal, unlike with the PPP. This angled
geometry complicates the discussion of fringe localization. The shifts, tilts and
spacing differences produce hyperboloidal fringe fields that are also tilted, shifted
and scaled. It is difficult to find regions of adequate visibility with this relatively
thick-wedged-plate geometry.

More commonly, the wedge under test is very thin with respect to the distance
from the source to the top surface. Effectively, the wedge is a thin film. In addition,
the wedge angle is small. Figure 8.37 shows the geometry for a thin film illumi-
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Fig. 8.34. Haidinger’s fringes. Haidinger’s fringes or fringes of equal inclination are
formed when images of the extended source are parallel to each other in observation
space. Although fringes have low visibility near the source images, a lens with focal
length f can be used to form the characteristic concentric-ring fringe pattern with good
visibility. The pattern forms because fringe asymptotes of corresponding fringe orders
are parallel. Since the lens effectively sets the observation at an infinite conjugate with
respect to the source images, the fringes are said to be localized at infinity.
nated by an extended quasimonochromatic source. In this case, the coherent pairs
form hybperboolidal fringe fields, like those shown in the magnified view of the
ajay source pair. The m, = 0 fringe line is directed toward the film, where the m,
= 0 fringe intersects with it. A similar observation is made concerning all other
fringe orders. That is, like finge orders intersect at or near the film, which produces
high-contrast fringes. Between the source images and the film, the fringes are
overlapped in various ways, and the fringe visibility is low or zero. Likewise,
visibilty is low beyond the film. Therefore, the fringes are localized at the thin
film.

Figure 8.38 shows the result of a simulation for the geometry of Fig. 8.36 with
film thickness t = 1 um, wedge angle = 0.1°, wavelength = 500 nm, plate
refractive index n = 1.5, I = 200 mm, and separation between source points a and
b of 10mm. The fringe fields from coherent pairs are tilted and displaced with
respect to each other. However, the fringe fields converge with like orders
overlapping at the wedge. That is, the mth order of the fringe field from source pair
ajay overlaps the mth order of the fringe field from all other source pairs
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Fig. 8.35. Wedged plate with polychromatic point-source illumination. Point source a

is shown positioned a distance / to the right of a wedged plate. A coherent pair of virtual

point sources aja; is created from the two Fresnel surface reflections of the plate. The

coherent point-source pair produces a tilted hyperboloidal fringe field in the

observation space. If a is polychromatic, fringe visibility reduces as fringe order

number m increases.
distributed along the images. Therefore, the visibility is maximum at the wedge
and the fringes are localized at the thin film. An external optical system or the eye
of an observer can be used to reimage the wedge in order to detect high visibility
fringes. Notice that the m = 0 fringe of each coherent pair intersects the wedge.
Therefore, high visibility is obtained near the intersection of the m = 0 fringe and
the wedge, even with a broad bandwidth light source. Also, the fringe pattern
consists of straight-line, equally spaced fringes near the m = 0 fringe, like what is
observed from the basic hyberbola pattern shown in Fig. 8.30. Over a wider
expanse of fringe orders, the localization surface is a sphere with diameter /.

If the wedge is not a simple linear function, the fringes are not distributed in
straight, equally spaced lines. For example, the practical geometry shown in Fig.
8.39 shows a Fizeau interferometer, where an air wedge is formed between a test
piece and a reference flat. Light from the extended source is blocked from directly
reaching the observation plane by a beamsplitter. For most of the test surface, the
wedge is linear and fringes are straight and equally spaced. In the region of the
bump, fringes move to positions of equal OPDg, which are toward the open side
of the wedge. The otherwise straight fringe lines are distorted in a shape charac-
teristic of the bump.

