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Homework 4 consists of problems 3.2 - 3.5 in the text: Introduction to Semi-
conductor Optics by Peyghambarian et al [1].

1 Problem 3.2 - 10 Points

Prove Eq. (3.61).

1.1 Solution

Consider a prism with index n > 1. Looking at Fig. 1, we see that the input
beam is headed to the normal of the output face. Let 4" = m/2 — v, where v is
the incident angle. By Snell’s law,

Figure 1: The geometry of the prism along with the angle definitions.
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siny = nsin 6,

nsinfy = sind
Note that v/ + 01 + 6, = 7/2, so
v =040 (2)
Thus, using a trig identity, we can write
siny = cos 01 sin O + sin 6, cos f. (3)
Also,

cos Oy = sin(y' + 01) = cosv' sinf; + siny’ cos 0;

(4)

= sinysinf; + cos~y cosb;.

Now, using Eq. 4, sin; = 527 sinf, = 829 and cosa = /1 — sin® o, we can
n n
write Eq. 3 as

1 ing\? 1
siny=—4/1— <sm ) (sin§ + siny cosy) + —; sin® 5. (5)
n n n

Multiplying both sides of this equation by n? and bringing sin®~ to the LHS,
we have

sinvy (n® —sin®y) = V/n? —sin®§ (sind + siny cos y) . (6)
Squaring both sides, bringing everything to the LHS, and factoring, we can
write
25in% 6 — sin* § — sin? § — 2sin & sin y cosy — sin? 5 cos? 7) =0.

(7)

(n2 — sin? 'y) (n

Now, n = £sin~y is nonphysical, so the second term must vanish:

5 sin? § (1 — cos? (5) + sin? § 4 2sin & sin y cos y 4 sin? v cos? y
n =

sin?

:1+2cos7sin6 sin’ &

siny sin? v’

2 Problem 3.3 - 10 Points

Show that the reflectivity of a material with negative dielectric function ap-
proaches unity.
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2.1 Solution

For a negative dielectric function, ¢’ = 0 and € = —|€¢/|, so Eq. (3.18) in the
text [1] becomes

&+ €]
n(w) = 5 (9)

So, putting n = 0 into the reflectance equation:

PPECED

(n(w) +1)

Q
o

()
(24})2

we see that R — 1. Notice that a can have any arbitrary, finite value.

2
+
(10)
2+

R [l

3 Problem 3.4 - 10 Points

Write the field components of a TE surface mode for the metal-vacuum interface,
and prove that the interface cannot support a TE mode.

3.1 Solution

For the TE mode, the electric field is perpendicular to the plane of incidence. If
the plane of incidence is the x-z plane, then the electric field is in the y-direction.
Denoting medium 1 as the region z > 0 and medium 2 as the region z < 0, we
have

E1(r) = (0, By, 0)e! ke emt for 2 > 0

Ea(r) = (0, By, 0)e' k== 02t for » < () (1)
Hi(r) = (Hig, 0, Hy, el k2=t for 2 >0

H>(r) = H1,,0, le)ei(k”_ft)e‘”t for z <0,

with the boundary conditions (BC):

Eijli=0 = Esl:e0 = E1=E2 = E
HLH‘Z:O = HZ,H‘z:O = Hy, =Hy,, =H, (12)
Dl’L|Z:0 = D27L|Z:0 = 6Ewlz == €E2z.

But, E1, = Es, = 0, so the last BC gives us nothing new.
Now, using the curl equation for E,
10H
VXE=—-—-—
x c Ot
_(OE. OE, OE, OE. 0E, OFE,
oy 0z 0z Oxr Oz dy )’

(13)
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So, differentiating and dividing the common exponentials from both sides,

ﬁ (H,,0,H;,) for z >0

¢ 14)

1€ (
(H,,0,Hsy,) for z <0.

c

(+a1 E, 0, ik, E) =
(—2E,0,ik, E) =

Matching these equations up at the boundary z = 0, from the x-component we
find that
a1 = —Q9. (15)

Since absorption is positive or zero, this could only be satisfied if a3 = as = 0.
This is not true for metals.

Strictly speaking we are offering a proof by contradiction. Formally, we make
the statement that for a metal, as # 0 and assume that a TE mode exists. This
assumption lead to a violation of ay # 0. So, by contradiction, metals cannot
support a TE mode.

4 Problem 3.5 - 10 Points

When a very intense laser irradiates a metal, it ablates material near the surface,
resulting in a gas of ionized particles (a plasma) expanding into free space. At
which densities of the plasma will light with A = 1um be totally reflected?

4.1 Solution
Reflection occurs when the optical frequency is below the plasma frequency w,.

2
o 4mne

ws = . 16
e (16)
Now, we want w < wp, so
5 _ 4mne?
w” <
€ccMlle
- (17)
- W €M
n> "¢
4me?

SO w = 2—;0 Therefore,

ome\ 2 €coMe

n= (x\) 4me?
TMeC?
e2\2

(18)

for € ~ 1.
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Remember that this is in Gaussian (cgs) units, so

1C = 3 x 10%su

e =4.81 x 10" Yesu

me = 9.11 x 107 %g (19)
A=10"%cm

c=2.9979 x 10'%m/s.

Therefore,

=
>1 %102 —. 20
n e (20)
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