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Axial irradiance of a focused beam
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The principal maximum of axial irradiance of a focused beam with a low Fresnel number does not lie at its
focal point; instead it lies at a point that is closer to the focusing pupil. It has been shown by the numerical
example of a weakly truncated Gaussian beam that its value increases and its location moves closer to the
pupil when spherical aberration is introduced into the beam. Such an increase has been referred to as “beyond
the conventional diffraction limit.” Similarly, an increase in the value and a shift in the location of the principal
maximum of axial irradiance of a uniform beam toward the pupil by the introduction of some spherical aber-
ration has been characterized as an unexpected result. We explain why and how such a result comes about and
that it neither invalidates any diffraction limit nor is it unexpected. We illustrate this for uniform as well as
Gaussian beams of various truncation ratios. Both focused and collimated beams aberrated by spherical aber-
ration or astigmatism are considered. © 2005 Optical Society of America

OCIS codes: 050.1940, 080.1010, 050.1960.
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. INTRODUCTION
he peak or the maximum of axial irradiance of a weakly
runcated focused Gaussian beam with a low Fresnel
umber lies at its beam waist and not at its focal point.1–6

ts value can be substantially higher than the focal-point
rradiance and its location can be quite far from the focus
oward the focusing pupil. Yoshida and Asakura have
hown that the peak moves closer to the pupil and its
alue increases when some negative spherical aberration
s introduced into the beam.7 They expected the axial ir-
adiance at any point to be below its value at the beam
aist in the absence of aberration, and thus attributed

he increase to being “beyond the conventional diffraction
imit.” Jiang and Stamnes considered a uniform focused
eam and showed by way of a numerical example that the
rincipal maximum of axial irradiance shifts toward the
upil, and its value increases when some spherical aber-
ation is introduced into the beam.8 They characterized
he result as “quite unexpected.” We explain that these re-
ults are neither beyond the diffraction limit nor surpris-
ng.

It is well known that aberrations reduce the focal-point
rradiance of a focused beam or the central value of an
berration-free point-spread function (PSF).9,10 For small
berrations the relative decrease is given (approximately)
y the variance of the phase aberration. For example,
ayleigh showed that a quarter wave �� /4� of spherical
berration reduces the central irradiance of an
berration-free PSF by 20%, or that the Strehl ratio of the
mage is 0.80.11 However, in this case, the central value in
defocused image plane corresponding to a defocus aber-

ation of −� /4 is 0.98.12–14 The Fresnel number of the fo-
using pupil is assumed to be large so that the change in
he distance of the image plane due to defocus is too (neg-
igibly) small to affect the irradiance owing to the inverse-
quare-law dependence on the distance. Thus by balanc-
ng the spherical aberration with an equal but opposite
mount of defocus aberration, the central irradiance is in-
1084-7529/05/091814-10/$15.00 © 2
reased substantially. The standard deviation of the aber-
ation is reduced by a factor of four from � /13.42 to
/53.67.
Just as the Strehl ratio of a beam aberrated by a small

mount of spherical aberration can be increased if an ap-
ropriate amount of defocus aberration is introduced (by
bserving the beam in a defocused plane), similarly the
entral irradiance of a focused beam observed in a defo-
used plane can be increased if an appropriate amount of
pherical aberration is introduced into the beam. Accord-
ngly the value and the location of the principal maximum
f axial irradiance can change by the introduction of
pherical aberration. “Diffraction limit” simply implies
hat the focal-point irradiance of a focused beam is maxi-
um when it is aberration free. However, Yoshida and
sakura have taken it to mean that the axial irradiance
t another point (beam waist location in their example) is
lso maximum when the beam is (otherwise) aberration-
ree. This, of course, is not true, as demonstrated by their
xample of a weakly truncated Gaussian beam.7 A focused
eam is referred to as being aberration free if its wave-
ront at the pupil is spherical with its center of curvature
t the focal point. Accordingly, a beam when observed in a
lane other than the focal plane is not aberration free; it
s in fact aberrated by the defocus aberration. For it to be
berration free, the wavefront must be spherical with its
enter of curvature at the observation point. In other
ords, it must be focused at the observation point. When

pherical aberration whose amount depends on the loca-
ion of the defocused point is introduced into the beam, it
educes the variance of the defocus aberration, thereby
ncreasing the irradiance at the defocused point. Accord-
ngly, the results of Yoshida and Asakura and Jiang and
tamnes are to be expected. If a fixed amount of spherical
berration is introduced, it may decrease or increase the
berration variance depending on the location of the de-
ocused point. However, there is nothing unique about
pherical aberration in increasing the value and shifting
005 Optical Society of America
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he location of the principal maximum of the axial irradi-
nce. Any aberration, e.g., astigmatism, that reduces the
ariance of the defocus aberration at a certain defocused
oint will yield a higher irradiance at that point, provided
he variance is not too large to invalidate improvement in
trehl ratio due to variance reduction.6,12–14