The OPD( between real-ray reflections from wedge surfaces can be used to
find locations of bright an dark fringes along the wedge. An additional factor from
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Fig. 8.36. Wedged plate with quasimonochromatic extended-source illumination. The
extended source is positioned a distance [ to the right of a wedged plate. A coherent pair
of virtual point sources is created for each point in the source from the two Fresnel
surface reflections of the plate. Each coherent point-source pair produces a
hyperboloidal fringe field in the observation space.
the phase ¢ of the surface reflections must also be taken into account. When
OPD, = (m+-=]A, a bright fringe is observed, and when
OPD, m+ =% 2 , a dark fringe is observed. Since all like fringe orders
overlap at the ﬁl%n, azsnshown in Fig. 8.38, it is sufficient to analyze the ray emitted
from the central portion of the source. Derivation of OPDy is aided by the
magnified view of the wedge shown in Fig. 8.40. Considering real-ray path
portions AB s CB and AD s

OPD,, = n,y(AB + CB) —n,;AD

21(x) — .
= nzcosez—nlACsme1
2t(x) .
= 200862—1112t(x)tan(9zsln91
160 1 sinG. (8.107)
sin®, n, sin
_ 22t(x)_n12t(x) 21, 81MY,
cos 0, cosf, n,
2n,t(x) 2
= ———[1-sin"6
cosez[ sin"6, ]
= 2n,t(x)cos0,
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Fig. 8.37. Thin wedge (thin film) with quasimonochromatic extended-source
illumination. The extended source is positioned a distance / to the right of a thin film.
A coherent pair of virtual point sources is created for each point in the source from the
two Fresnel surface reflections of the film. Each coherent point-source pair produces a
hyperboloidal fringe field in the observation space to the right of the film. Like orders
intersect at the film, so the fringes are localized at the thin film.

Thin Wedge
(Thin Film)
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Fig. 8.38. Result of a simulation for the geometry of Fig. 8.37 with film
thickness = 1 pm, wedge angle = 0.1°, wavelength = 500 nm, plate refractive
index n = 1.5, I = 200 mm, and separation between source points a and b of
10mm.
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Fig. 8.39. A typical Fizeau interferometer. Fringes of equal thickness indicate contours

of. constanF t(.x) ar.ld are locglized at Xv&dge. The height of the defect, as indicated by the

fringe deviation, is approximately 35
where nj is the refractive index of the incident medium, n, is the refractive index
of the plate, #(x) is the thickness of the plate at the point of reflection, and 0 is the
angle of refraction inside the wedge. For a bright fringe at the observation plane,
OPD,, = m\ + Ad , where ¢ is the phase difference between Fresnel reflections
from the surfacesn.: For example, if ny = 1, np = 1.5 and n3 = 1, ¢ =x. Notice that
OPDy in Eq. (8.107) is directly proportional to the thickness of the wedge #(x).
Therefore, fringes map out contours of constant wedge thickness. These fringes
are called fringes of equal thickness.

For the case of nearly normal incidence (8, ~0) and n =1, OPD( = 2#(x), and
each fringe represents one-half wavelength multiples of surface departure. For the
bump shown in Fig. 8.39, the height of the defect is approximately the fractional
fringe deviation multiplied by the surface departure between fringe lines. That is,
height = == . In order to see the fringes, the wedge is imaged onto an obser-
vation plané. (Fringes can be imaged through optical systems, just like light
reflected from or transmitted through real objects.) In a practical experiment, the
observation plane can be a CCD array. The lens and observation plane can also be
the eye and retina, respectively, of the observer if the fringes are viewed directly.

©2008 Tom D. Milster



60 Chapter 8

Surface 1

Surface 2

Fig. 8.40. Magnified view of real-ray intersection at the wedged plate for calculation

of OPD().
Notice that localization of the fringes at the wedge is an advantage to the observer.
Spurious fringes caused by reflections from other surfaces typically have very low
visibility and do not distract from the measurement of interest.

The analysis outlined in Fig. 8.40 can be extended to transmitted fringes,
where, except for a phase shift due to the extra reflection, the OPDy is defined by
Eq. (8.107). With a simple glass wedge, visibility of the transmitted fringes is
much lower than the reflected fringes, due to the higher transmission of the first
beam.

