Solutions to the Wave Equation
(Part A)

Diffraction and Interferometry
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Simple Transverse Waves (1)

One-dimensional wave equation:
2 2

TE, 17TE, -0

=2 c? 2

Solution traveling in +x direction:

E,(x,t) =E,cos(kx - wt)y

if k=2 .
C

The complete solution involves

consideration of the magnetic

field. If wetake asnapshot in

time of the EM wave it may

look like:
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Simple Transverse Waves (11)

y wave crest position

—

y

EO T /T> x(t) :Vt+x0

X

foe - it
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Plane Waves

Three-dimensional wave equation in free space:

-
feg- LTE

0
c? 92

Solution traveling in direction k:
E(F) =Eg/®

where 7 =rr=xx+yy+zz

and Kk =kk =kx +k,y +k z=k(@x +by +g)

Notethat ke - wt =kx+k  y+k.z- wt= constant

represents planes in space of constant phase. Hence, we call this solution a

plane wave.

SC
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Scalar Plane Waves

E(F) = Ee'*m ™

Z A

Wavecrests » k. k
Max separation between planes =1 .

1

NS >~
N\
X
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Vector EM Plane Waves

E(F) = Ee’ ™™

v

N
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Scalar Spherical Waves

A solution to the wave equation in
spherica coordinates is: y

)= Lo
r

wavefronts
at,

where

}":1&2+y2+zz X

andy =kr- wt.

amplitude :

Wave crests (also called a

wavefionts) @&y = constant expand
outwardly from the source point as
afunction of time. Wavefronts are
perpendicular to r.
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Vector Spherical Waves

| -
In the wave zone, wherer > — i
2 E(raj)
E.»0 B
Eo» edukzsinqe,.(k,_w,)
d 4pe,r
B » MAESNG iy
! 4pr

This configuration of time-varying EM ~
fields, which is called dipole radiation, is allj
very important in understanding the

physical interpretation of wave optics.

~»
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Vector Spherical Waves
(Power Flow)

Although the
wavefronts for a
dipole radiator in the

wave zone are the z @O
same as a scalar §
spherical wave, the 4
EM radiationis
amplitude modul ated
asafunction of .
X . —
! y
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Linearity
Since the electric field is a vector quantity, a vector summation must be
performed to find the electric field resulting from the summation of
severa electric fields.
Etotal = El + E2 + E3 +
This linear superposition is only approximately true in the presence of
matter. Deviations from linearity are observed at high intensities
produced by lasers when the electric fields approach the electri ¢ fields
comparable to atomic fields (non-linear optics). In these notes we will
consider only situations where linear superposition is valid.
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Waves Having Same Frequency, but
Different Amplitude and Phase

E(x,1) =Aoe/foe/(kx-wr)= Ale/fle/(kx-wr)JrAze/fze,/(kx-wz)
Aoejfo :4€ﬁ1 +A2e/f2
= 4, cosf, + 4, cosf , +j{ 4,sinf  +4,sinf}
_A4,sinf, _ 4sinf,+4 sinf,
A, cosf,  4,cosf,+ 4, cosf,

Thisis an important
result that isthe
basis for much of

If 4, =4, the class.

2

I,p Af, = |Ale~/f1 + Aze,/‘fz

A7+ A3 +24,4,co8{f , - T}

Iyn £ =247{1+cos(f,- f,)} =4Afco§}%(f2 - fl)g
|

| Linear wave combination gives a cosine irradiance distribution. |
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Waves Having Same Frequency, but
Different Amplitude and Phase

cos(x) + acos(x + a)

| Linear combination is a wave of the same frequency. |
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Combination of Several Waves Having Same
Freguency, but Different Amplitude and Phase

N
E(x,1) :Aoe./‘foe/(kv-wr) = é A e/t gl o= wr)
' n
n=l
} & ]
4" =q 4"
n=l
Py .
a4, snf,
tanf , ===
2 interference term
a A4, cosf
n=l " ! /
§ o8 4
2 _ 2
AO_aA71+a a, 2A71Amcos(fn-fm)
n=1 n=1m=Lm<n
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Combination of Several Waves Having Same
Frequency, but Different Amplitude and Phase

N
For f ,'srandom over the observation time, 4 = § 4.
n=l

A2 = NA® if dl 4, areequa. Thisisgeneraly referred to as incoherent addition.