In this paper, we consider uniform as well as Gaussian
ocused beams and show how spherical aberration or
stigmatism affects their axial irradiance. The axial irra-
iance at a point is determined by two competing factors,
amely, the defocus aberration and the inverse-square-

aw dependence on the distance of the point from the
lane of the focusing pupil. The defocus aberration re-
uces the central irradiance in an observation plane and
he inverse-square-law dependence increases it for points
loser to the pupil (than the focal point) and decreases it
or those that are farther. Hence the irradiance at axial
oints closer to the pupil can be higher than the focal-
oint irradiance if the increase due to the inverse-square-
aw dependence is higher than the decrease due to the de-
ocus aberration. This happens in systems with small
resnel numbers, since they have a large depth of focus.15

s a result, the observation distance can change signifi-
antly without introducing significant defocus aberration.
ccordingly the axial irradiance for such systems is
ighly asymmetric about the focal point and its principal
aximum lies at a point that is closer to the pupil. Of

ourse, the 2D distributions in orthogonal planes are also
symmetric about the focal plane.16 Similarly, when a cer-
ain amount of spherical aberration is introduced into the
eam such that it balances the defocus aberration by re-
ucing its aberration variance across the pupil for some
egion of the axial distance, the degrading effect of the de-
ocus aberration is reduced, yielding a higher axial irra-
iance in that region. Systems with large Fresnel num-
ers have a small depth of focus. Accordingly, the effect of
he inverse-square-law dependence is negligible, and the
xial irradiance away from the focus decreases as a result
f the defocus aberration. The axial irradiance (and the
D distributions in orthogonal planes) for such systems in
he vicinity of the focal point (or focal plane) is symmetric
bout it. We illustrate these results by considering nu-
erical examples of Gaussian beams with a unity Fresnel

umber, but varying truncation ratio. We show that the
xial irradiance of a beam aberrated by an appropriate
mount of spherical aberration or astigmatism is higher
n the vicinity of focus closer to the focusing pupil than
hat for an (otherwise) aberration-free beam. A uniform
eam is treated as a limiting case of a Gaussian beam and
collimated beam is treated as a limiting case of a fo-

used beam.

. THEORY
. Pupil Function
onsider a Gaussian beam of wavelength � whose ampli-

ude distribution at the exit pupil of a system is given by

A��� = A0 exp�− ��2�, 0 � � � 1, �1�

here A0 is a constant (with A0
2 having dimensions of

/m2), � is the distance of a point in the plane of the pu-
il from its center normalized by its radius a, and
� = �a/��2 �2�

s the truncation parameter of the beam with � as the
aussian radius representing the radial distance at
hich the amplitude decrease to 1/e of its value at the

enter. For a total power P transmitted by a pupil of area
p=�a2, A0

2 is given by

A0
2 =

2�

1 − exp�− 2��
� P

Sp
� . �3�

he case of a uniform pupil is obtained by letting �→0. A
arge value of � or ��a represents a narrow Gaussian or

weakly truncated beam.

. Focused Beam
he axial irradiance at a distance z of a beam focused at a
istance R is given by17

I�z;�� = �R

z
�2� 2�

Bd
2 + �2� 1

sinh �
�cosh � − cos Bd�, �4�

here

Bd�z� = �N�R/z − 1� �5�

s the peak value of the defocus phase aberration of a
pherical wavefront of radius of curvature R with respect
o a reference sphere of radius of curvature z. Here N
a2 /�R is the Fresnel number representing the number
f Fresnel zones in the pupil as observed from the focus.
he irradiance is in units of the focal-point irradiance
Sp /�2R2 for a uniform beam, where P is the power trans-
itted by a pupil of area Sp. The axial irradiance goes

hrough a series of maxima and minima as a function of z
ecause of the cos Bd term. The focal-point irradiance is
iven by