Naturally occurring thin films, like soap bubbles and oil films, produce
colorful interference effects. In this case, constructive interference for different
wavelengths is spread out spatially from small changes in * or 0,.

The simplified example of a thin wedge is a very useful demonstration of
fringe localization, but it is also useful to develop a general technique to determine
fringe localization in other types of interferometers that use quasimonochromatic
extended sources. A simple construction can be used to determine fringe local-
ization for two-beam interferometers using quasimonochromatic extended
sources, as shown in Fig. 8.41. Steps in the construction are:

1) Determine positions of the two source images in observation space;
2) Locate coherent pairs ajay and b1b, on ends of the source images;
3) Draw symmetry lines between a; and a, and between by and by;

4) Construct the perpendicular bisectors to each symmetry line. (These
bisectors are the m = 0 fringes for the coherent pairs.); and
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Fig. 8.41. Localization procedure for extended sources. Intersection of m = 0 fringes
from endpoints of the source images from surfaces of the wedge determines the center
of the localization region. Fringes are localized on a curved surface.

5) Find the intersection of the m = 0 fringes. This line in space is the center of
the localized fringes. The localization surface is a sphere with diameter
equal to the distance between the center of the source images and the
intersection of the m = 0 fringes.

8.2.3.4 Michelson Interferometer

The basic Michelson interferometer is shown in Fig. 8.42. An extended source
is used to illuminate a two-beam interferometer through a beam splitter BS. At
first, we will analyze the Michelson interferometer using a quasimonochromatic
extended source, with endpoints a and b. After the basic concepts of fringe local-
ization are explained, the analysis is extended to polychromatic extended sources.

The first beam of the interferometer is defined by the light reflected off BS and
mirror M1, which then transmits through BS toward the observation plane. The
total path for the first beam is d| + d3 + d3 + dy. The second beam of the interfer-
ometer is defined by the light that passes through BS, reflects off mirror M2 and
then reflects off BS toward the observation plane. The total path for the second
beam is d| + dp + dp + d4. An imaging system is used to look into the beam splitter
and form images of the fringes on an observation plane.

An unfolded diagram of the interferometer is shown in Fig. 8.43. The source
images are formed by reflections off the mirrors. The images ab; and a,b, are as
far behind the mirrors as the source is in front. As shown, the mirrors are parallel
to the source, so the source images are also parallel to the source and each other.
From the perspective of the observer, as shown in Fig. 8.44, the source images are
exactly analogous to the geometry shown in Figs. 8.33 and 8.34, where an
extended source is used with a PPP. In this case, a simple optical system in obser-
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Fig. 8.42. A basic Michelson interferometer with a quasimonochromatic extended

source.

vation space can be used to observe Haidinger’s fringes at its back focus plane, as
shown in Fig. 8.34 for the PPP. Separation of the coherent pairs increases as the
distance 2|d3 —d2] between source images increases, and more fringes are
observed in the concentric pattern. Like with the plane parallel plate, maximum
OPDy is found in the center of the pattern.

Quasimonochromatic
Extended Source BS M, M, Source Images
1 1] o
bl o L, L,
< > 44— 4 —r 4 —p
dy dy dy dy
dy dy < d >

Fig. 8.43. An unfolded Michelson interferometer.
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Fig. 8.44. The observation-space description of a Michelson interferometer with
parallel mirrors. Haidinger fringes are observed in the back focal plane of the imaging
system.