If f, = constant over the observation time,
2
o 0 . -
A= 8a A, - ,whichiscalled coherent addition.
n=1 9

Ifdl A4, areequal, 4> = N’A’ for coherent addition.

OPTI 505 Fall 2002 © 2002 Tom D. Milster Slide 3A-14
SC




Combination of Several Waves Having Same
Freguency, but Different Amplitude and Phase
cos(x) + aﬁx +a) + b cos(x + b)

Cos(x)
Three waves - =
with same acos(x +a) |Linearaddition
frequency / produces awave with
(case 1): — the same frequency.
b cos(x + b)
v
Three waves — COs(x) The resulting wave is
. «bcos(x +b) [notawayslarger
with same s : than the component
frequency Xacos(x + a)
waves.
(case 2):
cos(x) + acos(x + a) + b cos(x + b)
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Beats
Consider two waves with the same amplitude, but different frequency.
E (x,t)= Acos(kx- wyt+f,)
E,(x,1) = Acos(k ,x - wt +1,)
Adding the two waves produces
E(x, 1) = A{cos(k,x - wi+f,) +cos(k,x - Wt +f,)} .
Use of the identity cosU +cosV = 2cosay * VS /- VS yields
é 2 & 2
o (4]
E(x,t) = Mgcos}adq+k2 9x ST W, 9; ol Zou
S 1€ 25 &2 5 &2
cos:’askl_ kO, @ W, 9t+aél_ o Ouﬂ
€25 &2 5 & 2 Al
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Beats

high temporal frequency,
small (HF)

lower temporal frequency,
larger | (modulation)

Let 1 1
Wyr =E(V\ﬁ+ V\ﬁ) kHF =E(k1 +k2)

1
W, ZE(Wl' Wz) k, :E(kf kz)

1 1
aZE(f1+f2) b:E(fl' f2)

E(x,) =24 cos(k X = Wyt +a)cos(k,x - W, 7 +b)

E, E=E,+E,
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| 2cos(k,x - Wt +a)

N\

|

\{
| 2cos(k px - Wt +8)

~JUALA g
LRV
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Beats - Irradiance

|4A2 cos2(k, x- W, t +b)|
modulation

/“

E?(x,t) = 24°C0S°(k x - Wyt +2) @ +c0s{2(k,,x - w,t +b)} §
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Beats — Nondispersive Medium
In anondispersive medium, like air, W-Yooy=e . Group v, and
1k phase vy,
1 1 velocities are
Ky _E(k1+ k2) k, _E(kl' kZ) equal for waves
1 c 1 c traveling in the
W =2t ) =5k +) W, =2(w-w) =S(k-k) | samedirection
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Beats— Dispersive Medium

c(l,-1,)

v =—+2 U

"o I
oy = 1anp

_cltly)
I om +1 o,

W, W,
In adispersive medium, likeglass, —+ =V, = £ oand 2= v, =< Group v, and
ky n k, 1, |phasevye
1 1 velocities are not
== —+ = -
Kne z(kl kz) ko 2(k1 kz) equal for waves
Wy =) ST K8y Ly ocdh kO (T
HF il 2 28111 ", B A 2) =5 — El same direction.
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Standing Waves
(Waves traveling in opposite directions)
E (x,t) = Acos(kx - w+f,)
E,(x,1) = Acos(kx + wr+f )
k=k=k
W= -W, =W
E(x,t) =24 cos(k,x - Wyt +a)cos(k,x - W,z +b)
=24 cos(kx +a)cos(- wt +b)
I(x) = 44% cos’ (kx +a) = 24°[ 1+ cos(2kx +2a))]
I, =1/2
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Standing Waves

|4A2cosz(kHFx Wt +a)= 44° COSz(kx+a)| |4A cos? (k,x - W, t +b) = 44 cosz(-wz+b)|
g =112

FTHT,
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