I�R;�� = �tanh��/2��/��/2�. �6�

ts value is �1, equality holding for �=0, illustrating that
aximum central irradiance is obtained for a uniform

upil.10,18 By equating to zero the derivative of axial irra-
iance with respect to z, we obtain the positions of its
axima and minima as the solutions of

2��z

Sp
−

Bd

Bd
2 + �2��cosh � − cos Bd� = − sin Bd. �7�

hey occur approximately at those z values at which the
upil subtends an odd or an even number of Fresnel
ones, respectively. Since cosh ��1 and cos Bd�1, the
inima are not equal to zero (unless �=0, representing a

niform beam). For a given value of N, the location of the
rincipal maximum moves closer to the pupil as � in-
reases.

The axial irradiance given by Eq. (4) results from two
ompeting factors. The inverse-square-law dependence on
he distance z yields the �R /z�2 factor. The rest of the ex-
ression on the right-hand side represents the effect of
efocus as an aberration. The ratio of this second factor
nd the focal-point irradiance represents the Strehl ratio
or the defocus aberration, i.e., it represents the ratio of
xial irradiance at a distance z when the beam is focused
t a distance R to that when it is focused at a distance z.19



T
d
v
l
t
t

E

r
t
G
i

M
v
A
i

w

T
a
(
a
t

I

d

r
i




F
p
t
a
r

S
A

w

C
A
T
a
g

w

w
s
c

1816 J. Opt. Soc. Am. A/Vol. 22, No. 9 /September 2005 Virendra N. Mahajan
his ratio is less than one, since an aberration always re-
uces the central irradiance (from its aberration-free
alue). The axial irradiance at a certain distance z	R is
arger than the focal-point irradiance if the increase due
o the inverse-square law is larger than the decrease due
o the defocus aberration.

For large values of �, i.e., for a weakly truncated beam,
qs. (4) and (6) reduce to

I�z;�� = �R

z
�2 2�

Bd
2 + �2

, �8�

I�R� = 2/�, �9�

espectively. In this case, practically all of the power is
ransmitted by the pupil and a Gaussian beam remains
aussian as it propagates.20–22 Only a fraction exp�−2��

s not transmitted. As z→0, Eq. (8) yields

I�0;�� = 2�/�2N2. �10�

ultiplying by the normalization factor PSp /�2R2, this
alue is practically equal to the central pupil irradiance
0
2, as expected. The maximum or the peak value of axial

rradiance is given by

I�zp;�� = �2/�� + �2�/�2N2�, �11�

hich occurs at the beam waist at a distance zp given by

zp/R = �1 + ��/�N�2�−1. �12�

he peak irradiance is the sum of the focal-point irradi-
nce and pupil irradiance. Substituting Eq. (12) into Eq.
5), we note that the location zp corresponds to a defocus
berration of �2 /�N. It is evident from Eqs. (8) and (9)
hat this defocus aberration yields a Strehl ratio

S = �1 + �Bd/��2�−1. �13�

ts value at zp for N=1 is 0.1086.
For a uniform beam, i.e., for �=0, Eqs. (4) and (7) re-

uce to

I�z� = �R/z�2��sin�Bd/2��/�Bd/2��2, �14�

tan�Bd/2� = �R/z�Bd/2, z � R, �15�

espectively. The focal-point irradiance I�R� is unity, since
t was used to normalize the irradiance in Eq. (4).
d
e
a

The axial irradiance of a beam aberrated by aberration
�� ,�� is given by23

I�z;�� =
2�

1 − exp�− 2��
� R

�z
�2	


0

1

0

2�

exp�− ��2�

�exp�i�
��,�� + Bd�2���d�d�	2

. �16�

or large values of �, exp�−2�� may be neglected com-
ared to unity and the upper limit on the radial integra-
ion may be replaced by infinity with negligible error. For

beam aberrated by spherical aberration As�
4, Eq. (16)

educes to

I�z;�� =
2�

1 − exp�− 2��
�R

z
�2

�	

0

1

exp�− �x�exp�i�Asx
2 + Bdx��dx	2

. �17�

imilarly, for a beam aberrated by astigmatism
a�2 cos2 �, it reduces to

I�z;�� =
2�

1 − exp�− 2��
�R

2
�2	


0

1

exp�− �x�

�exp�i�0.5Aa + Bd�x�J0�0.5Aax�dx	2

, �18�

here we have used the fact that



0

2�

exp�iAa�2 cos2 ��d�

=exp�0.5iAa�2�

0

2�

exp�0.5iAa�2 cos 2��d�

= 2� exp�0.5iAa�2�J0�0.5Aa�2�. �19�

. Balancing of Defocus Aberration with Spherical
berration or Astigmatism
he variance of an aberration 
�� ,�� balanced by defocus
berration Bd�2 across the Gaussian weighted pupil is
iven by