The Michelson interferometer can be configured so that the two mirrors are
tilted, but not displaced, as shown in Fig. 8.45. The thin space between the mirrors
in the unfolded system analagous to a Fizeau thin film. The source images are also
tilted. Application of the construction described in Section 8.2.3.3 shows that the
m = 0 fringes intersect at the mirrors, where the fringes are localized. If the mirrors
are perfectly flat, straight and equally spaced fringes of equal thickness are
observed when the mirrors are reimaged to the observation plane. As the tilt angle
6 decreases, separations of the coherent pairs decrease, and fringe spacing
increases. Fizeau-type fringes are observed if the mirrors are not flat, where the

Source Images and Fringes

Imaging
System

Observation
Plane

0 decreases

Fig. 8.45. The observation-space description of a Michelson interferometer with tilted
mirrors. Fringes of equal thickness are observed when the mirrors are imaged onto the
observation plane.
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fringe deviation from a straight line is proportional to the surface feature.For the
case of tilted mirrors with no displacement, as shown in Fig. 8.45, the m = 0 fringe
intersects the mirrors. Therefore, if the source is polychromatic, good visibility
can be observed until OPD, ~ c¢/Av, where Av is the bandwidth of the source
power spectrum. For example, if a white-light (400 nm to 700 nm) extended
source is used, Ay ~ 2.9><1014 Hz, and OPD, ~ 1><10_6m: lum before fringe
visibility fades. Since the average wavelength is 550 nm, about two fringes (m =
+/- 2) can be observed with good visibility on each side of the m = 0 fringe for a
total of five fringes. These fringes are often called white-light fringes. Fringe shift
due to the colored spectrum reduces fringe visibility for higher OPDy, as shown in
Fig. 8.46.

Fig. 8.46. White-light fringes.

If the two mirrors are tilted and displaced, as shown in Fig. 8.47, the center of
the localization surface is now offset from the mirrors. If the offset is not large,
high visibility fringes can be observed at the mirrors. Fringes intersecting the
mirrors are of high order m and some curvature due to the hyperbolic shape is
observed.

A practical consequence of the beam splitter in the Michelson interferometer
is that one of the beams must pass through some thickness of glass, as shown in
Fig. 8.48. The light from the source first transmits through the glass of BS and then
reflects off its back side toward M 1. Then, it passes through the glass twice more
before reaching the observation plane. On the other hand, light from the source
that transmits through BS and reflects off M2 only passes through the glass once.
If the optical glass used to construct BS exhibits significant dispersion, OPD
contains additional wavelength-dependent terms that drastically reduce visibility

©2008 Tom D. Milster



Coherence and Fringe Localization 65

Source Images

a
1 : Imaging
M, System
b [
n’lb = 0 ,,'/{ \
Observation
S Plane
.~"Localization Fri
Surface rnges

Fig. 8.47. The observation-space description of a Michelson interferometer with tilted

and displaced mirrors. Fringes with hyperbolic curves are observed when the mirrors

are imaged onto the observation plane.
when the interferometer is used with polychromatic sources. In order to balance
OPD and remove effects of the dispersion, a compensator plate C is placed in the
second beam of the interferometer before M2. The extra glass is fabricated from
the same glass as BS, and it is the same thickness. With the compensator, the two
beams pass through the same type and thickness of glass before reaching the
observation plane.

A summary of fringe localization effects with a Michelson interferometer is
shown pictorially in Fig. 8.49, where path difference increases outwardly from the
center. The top row displays the case where mirrors M1 and M2 are parallel to a
quasimonochromatic extended source, which forms Haidinger’s fringes. As the
path difference increases, fringes expand outwardly from the center. Note that
Haidinger’s fringes are not observable with a white-light source. The bottom row
displays the case where the mirrors are tilted and displaced. With no displacement,
fringes of equal thickness are observed. If the m = 0 fringe can be imaged onto the
observation plane, white-light fringes can be produced. As the path difference
increases with increasing displacement, the center of the fringe localization
surface offsets from the mirrors, and curved fringes are observed. Larger mirror
displacements offset the center of the localization surface so much that fringes are
no longer observable.