2 = �
2� − �
�2, �20�

here
�
n� =

0

1

0

2�

A����
��,�� + Bd�2�n�d�d�


0

1

0

2�

A����d�d�

= ��/��1 − exp�− ����

0

1

0

2�

exp�− ��2��
��,�� + Bd�2�n�d�d�, �21�
ith n=1 or 2. Generally we are interested in balancing
pherical aberration or astigmatism of a beam with defo-
us aberration to minimize its variance and thereby re-
uce its degrading effect.6,9 However, here we are inter-
sted in balancing defocus aberration with spherical
berration or astigmatism to reduce its variance and
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hereby increase the axial irradiance at points closer to
he pupil. Table 1 lists the standard deviation of defocus
berration with and without balancing with spherical ab-
rration or astigmatism, showing that it decreases as �
ncreases. Spherical aberration reduces the standard de-
iation by a factor of 4, 3.74, and �5 when ��=0, 1, and 3,
espectively. The corresponding reduction factors for
stigmatism are �3/2, 1.27, and �2. The reduction factor
ecreases with increasing � in the case of spherical aber-
ation, but increases in the case of astigmatism. The re-
uction factor is the same whether spherical aberration is
alanced with defocus aberration or defocus aberration is
alanced with spherical aberration, but the balanced ab-
rrations have different forms in the two cases. For ex-
mple, for a uniform beam, spherical aberration As�

4 bal-
nced with defocus aberration is As��4−�2�, but defocus
berration Bd�2 balanced with spherical aberration is
d��2− �15/16��4�. Similarly, astigmatism Aa�2 cos2 � bal-
nced with defocus aberration is Aa��2 cos2 �−�2�, but de-
ocus aberration balanced with astigmatism is Bd��2

�2/3��2 cos2 ��. The difference comes from the fact that
ptimal balancing is done with respect to defocus aberra-
ion in one case and spherical aberration or astigmatism
n the other.

It should be noted that minimum variance yields maxi-
um central irradiance only for small aberrations. For

arge aberrations, nonoptimal balancing yields maximum
entral irradiance. This may be seen by considering, for
xample, a certain value of z that corresponds to a certain
alue of Bd, and determining the value of As that yields
aximum central irradiance. Thus we consider the Strehl

atio of a focused beam representing the ratio of the axial
rradiance at a distance z with and without spherical ab-
rration:
S = � �

1 − exp�− ���2	

0

1

exp�− �x�exp�i�Bdx + Asx
2��dx	2

,

�22�

nd determine the value of As that maximizes the irradi-
nce.

. Collimated Beam
collimated beam is equivalent to a beam focused at in-

nity or one with a Fresnel number of zero. Thus letting
→� in Eqs. (5) and (16), we obtain

I�z;�� =
2��Bd/��2

1 − exp�− 2��	
0

1

0

2�

exp�− ��2�

�exp�i�
��,�� + Bd�2���d�d�	2

, �23�

here

Bd = �/4z �24�

epresents the peak value of the defocus phase aberration
f a plane wave front with respect to a reference sphere of
adius of curvature z. Now the irradiance is in units of the
upil irradiance P /Sp for a uniform pupil and z is in units
f the far-field distance D2 /�, where D=2a is the pupil di-
meter. When 
�� ,��=0, Eq. (23) reduces to

I�z;�� = �2�/�1 + �4�z/��2���coth � − cos��/4z�/sinh ��.

�25�

or a uniform or a weakly truncated Gaussian beam, Eq.
25) further reduces to
Table 1. Standard Deviation of Defocus Aberration and Defocus Aberration
Balanceda with Spherical Aberration or Astigmatism for Minimum Variance

Standard Deviation

Aberration, Bd�2+
�� ,�� �=0 �=1 ���3

Defocus, Bd�2
Bd

2�3
=

Bd

3.46

Bd

3.55

Bd

�

Defocus aberration balanced
with spherical aberration,
Bd�2+As�

4

Bd

8�3
=

Bd

13.86

Bd

13.27

Bd

�5�

�As = −
15

16
Bd� �As = − Bd� �As = −

�

5
Bd�

Defocus aberration balanced
with astigmatism,
Bd�2+Aa�2 cos2 �

Bd

3�2
=

Bd

4.24

Bd

4.53

Bd

�2�

�Aa = −
2

3
Bd� �Aa = − 0.77Bd� �Aa = − Bd�

aThe amount of the balancing aberration is listed for each case in parentheses.
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I�z;0� = 4 sin2��/8z� �26�

r

I�z;�� = 2�/�1 + �4�z/��2�, �27�

s may also be seen from Eqs. (14) and (8), respectively.
The defocus aberration can be balanced with spherical

berration or astigmatism in exactly the same manner as
or a focused beam. Thus the results of Table 1 apply
qually well for a collimated beam. The only significant
ifference is in the definition of the defocus coefficient Bd.
ence the axial irradiance of a beam optimally balanced
ith spherical aberration or astigmatism (whose amount
aries with z) is given by

I�z;�� =
2�Bd

2

1 − exp�− 2��	
0

1

exp�− �x�exp�i�Asx
2

+ Bdx��dx	2

, �28�

I�z;�� =
2�Bd

2

1 − exp�− 2��	
0

1

exp�− �x�

�exp�i�0.5Aa + Bd�x�J0�0.5Aax�dx	2

, �29�

espectively.

. NUMERICAL RESULTS
igure 1 shows the axial irradiance of a Gaussian beam

ocused at a distance R with N=1 in units of the focal-
oint irradiance PSp /�2R2 for a uniform beam, i.e., for �
0. The beam is aberration-free except for the defocus ab-
rration resulting from the observation in a defocused
lane. The focal-point irradiance when �=1, 4, and 9 is
qual to 0.924, 0.482, and 0.222, respectively. For a uni-
orm beam, the principal maximum lies at z=0.6R with a
alue of 1.89 (compared with a value of unity at the focal
oint). The minima have a value of zero at z values given
y z /R=1/3,1/5,1/7, etc., as may be seen from Eqs. (5)
nd (14). Similar results are obtained for a Gaussian
eam with �=1, except that the minima have a nonzero
alue as a result of the incomplete cancellation of the
ven number of Fresnel zones subtended at these loca-
ions owing to their different amplitudes. For large values
f �, the secondary maxima and minima disappear, as il-
ustrated for ��=3. The value at z=0 is given by 2� /�2, or
qual to 1.824. The peak in this case is located at the
eam waist at z=0.1086R with a value of 2.046, as may be
een from Eqs. (10) and (11). The peak value is 9.2 times
he corresponding focal-point irradiance of 0.222 and 1.12
imes the central pupil irradiance of 1.824. The defocus
berration of Bd=81/� or 4.10� reduces the irradiance by
factor of 0.1086, but the inverse-square law increases it

y a factor of 84.79.
Figure 2 shows how spherical aberration modifies the

xial irradiance of a beam. The variation of �Bd� with z is
lso shown in this figure. The value of Bd is positive for
/R	1 and negative for z /R�1. The solid curve in Fig.
(a) shows the axial irradiance of a uniform beam aber-
ated by spherical aberration As=−5� /8 or −�5/16�� that
inimizes the variance of defocus aberration of � /3 cor-

esponding to the z value where the principal maximum
ies in the absence of spherical aberration. Compared to
hen As=0, the irradiance is smaller in the vicinity of the

ocal point and larger in the vicinity of the principal maxi-
um. The peak moves closer to the pupil, the secondary
axima are higher, and the minima are no longer zero. If

he amount of spherical aberration varies as Bd varies
ith z /R so that As=−�15/16�Bd, then the aberration
ariance is minimum and the axial irradiance is higher
or any value of z (although the difference in the vicinity
f the focal point is negligible), as illustrated by the
ashed curve. The peak value now lies even closer to the
upil, and is more than ten times the focal-point irradi-
nce. Thus the peak value with spherical aberration is
ore than five times the peak value without it. Figure

(b) shows similar results for a Gaussian beam with �
1. Minimum variance of the defocus aberration when
alanced with spherical aberration is obtained in this
ase when As=−Bd. (A more precise relationship is As=
0.995Bd.) The maxima for a Gaussian beam are lower
ompared with those for a uniform beam.