8.2.3.5 Twyman-Green Interferometer

In the Twyman-Green Interferometer displayed in Fig. 8.12, the coherent
points are effectively located at infinity. The observation space begins as soon as
the beams reflected from each mirror combine. This combination also occurs
throughout any optical system that may be used to image the mirrors onto a
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Fig. 8.48. Compensator plate C used to cancel dispersion from the glass of BS. With C
in the system, each beam of the interferometer experiences three passes through the

same thickness of glass.

Fig. 8.49. Summary of fringe localization in a Michelson interferometer. Zero
separation of the mirrors is in the center of each row. OPDy) increases positively to the
right and negatively to the left away from the center. The upper row contains fringes of
equal inclination (Haidinger’s fringes). The bottom row contains fringes of equal

thickness.
detector plane. If a point source is used where Eq. (8.106) is satisfied, high
visibility fringes are observed throughout the observation region. If a polychro-
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matic point source is used where Eq. (8.106) is not satisfied, the change in
visibility versus OPDy is given by Eq. (8.48). Since OPDy is a function of the
mirror separation, visibility can change if the mirrors are moved. A Twyman-
Green interferometer is generally not used with extended sources. In that case, the
geometry must be analyzed like a Michelson interferometer.

8.2.3.6 Lloyd’'s mirror

A simple mirror can be used as an interferometer with a polychromatic point
source. For example, the Lloyd’s mirror interferometer produces a virtual image
of the point source, which is located as far below the mirror surface as the real
source is above it, as shown in Fig. 8.50. If the total separation is d and the
distance between the source plane and the observation plane is z, Eq. (8.50) can
be used to predict the region of fringe localization with hyperbolic boundaries.
One important difference in the fringe pattern is that the central fringe is dark,
instead of bright, if there is a ® phase change in reflection off the mirror. Lloyd’s
mirror with a single point source is similar to the YDPIL, in that a hyperboloidal
field is generated from two-point-source interference, except for the dark fringe at
the center of the field. Straight-line cosine fringes are observed near the optical
axis in the observation plane with period A = Xz,/d.

Point Source y

Mirror Surface

— =
- ?Q_/
B : N —
=3 —
T .
._ , , 4 Virtual Point
- 27 Image (P2)
< % s

Fig. 8.50. Lloyd’s mirror with a polychromatic point source. Fringe visibility is a
function of y( that depends on the source power spectrum.
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When the Lloyd’s mirror is used with a quasimonochromatic extended source,
the distance between individual points and the mirror is not constant, as shown in
Fig. 8.51. Therefore, distances between source points and their coherent images
are not constant, and the fringe spacing is a function of the source-point position
vs. For simplicity, a perfect mirror is assumed without any loss on reflection.
Following a development similar to that used with Eq. (8.74), the integration over
the source spatial distribution is

oo oo -

1{2K+ 2K [ [ mg(x,, y,)cos (kOPDy)dx dy,

1(yg)

—00 —00 -

(8.108)

oo

2KI, +2KI,Re Flzy_{j mg(x,, ys)dxs} :

Az,

—oo.

where K is the fraction of the light emitted by the each source point that reaches
the observation plane. If the mean distance from the source distribution to the
mirror is ¥, , an argument similar to that used for Egs. (8.49) through (8.53) results
in

oo

. 2y,
I(yo)= 2KI, +2KI,|F 12,{ [ fatx,, ys)dxs} cos[ZnyO)? + B(yo)] ,
Ao 0

Mol , (8.109)
27,
= 2K1, + 2KI,(yo)cos| 2my = + By |
0
where
fr(yg) = mp(x, vy, —30), (8.110)
w(yg) = F_12y0|:JfR(xs, ys)dxs} , (8.111)
EN
and
B(yo) = arg F_lzﬁ{jf,e(xs, ys)dxs} (8.112)
MO e
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Fig. 8.51. Lloyd’s mirror with an extended quasimonochromatic source. Because
different positions on the source produce different separations of the source images, the
fringe visibility varies as a function of yj.

Notice that visibility is equal to ((y,), which is a function of the observation-
space coordinates. This behavior is dramatically different than the result obtained
when an extended quasimonochromatic source is used with a YDPI, where the
visibility is constant through the observation space. In fact, with a rectangular
source distribution, Lloyd’s mirror fringes may appear more like those shown in
Fig. 8.2(C).

8.2.3.7 Fresnel’s biprism

Yet another variation is Fresnel’s biprism, as shown in Fig. 8.52 with a
polychromatic point source, where two virtual point images a; and a; are
produced by an offset pair of prisms with refractive index n. If the reflections from
the prism faces are negligible, then the two virtual point images, one from each
prism, produce an interference pattern in much the same way as the YDPI. The
distance zg in Eq. (8.28) is measured from the virtual source plane, which is a
distance n/ behind the prisms.

Fresnel’s biprism with an extended quasimonochromatic source is similar to
Lloyd’s mirror, except that two virtual images of the source are formed, and the
parities of the images are not reversed, as shown in Fig 8.53. That is, the virtual
sources are in the same orientation with respect to the y axis, where a;b| and a,b;
are upright. (In the Lloyd’s mirror, ab interferes with the reversed bjaj.) In
Fresnel’s biprism, the distance d is a constant between coherent pairs, and the
fringe spacing from coherent pairs is not a function of the source-point position.
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Fig. 8.52. Fresnel’s biprism with a polychromatic point source.

However, the offset in source-pair position produces an offset in the fringe
position, which is similar to the YDPI with an extended, quasimonochromatic
source. The fringe contrast for Fresnel’s biprism is not a function of the obser-
vation-space position yg, but it is a function of zg, A and d. The net result of
applying the procedure listed in Section 8.2.2 is that the visibility of the fringes is
found from the coherence factor calculated from Eq. (8.76), where d is the spacing
between coherent pairs and zg is the distance between the source images and the
observation plane.
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Ao

- X P

Q)4

Fig. 8.53. Fresnel’s biprism with an extended quasimonochromatic source. Since the
parity of the source images is not reversed, fringes formed from coherent pairs have the
same period, but different offsets. A uniform reduction in fringe visibility is observed
in the observation space.
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8.3 Advanced Topics

8.3.1 The Cross Spectral Density

In Section 8.1.5, a quasi-monochromatic distributed source provides the basis
for the derivation of spatial coherence. This section explores the case where the
quasimonochromatic restriction is removed.

It is reasonable to expect that a source with a finite-width power spectrum
produces correlation that depends on temporal frequency. For example, results
with a point source are listed in Section 8.1.4. More generally, the behavior of the
mutual coherence versus frequency is given by the cross spectral density, which is
the Fourier transform of the mutual coherence. That is,

T(ry,ry1v) = [T(r,ry s 0e ™ dr (8.113)

—oo

Consequently, the mutual coherence function is the inverse Fourier transform of
the cross spectral density. That is

L(r,r,;1) = J‘lA"(rl,r2 ™| (8.114)

—oo

In order to determine the cross spectral density, we begin by finding an expression
for the mutual coherence function.

Returning to the Young’s double pinhole experiment, we consider the most
general case of an extended polychromatic source. Section 8.1.4 demonstrated
that, for a single polychromatic point source, the interference is a pattern of cosine
fringes modulated by a properly scaled Fourier transform of the power spectral
density of the source. The width of this modulation function is determined by the
bandwidth of the source. This result was found by calculating the frequency
dependence of the fringe pattern resulting from the point source and integrating
over optical frequency, as shown in Eq. (8.44).