As illustrated in Fig. 2(c) for a weakly truncated Gauss-
an beam with ��=3, the peak moves toward the focus
nd its value more than doubles when spherical aberra-
ion As=−729/5� or −7.39� is introduced, minimizing the
ariance of the defocus aberration of 4.10� corresponding
o the peak location. Aberration balancing reduces the
tandard deviation of the defocus aberration by a factor of
5 from a value of Bd /� to Bd /�5�. If the amount of
pherical aberration varies as Bd varies with z /R so that
s=−�9/5�Bd, then the peak location does not change but

ts value increases significantly. A peak with a fourfold in-

ig. 1. Axial irradiance of a truncated Gaussian beam focused
t a distance R with a Fresnel number N=1. The truncation pa-
ameter ��=a /�, where a is the radius of the pupil truncating a
eam of radius � representing the beam radius at which the am-
litude reduces to 1/e of its value at the center. �=0 corresponds
o a uniform beam and ��=3 represents a weakly truncated
eam. The irradiance is normalized by the focal-point irradiance
Sp /�2R2 for a uniform beam, where P is the power transmitted
y a pupil of area Sp.
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rease that is slightly closer to the pupil is obtained when
s=−9.23�.
Figure 3 shows how the axial irradiance is modified

hen defocus aberration is balanced with astigmatism.
he increase is not as dramatic as in the case of spherical
berration when �=0 or 1. This is consistent with the fact
hat aberration balancing also in this case does not reduce
he standard deviation of the defocus aberration signifi-
antly. However, the axial irradiance of a weakly trun-
ated beam with ��=3 increases significantly and mono-
onically as z decreases.

Figure 4 shows that the Strehl ratio for a given value of
efocus aberration Bd varies as a function of spherical ab-
rration As. Both Bd and As are in units of wavelength �.
t is evident that, as the amount of defocus aberration in-
reases, the maximum Strehl ratio is obtained for an As
alue that is different from the one yielding minimum
ariance. For example, when Bd=3�, maximum Strehl ra-
io is obtained when As=−2.2� instead of −2.8� when �

0, and As=−2� instead of −3� when �=1. When ��=3,
he Strehl ratio peaks to the right of the expected value of
s=−�9/5�Bd.
Figure 5 illustrates how the axial irradiance of

berration-free, collimated uniform and Gaussian beams
aries with distance z from the pupil. The irradiance in
his figure is in units of the pupil irradiance P /Sp for a
niform pupil and z is in units of the far-field distance
2/�. Compared with Fig. 1, this figure corresponds to
=0. The axial irradiance of a uniform beam goes

hrough a series of maxima with a value of 4 and minima
f zero value until it decreases with distance approxi-
ately according to the inverse-square law. The maxima

n the case of a Gaussian beam with �=1 are somewhat
igher and the minima have a nonzero value. Because of
heir different amplitudes, the Fresnel zones in this case
o not cancel completely at the location of the minima.
or large values of �, e.g., ��=3, the axial irradiance
eaks at the pupil and decreases monotonically as z in-
reases.

Figure 6 illustrates the effect of spherical aberration on
he axial irradiance of a collimated beam. The aberration-
ree axial irradiance is included in this figure for compari-
on. The solid curves show that the axial irradiance in-
reases dramatically near the pupil, especially for small
alues of �, as a varying amount of spherical aberration
inimizing the variance of the defocus aberration is in-

roduced. Similar results are obtained when astigmatism
s introduced, as illustrated in Fig. 7, though the increase
t axial points near the pupil is not as dramatic. Of
ourse, the irradiance at a certain distance in the absence
f an aberration is higher if the beam is focused at that
istance. For example, the irradiance of a uniform beam
ocused at a distance z is �� /4z�2. Its value at z=0.1, cor-
esponding to Bd=1.25�, is 62 compared to a value of 2 or
4 for a collimated beam with As=0 or As=−�15/16�Bd, re-
pectively.

. CONCLUSIONS
he peak or the principal maximum of axial irradiance of
focused Gaussian beam with a low Fresnel number does
ot lie at its focal point. Its value can be substantially
ig. 2. Axial irradiance of a focused beam with a Fresnel num-
er N=1 aberrated by spherical aberration As. The axial irradi-
nce when As=0 is shown for comparison. The defocus aberration

Bd� in units of wavelength is also shown. (a) Uniform beam ��
0�. (b) Gaussian beam with �=1. (c) Weakly truncated Gaussian
eam with ��=3.
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ig. 3. Axial irradiance of a focused beam with a Fresnel num-
er N=1 aberrated by astigmatism Aa. The axial irradiance
hen Aa=0 is shown for comparison. The defocus aberration �Bd�

n units of wavelength is also shown. (a) Uniform beam ��=0�. (b)
aussian beam with �=1. (c) Weakly truncated Gaussian beam
ith ��=3.
ig. 4. Strehl ratio of a beam for a given value of defocus aber-
ation Bd as a function of spherical aberration As. Both Bd and As
re in units of wavelength �. (a) Uniform beam ��=0�; the Strehl
atio in this case is zero when Bd is an integral number of wave-
engths, as may be seen from Eq. (14). (b) Gaussian beam with
=1. (c) Weakly truncated Gaussian beam with ��=3.
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igher than the focal-point irradiance and its location can
e quite far from the focus toward the focusing pupil. By
onsidering a weakly truncated focused Gaussian beam,
oshida and Asakura showed that the peak moves closer
o the pupil and its value increases when some spherical
berration is introduced into the beam.7 They expected
he axial irradiance at any point to be below its value at
he beam waist in the absence of aberration. They de-
cribed this increase as being “beyond the conventional
iffraction limit.” We have explained that the result they
btained is neither surprising nor beyond the diffraction
imit. “Diffraction limit” simply implies that the focal-
oint irradiance of a focused beam is maximum when it is
berration-free. However, a focused beam observed in a
lane other than the focal plane is not aberration free,
ince it is in fact aberrated by the defocus aberration.
hen spherical aberration whose amount depends on the

ocation of the defocused point is introduced into the
eam, it balances the defocus aberration and reduces its
ariance, thereby increasing the irradiance at the defo-
used point. If a fixed amount of spherical aberration is
ntroduced, it may decrease or increase the aberration
ariance depending on the location of the defocused point.
ence there is no violation of the diffraction limit. The re-

ults of a numerical example of a uniform focused beam
onsidered by Jiang and Stamnes8 and characterized by
hem as unexpected can be explained in a similar manner
s a consequence of balancing of the defocus aberration by
pherical aberration. It should be emphasized that there
s nothing unique about spherical aberration’s increasing
he value and shifting the location of the principal maxi-
um of the axial irradiance. Any aberration that reduces

he variance of the defocus aberration at a certain defo-
used point will yield a higher irradiance at that point
provided the variance is not too large to invalidate im-
rovement in Strehl ratio as a result of variance
eduction6,12). We have demonstrated this by introducing
stigmatism instead of spherical aberration. Similar,
hough not as dramatic, results are obtained when astig-

ig. 5. Axial irradiance of a collimated Gaussian beam, i.e., one
ith a Fresnel number N=0. Uniform ��=0� and Gaussian
eams with ��=1,2,3 are considered. The irradiance is in units
f the pupil irradiance P /Sp for a uniform beam and the distance
is in units of the far-field distance D2 /�.
ig. 6. Axial irradiance of a collimated beam, i.e., one with
resnel number N=0, aberrated by spherical aberration As. The
xial irradiance when As=0 is shown for comparison. The units
f irradiance and z are the same as in Fig. 5. The defocus aber-
ation Bd in units of wavelength is also shown. (a) Uniform beam
�=0�. (b) Gaussian beam with �=1. (c) Weakly truncated Gauss-
an beam with ��=3. In (a) and (b) the right-hand scale is for
s d
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atism is introduced. Such results are independent of the
hape of the pupil. They are, for example, equally appli-
able to systems with annular pupils. The details of aber-
ation balancing and the numerical values of the irradi-
nce and location of the principal maximum will depend
n the obscuration ratio of the pupil.

Although the increase in the axial irradiance in the vi-
inity of the focal point due to the addition of spherical ab-
rration or astigmatism yields a larger depth of focus on
he pupil side, maximum irradiance on a target at a cer-
ain distance is always obtained when a beam is focused
n it, regardless of the fact that the irradiance at points
loser to the pupil may be higher.6,15

A collimated beam is equivalent to a beam focused at
nfinity or one with a zero Fresnel number. Except for the
efinition of the defocused coefficient Bd, balancing of the
efocus aberration of a collimated beam with spherical
berration or astigmatism is exactly the same as for a fo-
used beam. Hence it is not surprising that the axial irra-
iance of a collimated beam is modified in a manner simi-
ar to that of a focused beam when spherical aberration or
stigmatism is introduced into the beam.
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