Section 8.1.5 demonstrated that an off-axis source point results in a shift of the
fringe pattern that is related to the distance off axis of the source point. Therefore,
a polychromatic point source that is off axis will produce a shifted fringe pattern
that is modulated by the Fourier transform of the source power spectrum, shown
in Fig. 8.29. Finally, in order to determine the fringe pattern from a collection of
independent polychromatic source points, we integrate the shifted and modulated
fringe pattern over the spatial extent of the source, similar to Eq. (8.75)
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We begin by rewriting Eq. (8.73), except that in this case, the optical frequency
is explicitly included, and not considered as just an average wavelength, where,

I(t, v x,, y)dxdy dv

= {IOK1 + 1)K, +21,,/K K, cos [ZRV(T + &fﬂ}mR(xS;ys)g(v)dxsdyxdv .
cZg
(8.115)

where kOPD, has been expressed explicitly in terms of v as 2vt. In most cases
of practical interest, it can be assumed that the spectral content of the source does
not change along the source position. The function my(x,, y,) describes the shape
of the source, and the power spectrum g(v) describes the spectral content of the
source. Integration over source dimension and frequency yields

I(7)

o oo

= IoK, + ,K, + 21, /K KZJ.J.J.g(v)mR(xs,yS)cos[va(T+ dﬂdxsdysdv .
€z

5
0 —oo

(8.116)

Comparing Eq. (8.116) with Eq. (8.8), we see that

“ j g(v)mp(x,, ys)cos[va(r + d):'dxsdysdv )

cneoo _ %

=

Re[T|,(ry, rz;*c)]—
2

(8.117)

Playing fast and loose with complex values (i.e. because we are using analytic
functions), we get

Flz(rl,rz;‘c)— J‘g(v)mR(xg,y )exp[+]2nv(r+ dﬂdxydysdv .
cz

s
2cn800

(8.118)

At this stage some mention should be made in regards to notation. Firstly, Eq.
(8.118) 1is the mutual coherence function in the plane of the pinholes. In physical
terms, it represents the ability of the light leaving two pinholes at locations r; and
rp to interfere. In that respect, the functional dependence of the right hand side of
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Eq. (8.118) on the variables rjand r, is implied in the variable d, where d =r{-r;
or the pinhole separation. Remember that we have assumed statistics of the light
field in the plane of the pinholes are stationary. That is, the ability to interfere of
the light leaving the two pinholes is not dependent on the absolute location of the
two pinholes, just their separation distance.

Equation (8.118) is a complete representation of the mutual coherence
function in the plane of the pinholes, if we assumed that both pinholes are illumi-
nated equally. Simplification of this result can be done in two distinct ways. We
will begin by integrating over optical frequency v, where

Flz(’t)— jij(xs,ys jg(v)exp[ ]2nv(r+ Zdﬂdv dxdy, .

Ecnso e 0
(8.119)

Recognizing the bracketed gxpressmn as simply a Fourier transform with the
transform variable of t+ Ysd , we arrive at the following result

€z
., oo
I'(t)= T 0 jij(xS, y)F [g(v)step(v)]ldxdy, , (8.120)
scney
2
yed

where v = t+— . If the power spectrum has a form given by Eq.(8.49),
Eq.(8.120) can be féwritten

“ me(x, y)m (1) exp{g[2mvT + B, ()] }dx,dy, . (8.121)

—oo

I'(t)= ]
ECI’ZGO

Looking at the real part of Eq.(8.121) yields the following physically satisfying
result

1(7)

=3

= [)K, +[)K, + 21, /KIKZI j mp(xg, y)mp,(t)cos[2nvt + B, (') ldx,dy, .

(8.122)

We see from Eq. (8.122) that the cross term in the interference pattern is given
by an integrated collection of fringe patterns that are shifted proportional to the

©2008 Tom D. Milster



Coherence and Fringe Localization 75

source point position y,. Furthermore, each shifted fringe pattern is modulated by
the function m,(t') , whose width is determined by the spectral bandwidth Av.

Although Eq. (8.122) is rather insightful, it can also be rather cumbersome to
handle analytically. In this case, rather than integrate over the spectral bandwidth,
we will integrate over the source position ys. Equation (8.122) now becomes

I(t")
y
j2nvt'—5—

1K, + 16K, + 21